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Abstract. An optimization problem is formulated in the tropical mathematics setting to maximize
a nonlinear objective function defined by conjugate transposition on vectors in a semimodule over a
general idempotent semifield. The study is motivated by problems from project scheduling, where
the deviation between completion times of activities is to be maximized subject to precedence con-
straints. To solve the unconstrained problem, we establish an upper bound for the function, and then
obtain a complete solution to a system of vector equations to find all vectors that yield the bound.
An extension of the solution to handle constrained problems is discussed. The results are applied to
give direct solutions to the motivational problems, and illustrated with numerical examples.
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1. Introduction

Optimization problems that are formulated and solved in the framework of tropical math-
ematics offer an evolving research domain in applied mathematics with an expanding ap-
plication scope. Tropical (idempotent) mathematics deals with semirings with idempotent
addition and dates back to pioneering works by Pandit (1961), Cuninghame-Green (1962),
Hoffman (1963), Giffler (1963), Vorob’ev (1963), Romanovskii (1964), which were in-
spired by real-world problems in operations research, including optimization problems.
The tropical optimization problems under consideration are set up in the tropical math-
ematics setting to minimize or maximize linear and nonlinear functions defined on finite-
dimensional semimodules over idempotent semifields, subject to linear inequality and
equality constraints. The linear objective functions turn the problems into formal idempo-
tent analogues of ordinary linear programming problems. The nonlinear objective func-
tions are assumed to be defined through a multiplicative conjugate transposition operator.
There is a range of solution approaches offered to handle particular problems in a set
of works, which include Hoffman (1963), Cuninghame-Green (1976), Superville (1978),
Zimmermann (1984), Butkovi¢ and Aminu (2009), Gaubert et al. (2012). Among them
are iterative algorithms that produce a solution if any, or indicate that no solution ex-
ists otherwise (Zimmermann, 1984, 2006; Butkovi¢ and Aminu, 2009; Gaubert et al.,
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2012), and exact methods that provide direct solutions in a closed form (Hoffman, 1963;
Cuninghame-Green, 1976; Superville, 1978; Zimmermann, 2003, 2006). Many prob-
lems are represented and worked out in terms of particular idempotent semifields as
those considered by Superville (1978), Zimmermann (1984), Butkovi¢ and Aminu (2009),
Gaubert et al. (2012), whereas some other problems are examined by Hoffman (1963),
Cuninghame-Green (1976), Zimmermann (2006) in a general setting, which covers the
above semifields as special cases. Existing methods, however, mainly give a particular
solution, rather than provide all solutions to the problem under study.

As the problems can appear in a variety of applied contexts, a large body of motiva-
tion and application examples is drawn from optimal scheduling, as those presented in
Cuninghame-Green (1976), Zimmermann (1984, 2006), Butkovi¢ and Tam (2009), Tam
(2010). Specifically, the examples include scheduling problems, where the objective func-
tion takes the form of the span (range) seminorm.

The span seminorm is defined, in the ordinary setting, as the maximum deviation be-
tween components of a vector. It finds application as an optimality criterion in diverse ar-
eas from the analysis of Markov decision processes in Bather (1973), Puterman (2005) to
the form-error measurement in precision metrology in Murthy and Abdin (1980), Gosavi
and Cudney (2012).

In the context of tropical mathematics, the span seminorm is introduced by
Cuninghame-Green (1979), Cuninghame-Green and Butkovi¢ (2004), where it is called
the range seminorm. Both problems of minimizing and maximizing the seminorm taken
from machine scheduling are examined in Butkovi¢ and Tam (2009), Tam (2010) with a
combined technique, which needs to use two reciprocally dual idempotent semifields.

Another more straightforward approach is implemented in Krivulin (2013) to solve
problems of minimizing the span seminorm, where the seminorm is represented as a non-
linear objective function defined through a conjugate transposition operator. The problem
arises in project management within the framework of just-in-time scheduling of activities
constrained by various precedence relations (see, e.g. T kindt and Billaut, 2006; Demeule-
meester and Herroelen, 2002 for further details and references on project scheduling).
Based on the approach, exact, direct solutions to the problems are obtained in a compact
vector form given in terms of a single semiring.

In this paper, we start with the same problems, except that the span seminorm is maxi-
mized. In the context of optimal scheduling, the problems appear when activity initiation
or completion times are to be spread over the maximum possible time interval due to the
lack of resource to handle all activities simultaneously. One of the problems, which is to
maximize the deviation of the completion time, is similar to that considered in Butkovic¢
and Tam (2009), Tam (2010).

We formulate a common tropical optimization problem as to maximize a nonlinear
objective function defined on vectors over a general idempotent semifield. To solve the
problem, we apply and further develop solutions proposed in Krivulin (2013, 2014a,
2014b, 2015). We first establish an upper bound for the objective function, and then find
all vectors that yield the bound. As particular cases, complete solutions are given to the
problems of maximizing the span seminorm in project scheduling.
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By contrast to many project scheduling methods, including both the conventional tech-
niques based on linear and mixed integer linear programming, and a variety of new pro-
cedures, which mainly provide indirect solutions in the form of iterative algorithm (see
T’kindt and Billaut, 2006; Demeulemeester and Herroelen, 2002; Andziulis et al., 2011;
Caplinskas et al., 2012; Varoneckas et al., 2013 for related overviews and examples), our
approach offers direct exact solutions in a form that is suitable for both further analysis and
practical implementation. The solutions obtained involve simple matrix-vector operations
and guarantee low polynomial computational complexity.

The rest of the paper is organized as follows. Section 2 presents motivational prob-
lems coming from project scheduling. In Section 3, we give an overview of preliminary
definitions and results of idempotent algebra, including complete solutions to linear vec-
tor equations and inequalities. The main result, which offers a complete direct solution
to a general maximization problem, and its corollaries are given in Section 4. Finally, we
present applications of the results obtained to solve scheduling problems together with
numerical examples in Section 5.

2. Motivational Examples

In this section, we describe problems drawn from the project scheduling (T kindt and
Billaut, 2006; Demeulemeester and Herroelen, 2002) and intended to both motivate and
illustrate the development of solutions to tropical optimization problems presented below.
The scheduling problems are formulated in the general terms of activities and precedence
relations, which can represent actual jobs, tasks or operations, and of time constraints
placed on them by technical, operational, or other real-world limitations.

Suppose there is a project that involves certain activities operating under various tem-
poral constraints. The constraints have the form of start-finish and start-start precedence
relations defined for each pair of activities. The start-finish relation limits a minimum
allowed time lag between the initiation of one activity and the completion of the other,
whereas the start-start relation fixes a minimum lag between the initiations of the activities.
Each activity is assumed to complete at the earliest possible time within the constraints
imposed.

Scheduling problems of interest are to determine, subject to the constraints, an ap-
propriate initiation time for each activity so as to satisfy an optimality criterion in the
form of the maximum deviation time between either initiation or completion times of the
activities.

Consider a project of n activities. For each activity i =1, ..., n, denote the initiation
time by x; and the completion time by y;. Let a;; be the minimum time lag between the
initiation of activity j =1, ..., n and the completion of i. The start-finish constraints are
represented in the ordinary notation by the equalities

max (x; +a;j)=y;, i=1,...,n.
1<j<n
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With the maximum deviation of completion time of activities given by

max y; — min y; = max y; + max (—y;)
1<i<n” | 1<isn” | i<isn” i<isn
we arrive at the problem of finding for eachi =1, ..., n the unknown x; that
maximize max y; + max (—y;),
1<ign 1<ign
subject to max (x;+a;;))=y, i=1,...,n. (1)
1<j<n

Note that a similar problem arising in machine scheduling is examined in Butkovi¢ and
Tam (2009), Tam (2010) in the context of the analysis of the image set of a max-linear
mapping.

Furthermore, let ¢;; be the minimum time lag between the initiation of activity j and
the initiation of i. The start-start constraints yield the inequalities

max (x; +¢j)<x;, i=1,...,n
<j<n
If there is actually no time lag defined for some i and j, we put ¢;; = —o0.

The problem of maximizing the deviation between the initiation times of activities
takes the form

maximize max x; + max (—x;),
1<ign 1<ign

subject to max (x; +¢j)<x;, i=1,...,n 2)
1<jgn '

Finally, when both start-finish and start-start constraints are taken into account, we get
a problem to find an initiation time for each activity to

maximize max y; + max (—y;),
1<ign <ign

subject to max (x; +a;j) =i,
I<jsn ’

max (x;i+c¢i)<x;, i=1,...,n. 3
1<,/<n(1 1])\ i ()

We note that both problems (2) and (3) can readily be rewritten as linear programming
problems. However, linear programming, which offers efficient numerical solutions in the
form of iterative algorithms, cannot, in general, provide direct solutions in an explicit
form.

Below, the scheduling problems considered are represented in terms of tropical math-
ematics. We offer a complete, direct solution to a general tropical optimization problem,
and then solve the scheduling problems as particular cases.
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3. Preliminary Definitions and Results

The purpose of this section is to give a brief overview of basic definitions and preliminary
results that underlie the formulation and solution of tropical optimization problems under
study. In the literature, there is a range of works that provide concise introduction to as
well as comprehensive coverage of the theory and methods of tropical mathematics in
various forms and somewhat different formal languages, including recent publications by
Kolokoltsov and Maslov (1997), Golan (2003), Heidergott et al. (2006), Litvinov (2007),
Gondran and Minoux (2008), Butkovic¢ (2010).

The overview presented below is mainly based on the presentation style of notation
and results in Krivulin (2006, 2009, 2014a, 2014b, 2015), which offer the possibility of
deriving direct complete solutions in a compact vector form. For additional details and
further discussion, one can consult references listed before.

3.1. Idempotent Semifield

Let X be a set that is closed with respect to addition @ and multiplication ®, which are both
associative and commutative binary operations, where multiplication is distributive over
addition. The set includes zero 0 and unit 1 to be respective neutral elements for addition
and multiplication. Addition is assumed to be idempotent, which implies that x & x = x
for all x € X. Multiplication is invertible to provide each x € X\ {0} with an inverse x !
such that x ' ® x = 1. Under these assumptions, the algebraic structure (X, 0, 1, @, ®)
is commonly referred to as the idempotent semifield over X.

Idempotent addition imposes a partial order on the semifield, which establishes a re-
lation x < y if and only if x @ y = y. The definition implies that addition has an extremal
property, which ensures the inequalities x < x @y and y <x @ y for all x,y € X, as
well as that both addition and multiplication are isotone in each argument. Finally, it is as-
sumed that the partial order can be completed into a total order, which makes the semifield
linearly ordered.

In what follows, we routinely omit the multiplication sign for the brevity sake. The
relation symbols and the max operator are thought of as defined in terms of the order
induced by idempotent addition.

The semifield Rpyax,+ = (R U {—o00}, —o0, 0, max, 4) over the set of real numbers R
offers an example of the idempotent semifield under study, which is used to represent and
solve optimal scheduling problems below.

3.2. Matrix Algebra

Matrices and vectors with entries in X are routinely defined together with related opera-
tions, which are performed according to the conventional rules with the operations & and
® in the role of ordinary addition and multiplication.

As usual, the set of matrices over X with m rows and n columns is denoted by X"*",
A matrix with all entries equal to ) 0 is the zero matrix. A matrix is row- (column-) regular
if it has no rows (columns) that consist entirely of 0.
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In what follows, we denote matrices with bold uppercase letters. For each introduced
matrix, the same bold lowercase and normal lowercase letters are reserved respectively for
the columns and entries of the matrix. Specifically, a column and an entry of a matrix A
are denoted by a; and a;; .

The extremal property of scalar addition extends to matrix addition in the form of
entry-wise inequalities A < A® B and B < A® B, which are valid for all A, B € X",
Addition and multiplication of matrices, as well as multiplication of matrices by scalars,
are isotone in each argument.

For any matrix A = (g;;) € X"*" without zero entries, we define a multiplicative con-
jugate transpose as the matrix A~ = (al.;) € X" with entries a;; = aj_il. For two con-
forming matrices A and B without zero entries, the entry-wise inequality A < B implies
the inequality A~ > B~ and vice versa.

Consider square matrices in X"*". A square matrix that has 1 on the diagonal and 0
elsewhere, is the identity matrix denoted by I. The power notation with nonnegative inte-
ger exponents is used to represent repeated multiplication by the same matrix as A'=1
and A” = AP~' A for any A € X" and integer p > 0.

For any matrix A = (a;;) € X"*", the trace is given by

trA:éai,'.

i=1

A matrix is reducible if it can be put in a block-triangular form with zero blocks above
(or below) the diagonal by simultaneous permutation of rows and columns. Otherwise, the
matrix is considered to be irreducible. Any matrix with only nonzero entries is trivially
irreducible.

It is not difficult to see that, for any irreducible matrix A € X"*", the matrix I & A &
.- @ A" has no zero entries.

Any matrix of one column presents a column vectors. The set of column vectors with n
components over X is denoted X" and forms a finite-dimensional idempotent semimodule
with respect to vector addition and scalar multiplication. A vector with all components
equal to O is the zero vector. A vector is called regular if it has no zero components.

For any regular column vector x = (x;) € X", the multiplicative conjugate transpose
is the row vector x~ = (x; ) with components x;” = x;” ! 1t is not difficult to verify that,
for any nonzero vector x, we have x “x = 1. If x is regular, then xx~ > I. Finally, the
identity (xy~ )~ = yx~ is valid for any two regular vectors x and y of the same order.

To simplify some further formulae, we introduce, for any vector x € X" and matrix
A € X" idempotent analogues of the vector and matrix norms

n m n
Ixi=@x, 1A= Pai.
i=1 i=1 j=1
Denote by 1 a vector with all components equal to 1. Now we can write

lxl=1"x,  JA|=1T AL

For any vectors x and y of the same order, we have ||x y” || = |x |||l y]l.
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3.3. Linear Equations and Inequalities

Assume A € X" to be a given matrix and d € X" a given vector, and consider the
problem to find solutions x € X" to the equation

Ax =d.

A complete direct solution to the problem is given in a vector form in Krivulin (2009,
2012). In what follows, we need a solution to a particular case when m = 1. Given a vector
a € X" and a scalar d € X, the problem is to solve the equation

a’x=d. (4)
Based on the solution of the general equation, a solution to (4) is as follows.

Lemma 1. Let a = (a;) be a regular vector and d > 0 a scalar. Then the solutions of
equation (4) form a family of solutions, each defined for a particulark =1, ...,n as a set
of vectors x = (x;) with components
o
Xk =aq d,

xi <a’'d, i+#k.

1

Now we present solutions to another problem to be used below. Given a matrix A €
X1 consider the problem of finding regular vectors x € X" that satisfy the inequality

Ax <x. %)

To describe a solution given in Krivulin (2006, 2009, 2015), we make some definitions.
For each matrix A € X"*"_ a function is introduced that yields the scalar

Tr(A)=trA®---@tr A",

Under the condition that Tr(A) < 1, we further define an asterate of A (the Kleene
star) to be the matrix

A'=I®AD - dA" "
A direct solution to inequality (5) is given by the next result.

Theorem 1. For any matrix A, the following statements hold:

1. If Tr(A) < 1, then any regular solution to inequality (5) is given by x = A*u, where
u is a regular vector.
2. If Tr(A) > 1, then there is no regular solution.
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4. Optimization Problem

We are now in a position to present the main result, which offers a solution to the following
tropical optimization problem. Given matrices A € X" B € X/*" and vectors p € X"
and g € X/, find regular solutions x € X" that

maximize ¢~ Bx(Ax) p. (6)

Below a solution to the problem is obtained under fairly general assumptions. Then,
we give a solution to a special case of the problem. An extension of the solution to handle
constrained problems is also discussed.

4.1. The Main Result

The next statement offers a direct, complete solution to problem (6) under some regularity
conditions.

Theorem 2. Suppose A is a matrix with regular columns, B is a column-regular matrix,
p and q are regular vectors. Define the scalar

A=q BA p. )

Then, the maximum value in problem (6) is equal to A, and attained if and only if the
vector x = (x;) has components
Xk = aa; p,
xj < aagps. j#k, ®)

for all @ > 0 and indices k and s given by

k:arglrgnjaéanbja;p, s =arglgggna;(1pi.

Proof. To verify the statements, we first show that (7) is an upper bound for the objective
function in problem (6). Then, we validate that the regular vectors x defined as (8) yield
the bound, whereas any other vector does not.

Obviously, if a vector x is a solution to (6), then any vector ax for all « > 0 is also a
solution, and hence the solution to the problem is scale-invariant.

Since we have x(Ax)~ = (Axx~)~ < A~ provided that both x and A have no zero
elements, we immediately obtain

q Bx(Ax) " p<q BA p=A.
To find vectors that give the bound, we have to solve the equation

q Bx(Ax) " p=A.
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With an auxiliary variable o > 0, the equation is immediately transformed into the
system of equations

q Bx =uA,

(Ax) " p= a !

Considering that the solution is scale-invariant, we eliminate « to get
qg Bx=A,
(Ax)"p=1. ©)

Furthermore, we examine all solutions of the first equation at (9) to find those solutions
that satisfy the second equation as well.

Due to Lemma 1, the solution of the first equation in the system is actually a family of
solutions, each defined for one of i =1, ..., n as vectors with components

xj<(q7bj) A, j#L
We consider the upper bound A and put it into the form
n
A=q BA p=(Pq bja;p=q ba;p,
Jj=1

where k is the index of a maximum term q’bjalfp overall j=1,...,n.
As the starting point to get a common solution to both equations (9), we use the solution
of the first equation for i = k, which is given by

x=(q"b) ' A=a;p,

x; <(q7bj) ' A=(q7b)) g bragp. j#k.

Now we examine the left hand side of the second equation at (9). We express the vector
Ax as the linear combination of columns in the matrix A in the form

Ax =x1a1 @ --- @ xuan.
Then, we take x; = a;_ p, and consider the term xza; = ara, p. We write
a1 @ ®alp, —a!
a, p=a;, P1DO---Da,, Pm=4Aag Ps,

where s is the index of the maximum term a,._klpi overalli=1,...,m.
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Since the vector xgay = ara; p has components

-1
Xkdsk = dskAgy Ps = DPs>
—1 .
Xkajk =ajkag Ps = Pj, JFES,
we arrive at a vector inequality Ax > xiay > p.
To satisty the second equation at (9), the vector inequality must hold as an equality for

at least one component.
By taking x; to meet the condition x; < as_j1 ps for all j # k, we obtain

as1X1 @ - - - @ asnxn = ps,
aix1® - B ainxp = pi, iFs.
With the inequality a;ilps <a;p< (q’bj)’lq’bka,:p, we conclude that any vec-

tor x with components

Xk =a,p,

—1 .

xj<ag ps.  J#k,
presents a common solution of both equations at (9), and so a solution to (6). Taking into
account that the solution is scale-invariant, we get (8).

Finally, we show that the solutions to the first equation for each i # k cannot satisfy
the second equation. We assume that ¢ ~b;a; p < g~ bia, p, and consider the solution

N
xi = (g~ bi)" q bia; p,
B .
x;<(q7bj) q bragp. j#i.
With the above assumption, we have (q’b,-)’lq’bka,:p > a; p, and therefore,

N _
xia; =a;(q”b;)” q bra; p > a;a; p.

Then, we write Ax > x;a; > a;a; p, which yields (Ax)™ < (a;p)_laf. We see
that (Ax)"p < (a;p)’lafp =1, and thus the above solution fails to solve the entire
problem, which completes the proof. O

To conclude, we estimate the computational complexity of the solution offered by the
theorem. First, note that the most computationally intensive part is calculating of the min-
imum at (7). The number of operations (addition, multiplication and taking inverse) re-
quired to evaluate (7) is of the order n x max{l, m}, which offers a reasonable approxima-
tion to the complexity of the overall solution.
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4.2. Particular Cases

We now present a special case of the general problem, which involves idempotent ana-
logues of the vector and matrix norms. Another particular case is considered in the next
section in the context of solution of scheduling problems.

Let us assume that p = g = 1 and note that 17 a; = ||a; || and b 1= ||b; ||. Moreover,
we have

1" Bx(Ax)"1= || Bx| | (Ax)~

., 1"BA"1=|BA™|.
Under these assumptions, problem (6) takes the form

maximize || Bx|||(Ax)” . (10)
It follows from Theorem 2 that a solution to problem (10) goes as follows.

Corollary 1. Suppose A is a matrix with regular columns and B is a column-regular
matrix. Define the scalar

A=[Bam].

Then, the maximum in problem (10) is equal to A, and attained if and only if the vector
x = (xj) has components

X =alay

—1 .
Xj <0‘%/ , ] FKk,

for all o > 0 and indices k and s given by

k=arg max ||b;||a- s =arg max a;'.
glgjgn” il 8 5%, ik

4.3. Extension to Constrained Problems

The solution to problem (6) can be extended to cover certain constrained problems. Specif-
ically, assume C € X"*" to be given and consider the problem

maximize q Bx(Ax) p,
subject to Cx <x. (11)
By Theorem 1, the inequality constraint in (11) has regular solutions only when
Tr(C) < 1. Under this condition, the solution is given by x = C*u for all regular vec-

tors u € X", whereas the entire problem reduces to

maximize ¢~ BC*u(AC*u)™ p.
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The unconstrained problem admits an immediate solution based on Theorem 2, pro-
vided that the matrix AC* has only regular columns and the matrix BC* is column-
regular.

Since we have C* > I, the condition is fulfilled when the matrix A has no zero en-
tries and B is column-regular. The assumption on A, however, is not necessary to apply
the theorem. Specifically, the condition is also satisfied if the matrix A is row-regular,
whereas C is irreducible. Indeed, in this case, the matrix C* and, thus the matrix AC*,
have no zero entries.

It is clear that the condition for A to be row-regular is necessary.

Note that the solution to the unconstrained problem is given by Theorem 2 in terms
of the auxiliary vector # and, therefore, needs to be translated into a solution with respect
to x with the mapping x = C*u.

Examples of solutions to particular constrained problems drawn from project schedul-
ing are given in the next section.

5. Application to Project Scheduling

In this section, we revisit scheduling problems (1), (2), and (3) to reformulate and solve
them as optimization problems in the tropical mathematics setting. To illustrate the results
obtained, numerical examples are also given.

5.1. Representation and Solution of Problems

Taking into account that the representation of the problems in the ordinary notation in-
volves maximum, addition, and additive inversion, we translate it into the language of the
semifield Rpyax, +-

We start with problem (1), which can be written in terms of Rpyax,+ in scalar form as

n n
maximize (@ y,-) (@ yl._1> ,
i=1 i=1
n
subject to @aux./ =y, i=1,...,n.
j=1

Furthermore, we introduce a matrix A = (a;;) and vectors x = (x;), y = (y;) to shift
from the scalar representation to that in the matrix-vector notation

maximize Iyl H y }

’

subject to Ax =Y. (12)

A complete solution to the problem is given as follows.
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Lemma 2. Suppose A is a matrix with regular columns. Define the scalar
A=|AAT|.

Then, the maximum in problem (12) is equal to A, and attained if and only if the vector
x = (x;) has components

xe=aa;

-1 .
Xj gotasj ,  J#Kk,

for all @ > 0 and indices k and s given by

, s =arg max a; .

k=arg max |a;l||a-
glgjgn ;0] J 1<i<n

Proof. By substitution y = Ax, we obtain an unconstrained problem in the form of (10).
Application of Corollary 1 with B = A completes the solution. (]

Note that the solution is actually determined up to a nonzero factor, and so can serve
as a basis for further optimization of the schedule under additional constraints, including
due date and early start time constraints.

We now examine problem (2). When expressed in terms of the operations in the semi-
field Rmax, 4, the problem becomes

n n
maximize @xi @x;l ,
i=1 i=1

n
subject to @cijxj Lxj, i=1,...,n.
j=1

With a matrix C = (c;;), we switch to matrix-vector notation and get

maximize || ||x_}

3

subject to Cx <x. (13)
Lemma 3. Suppose C is a matrix with Tr(C) < 1. Define a scalar
A=|ecr(c)].

Then, the maximum in problem (13) is equal to A, and attained if and only if x = C*u,
where u = (u j) is any vector with components

up=a/(ef) |

uj<a(cy) . j#k

’



600 N. Krivulin

for all o > 0 and indices k and s given by

_ -1
earg ma i) ] s =are mas (ch)”

Proof. 1t follows from Theorem 1 that each solution to the inequality constraint in (13)
is given by x = C*u, where u is a regular vector. Taking the general solution instead of
the inequality, we arrive at an optimization problem with respect to u in the form of (12)
with A = C*. After solution of the last problem according to Lemma 2, we arrive at the
desired result. O

Finally, in a similar way as above, problem (3) can be represented in the form

maximize  ||yll|y~|.
subject to Ax =y,
Cx <x, (14)

and then solved by the following result.

Lemma 4. Suppose A is a row-regular matrix and C a matrix with Tr(C) < 1 such that
all columns in the matrix D = AC* are regular. Define the scalar

A=|DD~|.

Then, the maximum in problem (14) is equal to A, and attained if and only if x = C*u,
where u = (u;) is any vector with components

3

uj <otd;il, Jj F#k,

v =ald;

for all o > 0 and indices k and s given by

, § = arg max dﬁ(l.

k = arg max ”di”Hd; :
1<ign 1<ign

Note that the matrix D = AC™ has only regular columns when all columns in the
matrix A are regular or the matrix C is irreducible.

5.2. Numerical Examples
We start with problem (12), which is to maximize the deviation of completion time. Con-

sider a project with n = 3 activities operating under start-finish constraints given by the
matrix
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To apply Lemma 2, we calculate

-4 -2 0 02 4
AT=|-1 -2 1|, AA =|10 2], A=|4ada|=4
-1 0 -3 2 30
Furthermore, we obtain
laillfay =4, lallfay =1,  lasl]as] =3
and then verify that
laill]|a; | =max {laill|a; || |i=1,2,3}, a;'=max{a;"|i=1,2,3}.

Taking k = 1 and s = 3, we assume « = 0 to obtain a solution set that is defined by
the relations

x;1 =0, Xy < —1, x3 <=3,

Specifically, the solution vector with the latest initiation time and the corresponding
vector of completion time are given by

0 4
x=\|-11, y=Ax=| 2
-3 0

To illustrate the solution to problem (13) given by Lemma 3, we examine a project
with start-start precedence constraints defined by the matrix

0 -2 1
c=10 0 2|,
-1 0 O
where the symbol 0 = —oo is used to save space.

First, we successively find

0 0 0 -1 =2 1
ci=|1 -2 1], c=lo -1 2], Tr(C) =0,
0 -3 0 -1 0 -1
and then form the matrices
0 -2 1 0 —1 1
cr=1oCoC*=| 1 0 2|, (¢ =2 o0 3
-1 =3 0 -1 =2 0
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Furthermore, we calculate

0 -1 1
c(c*)y" =12 o0 3], A=|c¥cH)|=3
-1 -2 0

We examine columns in the matrix C* to get

letlliten) I=2. lesllea) =3 leslli(e) [ =2

We take k = 2 and then identify s = 3. With o = 0, we arrive at the set of solutions
x = C*u, where u = (u;) is a vector with components

up <1, upy =3, uz <0.
For the solution with the latest initiation time, we have

1 1
u=1\|3], x=C'u=1|3
0 0

We now apply Lemma 4 to solve problem (14), which is to maximize the deviation
between completion times of activities in a project with a combined set of precedence
constraints. We consider a project with n = 3 activities, where start-finish and start-start
constraints are given by the respective matrices

4 1 1 0 -2 1
01 3 -1 0 O

Using the result of the previous example, we find the matrix

4 1 1 -2 1 4 25
D=AC*=|2 2 0 1 0 2|=|3 2 4
01 3 -1 =3 0 2 1 3
Furthermore, we obtain
—4 -3 =2 0o 1 2
D-=[-2 -2 -1, PD"=| 0 O 1|, A=|DD |=2
-5 —4 -3 -1 -1 0

Analysis of columns in the matrix D gives

Idilifdy =2 ldalfdy =1 ldsl]dy | =2.
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First we take k = 1 and s = 3. With « = 0, we get the solution x = C*u, where the
vector # = (u;) has components

up=-—2, uy < —1, uz < —3.

The solution with the latest initiation times is given by

-2 -2 2
u=|-11, x=C*u=| -1, y=Du=11
-3 -3 0

Another solution is obtained by setting k = 3 and s = 3. The vector u is then defined
by

up < -2, uy < —1, uz = —3.
The solution with latest initiation time is obviously the same as before.

Acknowledgements. This work was supported in part by the Russian Foundation for Hu-
manities (grant No. 13-02-00338). The author is very grateful to a reviewer for valuable
comments and suggestions, which have been incorporated into the revised version of the
manuscript.

References

Andziulis, A., Dzemydiené, D., Steponavicius, R., Jakovlev, S. (2011). Comparison of two heuristic approaches
for solving the production scheduling problem. Information Technology and Control, 40(2), 118-122.

Bather, J. (1973). Optimal decision procedures for finite Markov chains. Part II: Communicating systems. Ad-
vances in Applied Probability, 5(3), 521-540.

Butkovi¢, P. (2010). Max-Linear Systems: Theory and Algorithms. Springer Monographs in Mathematics.
Springer, New York.

Butkovi¢, P., Aminu, A. (2009). Introduction to max-linear programming. IMA Journal of Management Math-
ematics, 20(3), 233-249.

Butkovi¢, P., Tam, K.P. (2009). On some properties of the image set of a max-linear mapping. In: Litvinov, G.L.,
Sergeev, S.N. (Eds.), Tropical and Idempotent Mathematics, Contemporary Mathematics, Vol. 495. AMS,
Providence, pp. 115-126.

Caplinskas, A., Dzemyda, G., Kiss, F., Lupeikiene, A. (2012). Processing of undesirable business events in
advanced production planning systems. Informatica, 23(4), 563-579.

Cuninghame-Green, R.A. (1962). Describing industrial processes with interference and approximating their
steady-state behaviour. Operations Research Quarterly, 13(1), 95-100.

Cuninghame-Green, R.A. (1976). Projections in minimax algebra. Mathematical Programming, 10, 111-123.

Cuninghame-Green, R. (1979). Minimax Algebra, Lecture Notes in Economics and Mathematical Systems, Vol.
166. Springer, Berlin.

Cuninghame-Green R.A., Butkovi¢, P. (2004). Bases in max-algebra. Linear Algebra and its Applications, 389,
107-120.

Demeulemeester E.L., Herroelen, W.S. (2002). Project Scheduling: A Research Handbook, International Series
in Operations Research and Management Science. Kluwer, Boston.

Gaubert, S., Katz, R.D., Sergeev, S. (2012). Tropical linear-fractional programming and parametric mean payoff
games. Journal of Symbolic Computation, 47(12), 1447-1478.



604 N. Krivulin

Giffler, B. (1963). Scheduling general production systems using schedule algebra. Naval Research Logistics
Quarterly, 10(1), 237-255.

Golan, J.S. (2003). Semirings and Affine Equations Over Them: Theory and Applications. Mathematics and Its
Applications, Vol. 556. Kluwer, Dordrecht.

Gondran M., Minoux, M. (2008). Graphs, Dioids and Semirings: New Models and Algorithms. Operations
Research/Computer Science Interfaces, Vol. 41. Springer, New York.

Gosavi A., Cudney, E. (2012). Form errors in precision metrology: A survey of measurement techniques. Quality
Engineering, 24(3), 369-380.

Heidergott, B., Olsder, G.J., van der Woude, J. (2006). Max-plus at Work: Modeling and Analysis of Synchronized
Systems. Princeton Series in Applied Mathematics. Princeton University Press, Princeton.

Hoffman, A.J. (1963). On abstract dual linear programs. Naval Research Logistics Quarterly, 10(1), 369-373.

Kolokoltsov V.N., Maslov, V.P. (1997). Idempotent Analysis and Its Applications. Mathematics and Its Applica-
tions, Vol. 401. Kluwer, Dordrecht.

Krivulin, N.K. (2006). Solution of generalized linear vector equations in idempotent algebra. Vestnik St. Peters-
burg University: Mathematics, 39(1), 16-26.

Krivulin, N.K. (2009). Methods of Idempotent Algebra for Problems in Modeling and Analysis of Complex
Systems. Saint Petersburg University Press, St. Petersburg (in Russian).

Krivulin, N. (2012). A solution of a tropical linear vector equation. In: Yenuri, S. (Ed.), Advances in Computer
Science, Recent Advances in Computer Engineering Series, Vol. 5. WSEAS Press, pp. 244-249.

Krivulin, N. (2013). Explicit solution of a tropical optimization problem with application to project scheduling.
In: Biolek, D., Walter, H., Utu, 1., von Lucken, C. (Eds.), Mathematical Methods and Optimization Tech-
niques in Engineering. WSEAS Press, pp. 39-45.

Krivulin, N. (2014a). A constrained tropical optimization problem: Complete solution and application example.
In: Litvinov, G.L., Sergeev, S.N. (Eds.), Tropical and Idempotent Mathematics and Applications, Contem-
porary Mathematics, Vol. 616. AMS, Providence, pp. 163—177.

Krivulin, N. (2014b). Complete solution of a constrained tropical optimization problem with application to
location analysis. In: Hofner, P., Jipsen, P., Kahl, W., Miiller, M.E. (Eds.), Relational and Algebraic Methods
in Computer Science, Lecture Notes in Computer Science, Vol. 8428. Springer, New York, pp. 362-378.

Krivulin, N. (2015). A multidimensional tropical optimization problem with nonlinear objective function and
linear constraints. Optimization, 64(5), 1107-1129.

Litvinov, G. (2007). Maslov dequantization, idempotent and tropical mathematics: a brief introduction. Journal
of Mathematical Sciences (N. Y.), 140(3), 426—444.

Murthy, T.S.R., Abdin, S.Z. (1980). Minimum zone evaluation of surfaces. International Journal of Machine
Tool Design and Research, 20(2), 123-136.

Pandit, S.N.N. (1961). A new matrix calculus. Journal of SIAM, 9(4), 632-639.

Puterman, M.L. (2005). Markov Decision Processes: Discrete Stochastic Dynamic Programming, Wiley Series
in Probability and Statistics. Wiley.

Romanovskii, I.V. (1964). Asymptotic behaviour of dynamic programming processes with a continuous set of
states. Soviet Mathematics: Doklady, 5(6), 1684—1687.

Superville, L. (1978). Various aspects of max-algebra. PhD dissertation, The City University of New York, New
York.

Tam, K.P. (2010). Optimizing and approximating eigenvectors in max-algebra. PhD dissertation, The University
of Birmingham, Birmingham.

T’kindt, V., Billaut, J.C. (2006). Multicriteria Scheduling: Theory, Models and Algorithms. Springer, Berlin.

Varoneckas, A., Zilinskas, A., Zilinskas, J. (2013). Multi-objective optimization aided to allocation of vertices
in aesthetic drawings of special graphs. Nonlinear Analysis: Modelling and Control, 18(4), 476-492.

Vorob’ev, N.N. (1963). The extremal matrix algebra. Soviet Mathematics: Doklady, 4(5), 1220-1223.

Zimmermann, K. (1984). Some optimization problems with extremal operations. In: Korte, B., Ritter, K. (Eds.),
Mathematical Programming at Oberwolfach II, Mathematical Programming Studies, Vol. 22. Springer,
Berlin, pp. 237-251.

Zimmermann, K. (2003). Disjunctive optimization, max-separable problems and extremal algebras. Theoretical
Computer Science, 293(1), 45-54.

Zimmermann, K. (2006). Interval linear systems and optimization problems over max-algebras. In: Linear Op-
timization Problems with Inexact Data. Springer, New York, pp. 165-193.



A Maximization Problem in Tropical Mathematics 605

N. Krivulin received his CSc degree in 1990 and DSc degree in 2010 both in applied
mathematics from Saint Petersburg State University, St. Petersburg, Russia. He is currently
a professor of the Department of Statistical Modelling at Saint Petersburg State University.
His research interests include theory and applications of idempotent algebra, modelling
and performance evaluation of queueing systems, methods of optimization, computational
statistics and computer simulation.



606 N. Krivulin

Maksimizacijos problema tropinéje matematikoje: iSsamus
sprendimas ir taikymo pavyzdziai

Nikolai KRIVULIN

Tropinés matematikos terminais suformuluotas optimizacijos uzdavinys, kurio tikslo funkcija api-
bréZta per vektoriy transpozicija semimoduliu idempotentiniame semilauke. Sis uzdavinys jdomus
rySium su projekty grafiky sudarymu, kai skirtingos atlikimo trukmés optimizuojamos pagal darby
eiliSkumo ribojimus. UZdavinys be ribojimy sprendZiamas nustatant tikslo funkcijos reikSmiy virSu-
tinj réZj, o po to sprendZiant vektorines lygtis, kuriy sprendiniai sutampa su optimizacijos uZdavinio
sprendiniais. Aptartos galimybés iSplésti pasitulyta metoda uZdaviniams su ribojimais. Pateikti pa-
vyzdZiai, iliustruojantys pasiilyto metodo taikyma.



