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Abstract. This paper aims to propose a new distance measure, the interval-valued 2-tuple linguistic
induced continuous ordered weighted distance (IT-ICOWD) measure, which consists of the interval-
valued 2-tuple linguistic induced continuous ordered weighted averaging (IT-ICOWA) operator and
the ordered weighted distance (OWD) measure. In these operators, we consider the risk attitude of
decision maker. Furthermore, we discuss some desired properties and various special cases of the IT-
ICOWD measure. Additionally, a method of multiple attribute group decision making (MAGDM) in
interval-valued 2-tuple linguistic environment is developed on the basis of the IT-ICOWD measure.
Through this method, we obtain three simple and exact formulae to determine the order-inducing
variables of the IT-ICOWD measure, the weighting vector of decision makers and the weighting vec-
tor of attributes, respectively. At last, a numerical example is presented to illustrate the practicability
and feasibility of proposed method.

Key words: group decision making, distance measure, interval-valued 2-tuple linguistic information,
IOWA operator, COWA operator.

1. Introduction

MAGDM is a crucial branch of decision theory. It is used to select the most highly pre-
ferred alternative(s) from a finite alternatives set. This process is accorded with experts’
preference information, who are required to give their preferences based on multiple at-
tributes. Bellman and Zadeh (1970) first studied the decision making under fuzzy environ-
ment: they took time pressure into consideration to have events uncertainty limited. After
that, Zadeh (1965) proposed the traditional fuzzy environment, for instance, the interval-
valued fuzzy set (Moore, 1966), the intuitionistic fuzzy set (Atanassov, 1986), the hesitant
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fuzzy set (Torra, 2010) and the type-2 fuzzy set (Mendel, 2007). These fuzzy sets have
been widely studied and applied to decision making procedures (Zadeh, 1965; Torra, 2010;
Mendel, 2007; Atanassov, 2012; Sengupta and Pal, 2009; Zhou et al., 2014a). Aiming to
express subjective evaluations of the decision makers, Zadeh (1975a, 1975b, 1975¢) then
introduced the concept of linguistic variable. Moreover, the linguistic variables have also
been deeply studied and widely used to evaluate decision information, because the quan-
titative information is not feasible to all decision cases.

Afterwards, several linguistic representation models were proposed to fit different sub-
jective situations. For example, 2-tuple linguistic representation model was developed by
Herrera and Martinez (2000) to avoid information loss in the aggregation process of lin-
guistic labels; the notion of linguistic intervals was introduced by Chen and Lee (2010) to
describe linguistic information uncertainty; the concept of hesitant fuzzy linguistic term
sets was proposed by Rodriguez et al. (2011) to express the hesitancy when linguistic la-
bels are used; the unbalanced linguistic term set was put forward by Herrera et al. (2008),
in which the linguistic labels around the centred linguistic label are not distributed sym-
metrically; an alternative form of uncertain linguistic variable was developed by Xu (2004)
in order to demonstrate the uncertainty in linguistic information; multi-granular fuzzy lin-
guistic modelling and fuzzy entropy methods were introduced by Morente-Molinera et al.
(2017) to transform the training data in ways that represent their inner meaning more pre-
cisely; a linguistic computational model based on discrete fuzzy numbers whose support
is a subset of consecutive natural numbers was presented by Massanet et al. (2014); a new
method based on linguistic granular computing to solve group decision making problems
defined in heterogeneous contexts was developed by Cabrerizo et al. (2013).

Decision making problem with interval-valued linguistic variable was utilized to deal
with practical situation such as the health-care waste treatment technology evaluation and
selection (Liu et al., 2014a), the failure mode and effects analysis (Liu et al., 2014b),
searching for an optimal investment (Zhang, 2013), etc. Aggregation techniques are es-
sential part in these applications. There are two ways to realize the aggregation: using the
aggregation operators directly (Zhang, 2013; Zhang, 2012), and combining aggregation
operators with information measures such as the weighted distance measure (Liu et al.,
2014b; Zhou et al., 2013, 2014b; Liao et al., 2014; Xu and Wang, 2011). Yager (1993)
introduced the ordered weighted averaging (OWA) operator in 1993; since then, various
aggregation operators were proposed and are combined with linguistic information (Meng
et al.,2016; Liu et al., 2014a, 2014b; Zhang, 2013).

In addition, the distance measures are uniformly distributed on the corresponding
interval variables, they are often utilized to deal with the aggregation information is
denoted by exact numbers or defined by endpoints of intervals. Obviously, it varies
among group decision making problems under uncertain environment. To solve this prob-
lem, Zhou et al. (2013, 2014b, 2016), developed the continuous intuitionistic fuzzy or-
dered weighted distance (C-ITFOWD) measure, the continuous ordered weighted distance
(COWD) measure and the linguistic continuous ordered weighted distance (LCOWD) mea-
sure, respectively. These three aggregation operators combine the C-ITFOWA operator (or
COWA operator/the LCOWA operator) with the ordered weighted distance (OWD) mea-
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sure, considering the risk attribute of decision makers under interval variables environ-
ment.

Motivated by the work in Zhou et al. (2013), Zhou et al. (2014b), the aim of this
paper is to develop a new distance measure named as interval-valued 2-tuples linguis-
tic induced continuous ordered weighted distance (IT-ICOWD) measure, which is based
on the ICOWA operator and the OWD measure with the interval-valued 2-tuples lin-
guistic information. We also study some desirable properties and different families of
the IT-ICOWD measure. Additionally, we extend the IT-ICOWD measure and obtain the
quasi-IT-ICOWD measure. We also propose a new approach to MAGDM by using the IT-
ICOWD measure. By this approach, we obtain promising formulae, which can determine
the order-inducing variables in the /T-ICOWD measure, the weighting vector of decision
makers and the weighting vector of attributes.

The rest of this paper is structured as follows. We briefly review some fundamen-
tal concepts about various relevant operators and measures in Section 2. In Section 3,
we present the IT-COWD and the IT-ICOWD measure, and discuss some properties and
families of the IT-ICOWD measure. We also develop some extensions of the IT-ICOWD
measure. Section 4 provides an approach based on the IT-ICOWD measure for multiple
attribute group decision making with interval-valued 2-tuple linguistic information and
give a real-life example to illustrate the efficiency of the proposed method. At last, we
give some further explanations in Section 5.

2. Preliminaries

In this section, we briefly review basic concepts about the 2-tuple linguistic, the OWA op-
erator, the IOWA operator, the GOWA operator, the COWA operator, the ICOWA operator,
the distance measure and the OWD measure.

2.1. The 2-Tuple Fuzzy Linguistic Representation Model Processing

Zadeh firstly introduced linguistic method in Zadeh (1975a, 1975b, 1975c¢) as an approx-
imate technique representing qualitative information by means of linguistic labels.

LetS={s;|i=0,1,..., g} bealinguistic term set with odd cardinality, each term s;
represents a possible value for a linguistic variable; for example, we can define § as fol-
lows:

S = {so = neither(N), s =very low(V L), so = low(L), s3 = medium(M),
s4 = high(H), s5 = very high(VH), s¢ =perfect(P)},
where the mid-linguistic term s3 represents “approximately 0.5” as an assessment, and

the rest of the terms placed symmetrically around it. It should be clarified that term sets
should satisfy the following characteristics:

1. Ordered set: s; > s; < i > j;
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2. Negation operator: Neg(s;) = sg—; (g + 1 is the cardinality);
3. Minimum operator: min(s;, s;) =$; € §; < §j;
4. Maximum operator: max(s;, ;) =s; < s; > ;.

According to symbolic translation, Herrera and Martinez (2000) originally proposed
the 2-tuple linguistic representation model for dealing with linguistic information. Be-
ing continuous in the domain is the primary advantage of this representation. A 2-tuple
(si, ;) is a 2-tuple linguistic representation model, where s; is a linguistic label of prede-
fined linguistic term set S and ¢; is a numerical value representing the value of symbolic
translation.

DEerINITION 1 (See Herrera and Martinez, 2000). Let S ={s; |i =0,1,..., g} be a set
of finite linguistic terms, and B € [0, g] is the numerical value demonstrating the result
of a symbolic aggregation operation, then the function A denotes to obtain the 2-tuple
linguistic information being equivalent to 8, which can be defined as follows:

A:[0,g]— S x[-0.5,0.5), (1)

Si, i =round(B),

o =B—i, ae[-05,0.5), @)

A(B) = (si o)  with {

where round(B) is the usual round operation, s; has the closest index label of 8 and «; is
the value of the symbolic translation.

DEerINITION 2 (See Herrera and Martinez, 2000). Let S={s; |i =0,1,..., g} be a lin-
guistic terms collection and (s;, ;) be a linguistic 2-tuple term. There is always a func-
tion A~! such that the value which returns from 2-tuple is an equivalent numerical value
B €10, g], where

A7l S x[-0.5,0.5) > [0, g], (3)
Afl(s,',ot,')zi—i—a,':ﬂ, 4)
and 8 € [0, g].

In the past few decades, multiple 2-tuple linguistic aggregation operators have been
proposed in order to aggregate 2-tuple linguistic. However, these 2-tuple linguistic aggre-
gation operators all simply focused on the usual 2-tuple. In another word, 2-tuple linguistic
from different linguistic term set with different granularities cannot be aggregated directly.
To overcome this obstacle, Chen and Tai (2005) put forward a generalized 2-tuple linguis-
tic representation model and translation function.

DEerINITION 3 (See Chen and Tai, 2005). Let S ={s; | |i =0,1,..., g} be an ordered
linguistic term set, and crisp value 8 € [0, 1] can be transformed into one 2-tuple linguistic
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representation model through the following function:

1 1
A0, 1 S -, =, 5
[0,1] > § x [ 22 zg) Q)
. Si, i =round(f - g);
A(B) = (si,a;) with :O; —B—i ge[-i ﬁLf (6)
1 — ga 1 Zga 2g .
Conversely, the 2-tuple can be converted into a crisp g € [0, 1] as follows:
A7liS x L1 — [0, 1] @)
. 287 2g b 9
_ i
A 1(Si,Oti)=§-i-Oti=/3, (8)

where B € [0, 1] according to Definition 3. Therefore, in this method the 2-tuple linguistic
representation model is standardized, so it is easier to compare 2-tuple linguistic terms
with different multiple granularity linguistic term sets. In this paper, unless mentioned
explicitly, the 2-tuple linguistic representation model is generalized 2-tuple representation
model in Definition 3.

Considering merits of Definition 3, a new concept of the interval-valued 2-tuple lin-
guistic representation model was introduced by Zhang (2012) with some aggregation op-
erators with interval-valued 2-tuple linguistic information.

DEeFINITION 4 (See Zhang,2012). Let S={s; | i =0, 1, ..., g} be a set of ordered linguis-
tic terms. An interval-valued 2-tuple consists of two linguistic terms and two numbers, de-
noted as [(s;, o), (sj, )], wherei < j,and o; < o, 57,5 € S, @;, aj are crisp numbers.
The interval-valued 2-tuple that expresses the equivalent information to an interval-value

[B1, B2] (B1, B2 € [0, 1], B1 < B2) as follows:

Si, i =round(P1 - 8);
) Si, Jj=round(B> - g);
AIpr. o)) = [(si- ). sy @p)] with 4 g Lomeldds O
aj=pr— 4. ajel-z5 39

There always exists the inverse function A~! satisfying that for each interval-valued 2-
tuple, it returns corresponding interval value [81, B2] (B1, B2 € [0, 11, B1 < B2) as follows:

AN ([(si, ), (5, @)]) = [é +a, é +o4,} =[A1. Bl (10)

DEerFINITION 5 (See Zhang, 2012). If [(s;, t;), (sj, oj)] and [ (s, ok ), (¢, ;)] are any two
interval-valued 2-tuple linguistic information, /, I1, I> € [0, 1], then basic operational laws
can be defined as follows:



326 X. Liu et al.

D [(sivai), (sjoj)] @ [(skr o), (s, 0r) ]
=[Amin{A™ (si, ) + A7 (sk, o), 1)),
A(min{A™(sj ) + A7 s, 00), 1) DI [(si i), (57, @))]
=[AUAT (s ), AUAT (sj j)];
3) (h®[(sivai), (sj,a)]) @ (L ® [(si, i), (sj, 2))])
=1+ 1) ®[(siv ), (s, 0]
4) 1@ ([(sivai). (sj. )] @ [(sk. ar), (51, )])
= (1@ [(si.ai). (sj.a)]) @ (1 ® [(sk- ). (51, r)])-

Aiming to compare two interval-valued 2-tuple linguistic terms, Zhang (2012) pro-
posed the concept of the score and accuracy.

DEFINITION 6 (See Zhang, 2012). For an interval-valued 2-tuple A= [(si, o), (sj,0)],
its score function can be defined as

(A =——+ =, (1
and the accuracy function can be defined as
~ Jj—i
H(A) = T-’_a‘i — o, (12)

where S ={s; |i =0,1,...,g} is an ordered linguistic term set with g 4+ 1 linguistic
labels. Obviously, 0 < S(A) < 1,and0 < H(A) < 1.

DEFINITION 7 (See Zhang, 2012). Let A = [(s;, @;), (sj, @;)] and B = [(sk, ak), (s¢, )]
be two interval-valued linguistic 2-tuples. It follows that:

(1) If S(A) < S(B), then A < B;
(2) If S(A) = S(B), then:

if H(A) < H(B), then A > B;
if H(A)= H(B), then A= B.

2.2. The OWA Operator, the IOWA Operator and the GOWA Operator

The OWA operator (Yager, 1988) provides a parameterized family of aggregation operators
including the maximum, the minimum, and the average.

DeFintTION 8 (See Yager, 1988). The n-dimensional OWA operator is a mapping

OWA: R" — R,
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where W = (wy, wa, ..., w,) is a weighting vector, Zr;:l w; =1and w; € [0, 1] satis-
fying
n
OWA(al,az,...,an):ijbj, (13)
j=1
where b is the j-th largest value among arguments ay, az, ..., ay.

The IOWA operator (Yager and Filev, 1999) can be regarded as extension of the OWA
operator.

DeFintTION 9 (See Yager and Filev, 1999). An n-dimensional JOWA operator is a mapping

IOWA: R" x R" — R,

where W = (wy, wa, ..., wy) is a weighting vector, Z?:l w; =1and w; € [0, 1] satis-
fying
n
IOWA((v1, a1), (v2,a2), ..., (Vn, @) = Y wide(j, (14)
j=1

where a, () is the a; value of the IOWA pair (v;, a;) having the j-th largest v;.
Yager (2004a) proposed the generalized ordered weighted averaging (GOWA) operator.

DEFinITION 10 (See Yager, 2004a). An n-dimensional GOWA operator is a mapping

GOWA: R" - R
where W = (wy, wa, ..., w,) is a weighting vector, 27:1 w;j =1and w; € [0, 1] satis-
fying
n 1/A
GOWA(ay, aa, ..., ap) = (ijb?) , (15)
j=1
where A € (—00,00), A #0, b; is the j-th largest of the arguments among ay, az, ..., an.

A group of special cases can be obtained through giving different values to parameter A
in the GOWA operator.

2.3. The COWA Operator and the ICOWA Operator

To deal with the case that the given argument is a continuous valued interval, Yager
(2004b) introduced continuous ordered weighted averaging (COWA) operator.
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DEFINITION 11 (See Yager, 2004b). A COWA operator is a mapping F : © — R

ld
Fg(a) = Fo(la",a"1) =/0 %(alf —y(@¥ —a"))dy, (16)

where © is the set of all nonnegative interval arguments and @ = [a%,aV] € ©, and Q is
a basic unit monotonic (BUM) function.

Let A = fol Q(y) dy be the attitudinal character of Q, then the general formulation of
Fo(a) is as follows:

Fg(a) = Fo(la*,a"1) = xa¥ + (1 — v)at. (17)

As we can see, the COWA operator Fg(a) is the weighted arithmetical mean of end
points according to the attitudinal character. The interval @ = [a, V] can be replaced by

Fo(a).
In Zhou et al. (2010) proposed induced continuous OWA (ICOWA) operator.

DEFINITION 12 (See Zhou et al., 2010). Let [al1, aV1], [a2,a"2], ..., [a*",aU"] be an
interval number set. An ICOWA operator is a mapping ICOWA: R" x ®" — R satisfying

ICOWA((ul, [aL‘,aU‘]), (uz, [aLz, aU2]>, ...,(un, [aL”,aU"]>)
— 1CoWA(fur. Fo(fa™a" D) fu Fo([a™*,a])..... . Fo([a™.a®"]))

n
= w;Fo([a",a%0]). as)
j=1
where W = (wi, wp,...,wy) is an associated weighting vector with 27:1 wj =1,
6(1),8(2),...,8(n) is any permutation of (1,2,...,n), (u1,u2,...,u,) is a set of or-
der inducing variables satisfying us;—1) > us(jy, j =2,3,...,n, and FQ([aLé(ﬁ, a¥si]

is the FQ([aLi , aUi] value of the ICOWA pair (u;, [aLi, aU"]) having the j-th largest u;,
Fo(lat,aY ] is calculated by Eq. (17).

Similarly, we can obtain the interval-valued 2-tuple linguistic continuous OWA (I7-
COWA) operator and the interval-valued 2-tuple linguistic induced continuous OWA (I7-
ICOWA) operator. Let 2 be the set of all interval-valued 2-tuple linguistic information.

DeriNtTioN 13, If A = [(5;, @), (s, @)1 € Q, and fo(A) = fo([(si, ), (sj,a))]) =
(s, ax), where

A_l(sk, ag) = Fg ([A_l(sis a;), A_l(sj, O‘j)])

la
=/0 %;y)(A*%sj,a,-)—y(A*‘(sj,ozj)—A*‘(s,»,a,-)))dy,(w)
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then f is the interval-valued 2-tuples linguistic continuous OWA (I7-COWA) operator,
where Q is the BUM function.

Especially, if A = fol Q(y)dy is the attitudinal character of Q, then the IT-COWA op-
erator can be rewritten as follows:

fo(A) = A(Fo([A™" (i), A7 (s, @))]))
AAAT () 0) + (1= )AT (si, 1), (20

Based on Eq. (20), we can see that the IT-COWA operator may be determined by the
attitudinal character A. For convenience, fi(A) denotes fp(A),i.e.

fi(A) = A(Fo([A™ i), A7 (sj.@))]))
= AAT (sj, ) + (1= DA (i, 00)). (1)
DEeFINITION 14. An n-dimensional IT-ICOWA measure is a mapping IT-ICOWA
R"x Q" - Q,

which is associated weighting vector W = (w1, wa, ..., wy), Z?:l wj=1and w; €
[0, 1], satisfying
IT-ICOWA((u1, [(s1, ), (57 aD]), -+ (. [(sn ), (spo ) ])
=IT-ICOWA((u1, fr([(s1. ), (1o aD]))s -« (tns Fo([(ns o), (spps)])))

=A < > wi AT (A ([Gs» @s) (55 “é(,/))])))’ 22
=1

where 6(1),8(2),...,8(n) is any permutation of (1,2,...,n), (u1,u2,...,u,) is
a set of order inducing variables, such that us;—1y > uscjy, j = 2,3,...,n, and
F([(ss¢jys os(j))s (sé(j), oc(’s(j))]) is the fi([(si, ), (5], })]) value of the IT-ICOWA pair
(ui, (si, o), (s;,c)) with the j-th largest u;, where fi([(si,a;), (5], ;)]) can be deter-
mined by Eq. (21).

2.4. Distance Measure

DerINITION 15 (See Zhou et al.,2013,2014b). Let A1, Ay, Az be elements of a set. A dis-
tance measure D should satisfy properties as follows:

Nonnegativity: D(A1, A2) > 0;

Commutativity: D(A1, A2) = D(Az, Ay);

Reflexivity: D(A1, A1) =0;

Triangle inequality: D(Ay, A2) + D(A1, A3) > D(A2, A3).
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Note that different D can derive different types of distance measures.

On the basis of Liu et al. (2014b), Zhou et al. (2014b), Li et al. (2014), Xu (2005),
now we present several interval-valued linguistic distance measures including the interval-
valued linguistic distance measure, the continuous interval-valued linguistic distance mea-
sure and the interval-valued 2-tuple linguistic distance measure.

— Interval-valued linguistic distance measure:
d(Ar1, Az) =d([si, sj1, sk, s¢1) = S1 (il (23)
8

where [s;, 5] and [sg, s;] are two interval-valued linguistic variables, respectively.
— Continuous interval-valued linguistic distance measure:

d' (A1, A2) = d'([siv 551, [sk. 5¢1) = S 1Fg - Fo ki
8

S RH1=Di=Gr1=k) o (24)
i

where Q is the BUM function, A = fol 0(y)dy.
— Interval-valued 2-tuple linguistic distance measure:
d"(Ay, Ay)
= d//([(sis ai)v (Sj, a])]s [(skv ak)s (Sl‘s al‘)])

B A<|A‘(s,-,o:,-) — A s, @) |+ 1A (sj,0)) = A7 (sy, 00)
N 2

), 25)

where [(s;, «;), (sj, ;)] and [(sk, ok ), (s, @r)] are two interval-valued 2-tuple lin-
guistic information, respectively.

2.5. The Ordered Weighted Distance Measure
Xu and Chen (2008) developed the ordered weighted distance (OWD) measure.

DEeFintTION 16 (See Xu and Chen, 2008). An n-dimensional OWD measure is a mapping
OWD: R x R™ — R satisfying:

1/1

OWD(a, B) = <Z wj (d(ac ), bam))k) ; (26)
j=1

where W = (wq, wa, ..., wy) is associated with weighting vector, Z}}=1 wj=1landw; €
[0,1], 0(1),0(2),...,0(n) is any permutation of (1,2,...,n), d(asj-1), bo(j-1)) =
d(ag(j),bg(j)), j=12,...,n, d(aj,bj) =la; — bj| is the distance of aj and bj.
a=(ay,as,...,ay)and B = (b1, by, ..., b,) are two collections of arguments, and A > 0.
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The OWD measure is monotonic, commutative, idempotent and bounded. We can ob-
tain a group of special cases when considering as many as values of the parameter A in
the OWD measure. For instance, the ordered weighted Hamming distance (OWHD) mea-
sure, the ordered weighted Euclidean distance (OWED) measure and the ordered weighted
Geometric (OWGD) measure can be determined in the following way:

— The OWHD measure is obtained if A = 1.
— The OWED measure is obtained if A = 2.
— The OWGD measure is obtained if A — 0.

3. The Interval-Valued 2-Tuples Linguistic Induced Continuous Ordered Weighted
Distance Measure

In this section, we introduce the interval-valued 2-tuples linguistic continuous ordered

weighted distance (IT-COWD) measure and the interval-valued 2-tuples linguistic in-

duced continuous ordered weighted distance (IT-ICOWD) measure.

3.1. The IT-COWD Measure and the IT-ICOWD Measure

DeriNtTION 17. Let Ay = [(s1, 1), (s}, &})] € 2 and A; = [(52, &), (s}, &) € Q. If

di(A1, A) = A(JATY(fu(A)) — AT (i (AD)

), 27)

then d, (Al , A ») is called the distance between A and A 2 based on the IT-COWA operator,
where f3 (A1) and f)(A2) can be calculated by Eq. (21).
According to Eq. (27), d;. (A1, A2) can be defined as follows:

di.(A1, Ar) = A(|ATH(A.(AD) — A7 (fu(AD)))
A(Aa™ st ) + A = WA 1, 00) — AT (sh, ab)
+(1 = )A (52, 2))|) (28)

where A = fol QO (y) dy is the attitudinal character of Q.

ExampLe 1. Let ™ = {s/ | i = 0,1,...,6} be a linguistic term set, A; = [s], 5]
and A, = [sg , sZ] be two interval-valued linguistic variables, and Q(y) = y3, SO A =
fol OWy)dy = %. Therefore, A, A can be rewritten as interval-valued 2-tuple linguis-
tic information Ay = [(s],0), (s, 0)] and A5 = [(s], 0), (s], 0)]. By Eq. (23)~(25), (28),
we have

(1) d(Ay, A2) =d([s].s21.[s].s]1) =51 (123154l =1,
(2) d'(A1, Ap) =d'([57, 511, [s3, 541) = 55

1 4 1 =51
\14’(]*1)2*61*('*4)3“ 1’
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(3) d"(A1, Ay) =d"([(s],0). (sJ,0)], [(53.0), (s{, 0)])

107 0y — A1 (57 17 0y — A—1(o7
A(IA (s5,0) (S3,O)I-|r|A (s5.0) — A (S4’O)|):(sf,0),

@) di(Ar, A2) = di(((s3,0), (s1,0)], [(s3,0) (s4,0)])

A( A™ (s5,0)+(1—%>A (2,0)——A '(s7.0)

(i)
7
1

s 7__)

A=

~

As we can see, the results do not match any of the initial linguistic terms in the aggre-
gation process of the distance measure d(A1, A2) and d’(A1, A), but these two distance
measures can express the results in the initial expression domain. Moreover, they are able
to deal with the situations where the input arguments are represented with interval-valued
2-tuples linguistic information.

From Definition 17, we can get the following theorems:

Theorem 1. If A = [(s1, 1), (s}, &})] € 2, Ay = [(s2, 22), (s}, )] € Q and A3 =
[(s3,@3), (55, &3)] € 2, then

(1) Nonnegativity: d;L(Al, Az) >0,

(2) Commutativity: dk (Al, Az) d,, (Az, Al)

(3) Reflexivity: d;\(Al, A]) =0;

(4) Triangle inequality: dx(ﬁl, Az) + dx(Ah A3) > d;\(Az, A3).

Theorem 2. If Ay = [(s1, 1), (s, a])] € 2 Ay = [(52,x2), (sh, &}))] € Q, then
A~ (d (A1, A2) <1

The proofs of theorems are straightforward, thus omitted.

Suppose that A = (A1, Az, ..., Ay) € Q" and B = (By, B, ..., B,) € Q", we can
define the interval-valued 2-tuple linguistic continuous ordered weighted distance (IT-
COWD) measure as follows:

DEeFinITION 18. An n-dimensional IT-COWD measure is a mapping

IT-COWD: Q" x Q" — Q,

satisfying:
o 1/t
IT—COWD(A,B):A((Zw, Ndo (Ao, am))]) ) (29)

where o (1),0(2),...,0(n) is any permutation of (1,2,...,n) such that d;\(AJ(, 1
Bo(j—1)) =2 d.(As(j), Bo(jy), J =2,3,...,n, and d;\(A], B ) is the distance between A



Interval-Valued 2-Tuple Linguistic Induced Continuous Ordered Weighted DM 333

Table 1
Aggregation result.

T -0+ 1 2
IT-COWD(A,B)  (s].0.0252)  (s].0.0418)  (s].0.0543)
T 3 4 5
IT-COWD(A,B) ~ (s].0.0617)  (s].0.0664)  (s].0.0697)
T 6 7 8
IT-COWD(A, B)  (s.0.0682)  (s].0.0739)  (s].0.0754)
T 9 10 15
IT-COWD(A, B)  (s4.0.0766)  (s].0.0776)  (s].0.0808)

and Ej based on the IT-COWA operator and the parameter 7 > 0, W = (w1, w2, ..., wy)
is associated with vector, Z;f:] wj=1and w; € [0, 1].

Here we present a simple numerical example showing how to use the I7-COWD mea-
sure in an aggregation process.

ExamprLe 2. Let A = (A1, A, A3,A)) = ([(s],0.05), (s,0.0D)],[(s],0.02),
(s], —0.06)1, [(s], —0.04), (s, —0.07)1, [(s], —0.02), (s7,0.03)]) and B = (By, B, Bs,
By = ([(s],0.02), (s], —0.06)], [(s5,0.04), (s],0.03)], [(s], —0.02), (s¢, —0.08)],
[(sf, —0.05), (sZ ,0.01)]) be two collections of interval-valued 2-tuples linguistic infor-
mation, and Q(y) = y3,s0 A = fol O@(y)dy = %. From Eq. (28), we have

ds (A1, By)

A(HA‘ (s1,0.01) + <1 - %)A‘ (s1,0.05)

—GA—l(s;, —0.06) + <1 - i)A‘l(sZ, o.oz)) D

A(0.0875) = (s{, —0.0792),
(A2, By) = A(0.005) = (s, 0.005),
dy.(A3, B3) = A(0.055) = (4, 0.055),
dy.(As, Bs) = A(0.01) = (sg,0.01).

So,

d[(A~S(1), Es(l)) = (S17, —0.0792), dl (As(z), Es(z)) = (Sg, 0.055),
d[(A‘S(3), 3;(3)) = (Sg, 0.0]), d; (As(4), E’s(4)) = (Sg, 0.005).

Let W = (0.3,0.2,0.4,0.1). By Eq. (29), we determine the distances of t, which are
shown in Table 1.

From Table 1, it is demonstrated that the aggregation result IT-COWD(A, B) increases
as the parameter 7 steadily increases.
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We define the interval-valued 2-tuples linguistic induced continuous ordered weighted
distance (IT-ICOWD) measure:

DEFINITION 19. An n-dimensional IT-ICOWD measure is a mapping
IT —ICOWD: R" x Q" x Q" — Q,

which is associated with the weighting vector W = (w1, wa, ..., wy), 27:1 w; =1 and
w; € [0, 1], satisfying:

IT_ICOWD((MI! Alv él)s <1/l2, AZ? éZ), ceey (Mn, An, Bn>)
n . . 1/t
= A([Zw.i[A_l(dx(Aau» Bsm))]f} ) (30)
Jj=1

where 6(1),8(2), ..., 8(n)is any permutation of (1,2, ...,n), (u1,u2,...,u,) is a set of
order inducing variables, such that us ;1) > us¢;), j =2,3,...,n, and dA(Ag(j), E(g(j))
is the d;\(A~,-, l?,-) value of the IT-ICOWD pair (u;, A~,-, éi) having the jth largest u;,
dy. (A.,', B’j) can be calculated by Eq. (28) and the parameter 7 > 0.

In the following, we present a simple numerical example showing how to use the /7 -
ICOWD measure in an aggregation process.

Exampie 3. Let A = (Ay, Az, A3, Ag) = ([(s],0.05), (s, 0.01)1, [(s],0.02), (5],
—0.06)], [(s], —0.04), (s, —0.07)1, [(s], —0.02), (51, 0.03)]) and B = (By, By, B3, Bs) =
([(s],0.02), (s, —=0.06)1, [(s], 0.04), (57, 0.03)], [(s], —0.02), (s¢, —0.08)], [(s], —0.05),
(sg ,0.01)]) be two interval-valued 2-tuples linguistic information collections, and Q(y) =
y2, 50 A = fol Q(y)dy = 1. From Eq. (28), we have

di(Ay, By)

A(‘%A—l(s;,o.m) + <1 — %)A‘l(sg,0.0S)

(l oot om)

= A(0.07) = (s, 0.07),
dy(A2, By) = (s0,0.0133),  dy(As3, B3) = (s, 0.0667),
d(As, By) = (s{,0.0067).
Let both sets be of the same order inducing variables: (u1, u2, u3, us) = (5,1,7,3).
Thus,
ds(As1y, Bs1)) = (Sg, 0.0667), ds(As2), Bsa)) = (Sg, 0.07),
d)\(za(s@), §5(3)) = (Sg, 0.0067), dx(z&g(@, §5(4)) = (Sg, 0.0133).
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Table 2

Aggregation result.
T -0 1 2
IT-ICOWD(A, B) (sé, 0.0228) (sé, 0.038) (sé, 0.0485)
IT-IOWD(A, B) (s4.0.048) (s{.0.061) (sJ.0.071)
T 3 4 5
IT-ICOWD(A, B) (sé, 0.054) (sé, 0.0572) (sé, 0.0593)
IT-IOWD(A, B) (s4.0.0775) (s}.0.0818) (s],—0.082)
T 6 7 8
IT-ICOWD(A, B) (sé, 0.0607) (sé, 0.0617) (s, 0.0625)
IT-IOWD(A, B) (s{,—0.0798)  (s/,—0.0782) (s],—0.0768)
T 9 10 15
IT-ICOWD(A, B) (xé, 0.0631) (s(;, 0.0636) (s(;, 0.0652)
ITIOWD(A,B) ~ (s/,—0.0757) (s{,—0.0748) (s, —0.0715)
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Let W = (0.3,0.2,0.4,0.1). By Eq. (30), we have the distances of parameter 7, which

are shown in Table 2.

From Table 2, the aggregation result IT-ICOWD(A, B) increases as the parameter

steadily increases.

3.2. Properties of the IT-ICOWD Measure

The IT-ICOWD measure is of desirable properties. Now we discuss them through follow-

ing theorems.

Theorem 3 (Monotonicity-distance measure). If A= (A}, A, ..

LA eQ B =

(élsé27"'7§n) € Qnr C = (613629"'sén) € Qny and d)»(AAIjvé]) < d)\(A~js Cj)for

all j, then

IT-ICOWD(A, B) < IT-ICOWD(A, C).

Theorem 4 (Monotonicity-parameter 7). If A= (A 1 A~2, ...

e B’n) e Q", and 11 < 12, then
IT-ICOWD., (A, B) < IT-ICOWD.,(A, B).

Theorem 5 (Idempotency). If A= (Al, Az, o
and d, (A}, Bj) =d for all j, then

IT-ICOWD(A, B) =d.

Theorem 6 (Boundedness). IfA = (A, A,, ..

dmin <IT-ICOWD(A, B) < dpmax.

LA eQ", B=(B), By,...

LA)eQ", B= (B, By, ...
andmaxj d)V(Aj, Bj) = dmax, minj d)\(Aj, Bj) = dmin, then

€29

’ AH) € Qnr é = (Elv EZS

(32)

’ én) € an

(33)

,By) e Q"

(34)
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Theorem 7 (Commutatwlty GOWA aggregatlon) If A= (Al, Az, .. A n) € Q"
(Bl, Bz, .. B ) e Q", and ((Al, Bl) (Az, Bz) (An, B )) is a permutation of
((Ala Bl)v (A27 Bz)v ey (Ana B}’l))) then
IT-ICOWD(A, B) = IT-ICOWD(A, B), (35)
where A = (A1, As, ..., Ap) € Q", B= (B, B,,..., By) € Q".

Theorem 8 (Commutativity-distance measure). If A= (A~1, Aa, ..., An) eQ", B=
(B1, By, ..., B,) € Q", then

IT-ICOWD(A, B) = IT-ICOWD(B, A). (36)

Theorem 9 (Nonnegativity). IfA = (Al, Aa,. ..,A,,) e Q" B= (El, Eg, . ..,Bn) €
Q" then

IT-ICOWD(A, B) > 0. (37)
Theorem 10 (Reflexivity). If A = (A}, As, ..., A,) € Q", then
IT-ICOWD(A, A) =0. (38)
The proofs of theorems above are straightforward, thus omitted.
3.3. Families of the IT-ICOWD Measure

Now we discuss families of the IT-ICOWD measure by using different T and weighting
vectors to get different types of distance measure.

RemMARrk 1. If T =1, the IT-ICOWD measure reduces to the IT-ICOWHD measure:
IT-ICOWHD(A, B) = (Z wi[ATN(d(As (), 35(,)))]> (39)
If © =2, the IT-ICOWD measure reduces to the IT-ICOWED measure:
o 5 1/2
IT-ICOWED(A, B) = A((Zw, Ydi(Asjy, Bsj))] ) ) (40)
If r — 0T, we obtain IT-ICOWGD measure:

n

IT-ICOWGD(A, B) = A < ]_[ [A7Y(do.(As(j). B,g(j)))]“’f'). (41)
j=I
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ReMARk 2. Some other special measures can be obtained as follows:

The IT-ICMAXD measure: w; =1 and w; =0 for all j #/, and dA(Ag([), E(g([)) =

max{d,(A;, B)},i=1,2,...,n

— The IT-ICMIND measure: w; = 1 and w; =0 for all j # 1/, and d, (A(g(;), é,g([)) =
min{d, (A;, Bj)},i=1,2,....n

— Step-IT-ICOWD measure: wy = 1 and w; =0 for all j #k.

— The IT-ICND measure: w; = 1/n forall j; specially, if T = 1, we get the IT-ICNHD
measure. If T = 2, we get the IT-ICNED measure. If T — 07, we get the IT-ICNGD
measure.

— Median IT-ICOWD measure: w;+1),2 =1 and wj =0forall j # (n+1)/2, n is

odd; or w2 = W(ny2)+1 = % and w; =0forall j #n/2,(n/2) + 1, nis even.

Remark 3. Based on Yager (1993), we can get families of IT-ICOWD measure. For in-
stance:

The Olympic IT-ICOWD measure: wi = w, =0 and w; = 1/(n — 2) for all j #

1,...,n.

The general Olympic IT-ICOWD measure: w; =0 forall j =1,2,...,k,n,n —

1,...,n—k+ 1+va?+ b? and for all others wj = 1/(n — 2k), where k < n/2.

- TheWmdowlT ICOWD measure: w; =1/mfork < j<k+m—1,orw; =0 for
>k+mandj<k.

The generalized S-IT-ICOWD measure: w; = (1 — (« +,3)/n) o, w,=(1-— ((X +

B)/n) +ﬁ and wj =1— (o + B)/n for all j #k,t, where Ar =max;{A;}, A, =

min;{A;}, and @ + 8 < 1 with o, B € [0, 1].

3.4. Extensions of the IT-ICOWD Measure

We can develop the extension of the I7-COWD measure through the quasi-arithmetic
means, which can be named as Quasi-IT-COWD measure. The primary merit of this mea-
sure is providing a more complete generalization including a lot of particular cases that
are not included in the IT-COWD measure.

DEFintTION 20. An n-dimensional Quasi-IT-COWD measure is a mapping
Quasi-IT-COWD: Q" x Q" — Q,

which is associated with the weighting vector W = (w1, wa, ..., wy), Z;f:] wj =1 and
€ [0, 1], satisfying:

Quasi-IT-COWD(A, B) = A < (Zw,g Ndo(As(jy, U(])))]>>, (42)

where g is a strictly continuous monotonic function, o (1), o(2), ..., o (n) is any permuta-
tion of (1,2, ...,n) such that dy(As(j—1), Bs(j—1)) = dr(As(j), Bs(j)), ] =2,3,...,n
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and d)L(A.,', B/) is the distance of Aj and Bi based on the IT-COWA operator and the
parameter.

Note that the IT-COWD measure is a particular case of the Quasi-IT-COWD measure
when g(x) = x7.

Similarly, we can obtain the Quasi-IT-ICOWD measure.

DEeFinITION 21. An n-dimensional Quasi-IT-ICOWD measure is a mapping
Quasi-IT-ICOWD: Q" x Q" — Q,

which is associated with the weighting vector W = (w1, wa, ..., wy), Z?:l wj =1 and
€ [0, 1], satisfying

Quasi-IT-ICOWD((u1, Ay, By), (u2, A, Ba), ..., (un, An, By))
( [ijg ' (As (), Bs(;))))D 43)

where g is a strictly continuous monotonic function, §(1), §(2), ..., d(n) is any permu-
tation of (1,2,...,n), (uy,us,...,u,) is a set of order inducing variables such that
Us(j—1) 2 Us(j)> j = 2 3,...,n, and d)L(A,g(]), B,g(])) is the dA(A,, B ) value of the IT-
ICOWD pair (u;, A, B;) havmg the j-th largest u;, dX(A], B i) is calculated by Eq. (28),
A >0.

4. An Approach to 2-Tuple Linguistic Multiple Attribute Group Decision Making
1. The Process of MAGDM Based on the IT-ICOWD Measure

The IT-ICOWD measure is of high feasibility in a broad range of situations, especially in
solving multiple attribute group decision making where the attribute assessment values
are represented by interval-valued 2-tuple linguistic information.

Here we propose an approach to MAGDM with interval-valued 2-tuple linguistic in-
formation by the IT-ICOWD measure. Moreover, we can determine the order-inducing
variables of the IT-ICOWD measure, the weighting vector of decision makers and the
weighting vector of attributes.

Let X ={X1, X2, ..., X;»} be a discrete set of alternatives, C = {C, Ca, ..., C,} be
an attributes set, and w = (wy, wa, ..., wy)T be the weighting vector satisfying w; €
[0, 1], associated with weight of C;, and Z';zl wj=1.Let E ={e1,ez,...,e;} bea
decision maker collection, and w = (w1, w2, ..., a),)T be the weighting vector of decision
makers, where ZZ:] wr = 1, wg € [0, 1]. The decision makers ex (k =1,2,...,t) are
required to give his/her assessment values of alternative X; with respect to attribute C;
in linguistic term sets ST+ (S7k may have different granularity), therefore the decision
matrix R¥ can be builtas RF = (r”)mxn = ([r”, i ])mxn, where 7 r is linguistic variable
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Table 3
Ideal alternative.
Cy G ... G . Cy
P P
sk s e STk, §Tk = {s; T |ie€{0,1,..., Ty — 1}}. The decision makers also establish the

ij?
ideal alternatlve by giving the ideal levels of each characteristic, which is shown in Table 3

where ¢ is the ideal alternative and ¢ (p [(p (p’ k1 is the j-th ideal characteristic of ¢.
The process with the IT-ICOWD measure in MAGDM involves the following steps.
Step 1. Transform the decision matrix RF = (7,-j)mxn (k=1,2,...,t) and the ideal

alternative q3k into interval-valued 2-tuple linguistic decision matrix RF = (f,-k,')mxn =

([(r”,O) (r” SO Dmsn (k=1,2,...,1) andinterval—valuedZ—tuplelinguistic the ideal al-

ternative ¢¢ = (¢X)1x, = ([(¢>1,0> (@15, 001, [(@5, 0, (@55, 001, ..., [(F, 0), (45, 0)])

respectively.

Step 2. Calculate the distance between each assessment value fl.kl. provided by the de-

cision maker e, and his/her ideal assessment value q’;/]‘ by Eq. (28):

di (7l 87) = A(|(AT(,0) + (1 =A™ (1, 0)
—(a7Hg]", 0) + 1 =027 (g],0)))) (44)

where k=1,2,....1,i=1,2,...,m, j=1,2,...,n, A= [} Q(y)dy is the attitudinal
character of Q.

Step 3. Letd,, _A( Zk 1 A7 Y, 11’¢k))) i.e. (c?,,)mx,, is the mean distance ma-
trix of ;. (P, %), k =1,2, ..., £, and (A(dr (7l ), ))mn = (A AT (dr (R, 65)) —

A1 (c?) ))mxn is the absolute distance matrix between d), (rl.j, ¢j) and d,(,. Then, the sim-
ilarity measure can be defined as follows:

Y Yo ATHAGRE, 85, dij))
et o0y Yoy AT A 6. i)

Simy =1 — (45)

The closer Simx is to 1, the more representative and reliable the information provided
by the k-th expert is. That is the absolute distance matrix with the more similarity measure
should be more important. Thus, we can use the similarity measure Simy as the order-
inducing variables of the assessment values to be aggregated in the process of group de-
cision making. Thus, the weighting vector v = (w1, w2, ..., a),)T can be determined by
the following formula:

Simi

op=———, k=1,2,....1. (46)
Z;c:lszmk
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Moreover, according to the principle that the closer a preference value is to the mid
one(s), the more the weight, the weighting vector w = (w1, wo, ..., wy)T can be deter-
mined by the following formula:

Sint,

2 =i Sint;

_ <1_ Yt iy ATHA G, 95, dij) )/
kot Tty Y ATHAGE, 5, di))

i(l— Skt iy ATHAES, 95), dij) )
Yot i Yoy ATNA R 65, i) )

J=1 ij’

w; =

(47)

Step 4. Utilize the IT-ICOWD measure
rij = (rij, aij)

_ rIcowD ( (Simi1, [(r;, 0), (7}, O)1, [(@}, 0, (¢3!, 0)1), )

Tt <Slmns [(r;iv O)v (r,'/;s 0)]! [(¢t7 0)7 (¢;t! 0)])
J R 1/t
= A([Z“’k(Al[dk(féc(,/)ﬁ(]s{(j))])r} ) (48)
k=1

to aggregate all the 2-tuple linguistic distance matrices into the collective 2-tuple lin-

guistic distance matrix R = (7jj)mxn = ((7ij, @ij))mxn, Where o = (w1, w2, ..., w7 is

the weighting vector of decision makers. Here, it should be mentioned that r;; € § e and
11

ajj € [—m7 m)-

Step 5. Utilize the T-GOWA operator (Liu et al., 2011)

ri = (ri,a;) =T-GOWA(Fi1,Fi2, .. Tin)
T-GOWA((ri1, ain), (ri2, @i2), - - ., (Tin, @in)) 49)

to aggregate all of the preference values 7;; (j =1,2,...,n) in the i-th line of ﬁ, and
then derive the collective overall preference values r; = (r;,a;) (i =1,2,...,m) of the
alternative X; (i =1,2,...,m), where w = (w1, wa, ..., w,,)T is the weighting vector of
attribute.

Step 6. According to the comparison law, rank the 7; = (r;,a;) (i =1,2,...,m) in
descending order.

Step 7. Rank all of the alternatives X; (i =1, 2, ..., m), and then select the best one(s)
in accordance with the collective overall preference values 7; = (rj, a;) (i =1,2,...,m).
The best choice is the one with the smallest distance.

Step 8. End.
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4.2. Illustrative Example

In this section, we employ a practical MAGDM problem to illustrate the efficiency of the
proposed method in dealing with problems of interval-valued 2-tuple linguistic informa-
tion. Suppose that an investment company wants to find an optimal investment. There are
four possible alternatives to invest the money:

X1: car industry; X»: food company; X3: computer company X4: arms industry.

The investment company must make a decision according to the following four at-
tributes:

Cq: risk analysis; C;: growth analysis; C3: social-political impact analysis; C4: envi-
ronment impact analysis.

In order to eliminate influence among them, three decision makers are invited to pro-
vide their preferences for each possible alternative on each attributes in anonymity and in
different linguistic term sets respectively, which are seven terms: 7 = {sg, s17, s; , SZ , sZ,
s5 , s6} five terms: S° = {sg, sf, sg, 53, s4} and nine terms: % = {sg, s?, sg, s39, 52’ s59, sg,
s7 , sS}

The linguistic decision matrices Rk = (Fl.kl.)4x4 (k=1,2,3) and the ideal alternative

@* are provided as follows:
Linguistic decision matrix R' provided by D;

C G Cs Cy

xp (Is].s3) Is]os)1 [s].s3] [s].sd]
R'= Xy | Is].s11 [s],si1 [sg.s31 [s].s]]
X3 [si, 521 [s{,s]1 [s],s]1 [s],s]]

Xa \Isgos1 [s3.s01 7541 [s].5]]

Linguistic decision matrix R? provided by D,

C G Cs Cy

%o (s sl sl o)
R?= X, | [s3.53] [s3.531 [s7.s31 [s].s3]
X3 [sf,sg] [sf,sg] [sg,sg] [sg,sg]

X N3 sfl 15,931 1] 831 13, 3]

C G Cs Cy

x; (1575531 [s3.571 [s3.s31 [s7, s3]
RP= x5 | [s].531 [s].s31 [s3.s¢] [s5.52]
X3 | [s2,591 52,581 [s3,551 [s5,s¢)

Xa \Isgosgl 153531 [s7.830 [s7.s3]



342 X. Liu et al.

Table 4
Ideal alternative.

Cy Cy C3 Cy
o' sl.sh Glsh o GlsD o (s)osD
$ (535 (3.5 (5.5 (53.83)
B (5959 (3.5 (g5 (2.9

Then, we utilize the method developed to obtain the best alternative(s).
Step 1. Transform the decision matrix RK = (;ikj )ax4, k = 1,2,3 and the ideal al-

ternative q3k into interval-valued 2-tuple linguistic decision matrix Rk = (fl.kl.)4x4 =
([(rl.kj,O), (r;]k,O)])4X4 and interval-valued 2-tuple linguistic ideal alternative q’;k =

(@)1xa = ([$F.,0), @5, 001, 145, 0), (@55, 0], ..., [(¢4, 0), (@, 0)]), shown as fol-

lows:

Interval-valued 2-tuple linguistic decision matrix R! provided by D

Cy Cy Cs

x, (16].0), (], 0] [(s],0), (s7,0)]

R'= X, | [(s],0), 52,001 [(s],0), (s7,0)]
X3 | [(s].0), (sJ,0]1 [(s].0), (s],0)]

X4\ [(sg,0), (5], 0] [(s3,0), (s7,0)]

—_ — —_ —

Cy

(s],0), (57,01 [(s7,0), (s, 0)]
(sg+0), (53,01 [(s],0), (s7,0)]
(s{.0). (s, 0] [(5],0), (s5,0)]
(s3.0), (7,01 [(s5,0), (s7,0)]

Interval-valued 2-tuple linguistic decision matrix R? provided by D,

Ci Cy C3
X, (167.0).(s3.0] [(5],0). (53.0)] [(53.0). (57.0)]
RP= X, | [(53.0), (53,001 [(s5.0). (53,01 [(s,0), (s3,0)]
X3 | [(s7,0), (53,001 [(s7,0), (s3,0)] [(s5.0), (53,0)]
X4\ [(53,0), (57, 0] [(53,0), (53, 0)] [(57,0), (53, 0)]

Interval-valued 2-tuple linguistic decision matrix R3 provided by D3

Ci Cy C3
x, (167,053,001 [(s3.0), (57, 0)] [(53,0), (s3,0)]
RP= X5 | [57,0), (3,00 [(s7,0), (53,01 [(s5,0), (s¢.0)]
X3 | [(s2,0), (s7,00] [(s2,0), (sg, 0] [(s5.0), (s7,0)]
X4\ [(s3,0), (sg, 0] [(55,0), (52, 0)] [(5,0), (57, 0)]

Cy
(s7,0), (s3,0)]
(57,0, (s3,0)]
(s3,0), (53, 0)]

[
[
[
[(s3.0), (s3,0)]

Cy
(s7.0), (s3,0)]
(53, 0), (53, 0)]
(s3.0), (sg. 0)]

[
[
[
[(s7,0), (s3,0)]
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Interval-valued 2-tuple linguistic ideal alternative q’;k k=1,2,3)

Cq Cy C3 Cy
! 1654,0), (s, 01 [(s],0), (s, 01 [(s],0), (55,01 [(s],0), (s, 0)]
¢” (3.0, 3.01 [(55,0), (53,01 [(53.0), (3,01 [(53,0). (s3.0]
¢ [(sg,0), (59,01 [(52,0), (53,001 [(52,0), (53,001 [(s2,0), (s¢,0)]

Step 2. Calculate the distance of each assessment value ?ikj provided by the decision
maker e; and his/her ideal assessment value qAﬁll‘ by Eq. (44), where Q(y) = y2, A = %
The results are listed as follows: A

Distance matrix of decision maker D

C C Cs Cy
X, (s1,0) (s1,0) (s7,0) (s],—0.0553)
X, (s],0)  (s],-0.0557) (s],—0.0553) (s],—0.0557)

X3 | (s5],0.0557) (s5,0.0553) (s],—0.0557) (s],0)
X4\ (57,0.0557)  (s5],0.056)  (s],—0.0553) (s7,0.0003)

Distance matrix of decision maker D,

Ci C Cs Cy
X, (s3,0) (s3,0) (s3,0) (s3, —0.0833)
X> (s7,0) (s3,0)  (s],—0.0833) (s3,—0.0833)
X3 | (s3,-0.0833) (s7,0.0833) (s},0.0833) (s7,0)
X4 (s3,0) (s5.0.0833) (s7,—0.0833) (53, —0.0833)

Distance matrix of decision maker D3

Cy G C3 Cy
x, (53, —0.0417) (s{,—0.0417) (s3,0) (s7,0)
X, (s3,0.0417)  (s7, —0.0417) (s3,—0.0417) (s3,0.0417)
X3 (s7,0) (sg.0.0417) (s3.0) (s7, —0.0417)
X4 (s3,0) (s3,0) (s2,0) (s3,0.0417)

Step 3. Calculate the mean distance matrix d and the absolute distance matrix
A(d,, (ff‘l., qb];), d), k =1,2,3, where d chooses the linguistic term sets $3. The results
are shown as follows:

The mean distance matrix d

(s5,0.0278)  (s7,0.0278)  (s5,—0.0972) (s7,0.0927)
(s3,0.1112)  (s3,-0.0324)  (57,0.0232)  (s3,—0.1158)
(s, —0.0509)  (s7,0.0046)  (s7,0.0787)  (s7,0.0278)
(s3,0.0741)  (s3,—0.0647)  (s7,0.051)  (s5, —0.0277)

(dij)axa =
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The absolute distance matrix of decision maker D

(A(dr (Pl ), dij))axa

(s¢,0.0278)  (s],0.0556)  (s],—0.0694) (s],0.0647)
(s/,0.0276)  (s7,0.0232)  (sg,0.0117)  (sg,0.0601)
(s],—0.0232) (s/,—0.0326) (s],—0.0323) (s{,0.0556)
(s/,—0.0184) (sJ,0.0373)  (57,0.0161) (s],—0.028)

The absolute distance matrix of decision maker D,

(M@ 8. dip)

4x4
(s3.0.0278)  (s5.0.0278)  (s3.0.0972) (s3.0.074)
(s3,0.1112)  (s3,0.0324)  (s3,0.1066)  (s],0.0324)

(s, —0.0324) (s3,0.0788)  (s3,0.0047)  (s3,0.0278)

(s7,—0.0741)  (s5.0.102) (s],—0.1157) (s}, —0.0557)

The absolute distance matrix of decision maker D3

(A(d), (ff,» f/’;?) dij))axa
(s3,0.0556)  (s5,—0.0556)  (sg,0.0556)  (s7,0.0323)
(s3,0.0554)  (s9,0.0092)  (s3,—0.0254) (s],—0.0324)
(s, —0.0509) (s3,—0.0317)  (s7,0.037) (55, —0.0556)
(s3,—0.0509) (s],—0.0603) (s7,0.0393)  (s],0.0557)

Then, we can get the similarity measure by Eq. (45) and the weighting vector @ by
Eq. (46):

Sim1 = 0.6386, Simp = 0.7471, Sim3 = 0.6143,
w1 =0.3193, wy = 0.3736, w3 =0.3071.

Moreover, we can obtain the weighting vector w by Eq. (47):
w; = 0.228, wz = 0.2669, w3 = 0.2582, wg = 0.2469.

Step 4. Utilize the IT-ICOWD measure to aggregate 2-tuple linguistic distance matrix
into the collective 2-tuple linguistic distance matrix R = (7;;)4x4 = ((7i}, aij))4x4, where
7 = 3. We can use the similarity measure Simy as the order-inducing variables. Note that

iy Ti er—-L _L
rij € S’ and a;; €[ 2Tk,sz).
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The collective 2-tuple linguistic distance matrix R

Ci () C3 Cs
X, [ (55.0.0284)  (57,0.1229) (s, —0.088) (s3,—0.1042)
R= X, | (s5,-0.0394) (s3,—0.0324) (53,0.0835) (s3,—0.1011)
X3 | (s7,0.0375)  (s7,0.0733)  (57,0.0803)  (s7,0.1229)
X4\ (53, -0.0956) (s],—0.0412) (53, —0.0746) (s3,0.0075)

Step 5. Utilize the T-GOWA operator to derive the collective overall preference value
ri = (ri,a;) (i=1,2,3,4) of the alternative X; (i = 1,2, 3,4):

i = (s3,-0.0671), 7= (s3,—0.0807),
73=(s7,0.0821),  74=(s3,—0.0055).

Assume that the parameter 7 in the -GOWA operator is equal to the parameter t in
the IT-ICOWD measure.

Step 6. According to the comparison law, rank the r; = (r;,a;) (i = 1,2, 3,4) in de-
scending order:

T4 >T1 >F >F3.
Step 7. Rank all of the alternatives X; (i =1, 2, 3, 4) as follows:
X3 > Xo > X1 > X4,

and the best alternative is thus X3. i.e. the best alternative is the computer company.

Furthermore, it is possible to analyse how the different particular cases of the IT-
ICOWD measure influence for the aggregation results. Here we consider the IT-ICOWHD
measure, the IT-ICOWED measure, the IT-ICOWGD measure, the IT-ICMAXD measure,
the IT-ICMIND measure, the Step-IT-ICOWD measure (k = 2), the IT-ICND measure,
the IT-ICNHD measure, the IT-ICNED measure, the IT-ICNGD measure, the Median I7-
ICOWD measure and the Olympic IT-ICOWD measure. The results are clearly demon-
strated in Table 5. Now, we are able to propose the order of the companies for each case.
The results are clearly demonstrated in Table 6. Note that the best and the most optimal
investment is the one possessing the lowest distance.

As we can see, the company order varies with category of I7T-ICOWD measures.

Moreover, we can also analyse how different parameter ¢ affects the aggregation re-
sults. Considering different values of parameter t € (0, 20) provided by the decision mak-
ers, here we take A = % The results are shown in Fig. 1.

Similarly, the company order varies with parameter 7. From Fig. 1, we can conclude
that

(1) when 7 € (0,0.398], alternative’s rank is X3 > X4 > X| > X3, and the best alter-
native is X3;
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Table 5
Aggregated results.
IT-ICOWHD IT-ICOWED IT-ICOWGD IT-ICMAXD
X1 (53.-0.1167)  (s3,-0.0864) (s7.,0.0839) (s3,0.0214)
X2  (s7,0.118) (s3,-0.1042)  (s7,0.0864) (s3,0.0287)
X3 (57.0.0179) (57,0.0572) (57, —0.0431) (s3,-0.072)
X4 (s3,-0.122)  (s3.-0.0558)  (s7.0.0519) (s3,0.1233)
IT-ICMIND Step-IT-ICOWD  IT-ICND IT-ICNHD
X;  (57,0.0888) (55, —0.0977) (53, —0.0657) (s3,—0.1151)
Xy (57.0.0565)  (s7,0.1106) (53, —0.0792) (57,0.1179)
X3 (57,-0.0779)  (s7,0.033) (57,0.0783) (s7,0.014)
X4 (s7,0.021) (s3,-0.0204) (s, —0.0044) (s3,-0.12)
IT-ICNED IT-ICNGD Median IT-ICOWD  Olympic IT-ICOWD
X;  (s3,-0.0849)  (s7,-0.0853)  (s3.—0.0887) (s3.—0.0887)
X2 (53,-0.1036)  (s7,0.086) (53, —0.0933) (53, —0.0933)
X3 (s3,0.0532)  (s].-0.0465)  (s3.—0.1233) (s3,—0.1233)
X4 (55.-0054)  (s7,0.0544) (53, —0.375) (53, —0.0375)
Table 6

Ordering of the companies.

Ordering

Ordering

IT-ICOWHD
IT-ICOWED
IT-ICOWGD
IT-ICMAXD
IT-ICMIND
Step-IT-ICOWD

X3> Xy > Xq> X
X3>Xo> X1 > Xy
X3>X4>X1>Xy
X3>X1>Xo> Xy
X3>X4> X2 > X
X3>Xo> X1 > Xy

IT-ICND

IT-ICNHD
IT-ICNED
IT-ICNGD

Median IT-ICOWD
Olympic IT-ICOWD

X3>Xo>X1>Xy
X3 > Xo > X4 > X1
X3>Xo>X1>Xy
X3>Xg>X1>Xo
X3>Xo>X1>Xy
X3>Xo>X1 > Xy

Fig. 1. Variations of the aggregation results with parameter t.

(2) when t € (0.398, 1.006], alternative’s rank is X3 > X4 > X» > X1, and the best
alternative is X3;

(3) when t € (1.006, 1.265], alternative’s rank is X3 > X, > X4 > X1, and the best
alternative is X3.
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(4) when t € (1.265,4.979], alternative’s rank is X3 > X» > X > X4, and the best
alternative is X3;

(5) when t € (4.979, 20], alternative’s rank is X3 > X1 > X7 > X4, and the best al-
ternative is X3.

4.3. Discussion of Comparative Analysis

In order to evaluate the performance and effectiveness of the proposed distance measure
with the existing one, this paper conducts a comparative study in this subsection, includ-
ing the comparison with well-applied distance measures and algorithm-based aggregation
tools.

(1) Comparison with the existing distance measure.

Compared with the previous distance measure, we can conclude that the IT-ICOWD
measure is very useful to deal with deviated problem in aggregation on continuous valued
interval 2-tuple linguistic information. The prominent characteristic of the IT-ICOWD
measure is that it combines the GOWA operator with the distance measure and the I7-
ICOWA operator in the same formula. The decision maker is able to consider the MAGDM
problem more clearly according to his/her risk attitude in aggregation process because
the parameter A, which lies in the interval [0, 1], can be considered as the measure of the
decision maker’s attitudinal character.

(2) Comparison with the aggregation tool based algorithm.

In Liu ez al. (2014b), Liu et al. proposed the interval 2-tuple hybrid weighted distance
(IT-HWD) measure to aggregate the interval-valued 2-tuple linguistic information. To fa-
cilitate a comparison with the proposed approach, we adopt the algorithm proposed by
Liu et al. (2014b) and solve the same illustrative example described above. The steps are
as follows:

Step 1. Interval-valued 2-tuple linguistic decision matrix RF = (fl.’;.)4x4 = ([(r{fj, 0),
(ri’ jk, 0)axa (k=1,2,3) and interval-valued 2-tuple linguistic ideal alternative qAbk =
@) 1xa = [@F, 00, (@}F, 01, [(@5,0), (#5, 0], ... [(@}, 0), (¢}, 0)]) are listed as
shown in Section 4.2.

Step 2. According to the interval 2-tuple linguistic distance (Liu et al., 2014b) between
two interval 2-tuple linguistic information, the distance of each assessment value ?ikj pro-
vided by the decision maker e, and his/her ideal assessment value (/’35 are calculated. The
results are listed as follows:

Distance matrix of decision maker D

Cy G Cs3 Cy
X, (s7,0) (s7,0) (s7,0.0002)  (s{, —0.0486)
X, | (5{,0.0003) (s],-0.0752) (s],—0.0748) (s, —0.0752)
X3 | (s],—0.0486) (s],0.0392) (s, —0.0699) (s7,0)
X4\ (s1,-0.0788) (s,0.0695) (s],—0.0486) (s7,0.0002)
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Distance matrix of decision maker D,

Cy C Cs3 Cy
X1 (s3,0) (s3,0) (s3,0) (s3, —0.1047)
X5 (s7,0) (s5,0) (s, —0.0732) (s5, —0.1047)
X3 | (53,-0.1047) (s3,—0.1047) (sj,0.1036) (s7,0)
X4 (s3,0) (s, —0.0732) (sj,—0.0732) (s3,—0.1126)

Distance matrix of decision maker D3

Cy C Cs3 Cy
X (s3,—0.059)  (s{, —0.0366) (s3,0) (s7,0)
Xy | (sg,—0.0597) (s7,—0.0581) (s5,—0.0524) (s3,0.0295)
X3 (s7.0) (s7, —0.0366) (s3,0) (s7, —0.0366)
X4 (s3,0) (s3,0) (s2,0) (s3,0.0203)

Step 3. Calculate the collective 2-tuple linguistic distance matrix R = (Fij)axs =
((rij, aij))axa4 by using the IT-HWD measure, which is proposed by Liu’s algorithm. Here,
in order to eliminate the unnecessary impacts, we also suppose the objective weight vec-
tor w = (0.3193, 0.3736,0.3071)7, the subjective weight vector W = (0.3, 0.4, 0.3)7 and
the parameter A = 3.

The collective 2-tuple linguistic distance matrix R

C C2 Cs Cs
X, (s3,0.027)  (s],0.0901)  (s3,—0.0492) (s3,—0.0909)
R= Xo | (s3,-0.0557) (s3,—0.0214) (5},0.0352) (s3,—0.1089)
X3 | (57,0.0773)  (s7,0.1142)  (s3,0.0999) (s}, 0.0901)
X4\ (s3,-0.0431) (s7,-0.0334) (s3,—0.1069) (s3,0.0518)

It is noted that the balancing coefficientis n =3 and r;; € s3.
Step 4. Utilize the 7-GOWA operator to derive the collective overall preference value
ri=(ri,a;) (i=1,2,3,4) of the alternative X; (i =1, 2, 3,4):

i =(s3,-0.0613), 7> =(s3, —0.0878),
3= (57,0.0967), 4= (s3,0.0198).
Assume that the parameter A in the 7-GOWA operator is equal to the parameter X in
the IT-HWD measure.

Step 5. According to the comparison law, rank the r; = (r;,a;) (i = 1,2, 3,4) in de-
scending order:

T4 >T1 >F > F3.



Interval-Valued 2-Tuple Linguistic Induced Continuous Ordered Weighted DM 349

Step 6. Rank all of the alternatives X; (i =1, 2, 3, 4) as follows:
X3 > Xy > X1 > X4.

Therefore, the best alternative is X3, i.e. the best alternative is the computer company.

From the comparison with interval 2-tuple linguistic distance of Liu et al. (2014b),
the newly proposed approach and Liu’s have their own merits. For one thing, the interval
2-tuple linguistic distance (Liu ef al., 2014b) is defined by endpoints of interval-valued
2-tuple linguistic information. This measure varies with the uncertain linguistic environ-
ment in GDM and makes it more flexible in diverse circumstances. For another, the ap-
proach proposed in this paper is able to provide more decision-related information such
as order-inducing variables in the IT-ICOWD measure, the weighting vector of decision
makers and the weighting vector of attributes. This enables decision-making process more
evidential and reliable, and these intermediate results can be applied for multiple times
when necessary. However, this benefit requires more efforts in computation, opposed to
Liu’s approach. Therefore, decision makers who request a deterministic answer as well as
reasonable and solid evidence would prefer the novel /T-ICOWD measure regardless of
computational complexity.

5. Conclusion

In this paper, we introduced the interval-valued 2-tuple linguistic induced continuous or-
dered weighted distance (/7-ICOWD) measure. Comparing with existing methods of ag-
gregating interval-valued linguistic variables, we firstly demonstrated that the IT-ICOWD
measure is of high practicality to uncertain cases when the decision maker is only able
to express preference information in interval-valued 2-tuples linguistic terms. Further-
more, we discussed several desirable properties and different families of the IT-ICOWD
measure. At last, feasibility and practicability of proposed approach were illustrated by a
numerical example.

In future research, we look forward to applying the I7-ICOWD measure to different
decision making application, such as dynamic decision making (Pérez et al., 2010), con-
sensus reaching process (Dong et al., 2016), social media (Dong et al., 2017), heteroge-
neous information merging process (Liu et al., 2017). Simultaneously, we are going to
develop further extensions of the I7-ICOWD measure to other types of distance measure
and decision information.
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