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Abstract. This paper proposes the concept of an interval neutrosophic hesitant fuzzy set (INHFS)
and the operational relations of INHFSs. Then, we develop correlation coefficients of INHFSs and
investigate the relation between the similarity measures and the correlation coefficients. Further-
more, a multiple attribute decision making method based on the correlation coefficients is estab-
lished under interval neutrosophic hesitant fuzzy environment. Through the correlation coefficients
between each alternative and the ideal alternative, we obtain the ranking order of all alternatives
and the best one. Finally, an illustrative example of investment alternatives is given to demonstrate
the application and effectiveness of the developed approach.
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1. Introduction

Correlation coefficients are a powerful tool in data analysis and classification, decision
making, pattern recognition and so on (Bonizzoni et al., 2008; Kriegel et al., 2008;
Park et al., 2009; Szmidt and Kacprzyk, 2010; Ye, 2010; Wei et al., 2011). As many
real world data may be fuzzy, various types of correlations have been proposed under
fuzzy environments. Chiang and Lin (1999) introduced the concept of correlation. Hong
(2006) proposed a fuzzy correlation coefficient under Tw (the weakest t-norm) based fuzzy
arithmetic operations. As an extension of fuzzy correlations, Wang and Li (1999) intro-
duced the correlation and information energy of interval-valued fuzzy numbers. Then,
Gerstenkorn and Manko (1991) developed the correlation coefficients of intuitionistic
fuzzy sets (IFSs). Also, Hung and Wu (2002) proposed a method to calculate the cor-
relation coefficients of IFSs by means of “centroid”. Furthermore, Bustince and Burillo
(1995) and Hong (1998) further developed the correlation coefficients for interval-valued
intuitionistic fuzzy sets (IVIFSs). Recently, Torra and Narukawa (2009) and Torra (2010)
extended fuzzy sets to hesitant fuzzy sets (HFSs), which allow the membership degree
of an element to a set represented by several possible values. Thus, HES can be consid-
ered as a powerful tool to express uncertain information in the process of group decision
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making. After that, Chen er al. (2013a) proposed the concept of interval valued hesi-
tant fuzzy sets (IVHFSs) and some correlation coefficients for HFSs and IVHFSs and
applied them to clustering analysis under hesitant fuzzy environments and interval hes-
itant fuzzy environments, and then they (Chen et al., 2013b) further proposed interval
valued hesitant preference relations and applied them to group decision making. As a
further generalization of the correlation coefficient between HFSs, Ye (2014a) presented
the correlation coefficient of dual hesitant fuzzy sets (DHFSs) and applied it to multiple
attribute decision making problems with duel hesitant fuzzy information. Recently, intu-
itionistic (uncertain) linguistic numbers and their applications in decision making have
received more and more attention (Liu and Jin, 2012; Liu, 2013; Liu and Wang, 2014;
Liu et al., 2014).

However, the aforementioned sets can only handle incomplete information but not the
indeterminate information and inconsistent information which exist commonly in real sit-
uations. For example, for a given proposition “movie X would be a hit”, in this situation
human brain certainly cannot generate precise answers in terms of yes or no, as indetermi-
nacy is the sector of unawareness of a proposition’s value between truth and falsity. Thus,
Smarandache (1999) presented a neutrosophic set from philosophical point of view. The
neutrosophic set is a powerful general formal framework which generalizes the concept
of the classic set, fuzzy set, interval-valued fuzzy set (IVES), IFS, IVIFS, paraconsistent
set, dialetheist set, paradoxist set, and tautological set (Smarandache, 1999). In the neutro-
sophic set, indeterminacy is quantified explicitly and truth-membership, indeterminacy-
membership, and falsity-membership are independent. Its functions T4(x), I4(x) and
Fa(x) are real standard or nonstandard subsets of ]70, 17, i.e., Ta(x): X — 170, 17,
Ia(x): X — 170,17, and Fa(x): X — 170, 1*[. Obviously, the neutrosophic compo-
nents are best fit in the representation of indeterminacy and inconsistent information. How-
ever, it will be difficult to apply in real scientific and engineering areas. Therefore, Wang et
al. (2005, 2010) proposed the concepts of an interval neutrosophic set (INS) and a single
valued neutrosophic set (SVNS), which are the subclasses of a neutrosophic set, and pro-
vided the set-theoretic operators and various properties of SVNSs and INSs. Thus, SVNSs
and INSs can be applied in real scientific and engineering fields and give us an additional
possibility to represent uncertainty, imprecise, incomplete, and inconsistent information
which exists in real world. Recently, Ye (2013) presented the correlation coefficient of
SVNSs based on the extension of the correlation coefficient of intuitionistic fuzzy sets
and proved that the cosine similarity measure of SVNSs is a special case of the correlation
coefficient of SVNSs, and then applied it to single valued neutrosophic decision-making
problems. Then, Broumi and Smarandache (2013) introduced the correlation coefficient
of INSs. On the other hand, Ye (2014b) developed a single valued neutrosophic cross-
entropy measure and applied it to decision-making problems with single valued neutro-
sophic information. Ye (2014c) also introduced the Hamming and Euclidean distances
between INSs and their similarity measures, and then applied them to decision-making
problems with interval neutrosophic information. Furthermore, Ye (2014d) presented a
concept of a simplified neutrosophic set (SNS), which is a subclass of the neutrosophic
set and includes a SVNS and an INS, and defined some operations of SNSs, and then he
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developed a simplified neutrosophic weighted averaging (SNWA) operator, a simplified
neutrosophic weighted geometric (SNWG) operator, and a multicriteria decision-making
method based on the SNWA and SNWG operators and the cosine measure of SNSs under
simplified neutrosophic environment.

The IVHFS, which allows the membership degree of an element to a set represented
by several possible interval values, can be considered as a powerful tool to express un-
certain information in the group decision-making process. But it cannot handle indeter-
minate and inconsistent information, while the INS gives us an additional possibility to
represent uncertainty, imprecise, incomplete, and inconsistent information which exists
in real world and would be more suitable to handle indeterminate information and incon-
sistent information. However, existing SVNSs and INSs cannot allow truth-membership
degrees, indeterminacy-membership degrees and falsity-membership degrees of an ele-
ment to a set represented by several possible values or interval values, and then existing
correlation coefficients for SVNSs and INSs cannot also handle this hesitant problem. To
solve this problem, it is very necessary to introduce the concept of interval neutrosophic
hesitant fuzzy sets (INHFSs), which permit truth-membership degrees, indeterminacy-
membership degrees, and falsity-membership degrees of an element to a given set to have
a few different interval values. Hence, the INHFS encompasses fuzzy set, IFS, IVIFS,
SVNS, INS, HFS, DHFS, and IVHFS as special cases of the INHFS. The purposes of
this paper are: (1) to propose the concept of INHFSs based on the combination of INSs
and IVHFSs and some basic operations of INHFSs, (2) to develop some correlation co-
efficients between INHFSs and to investigate their properties and the relation between
the correlation coefficients and some similarity measures, and (3) to establish a multi-
ple attribute decision making method based on the correlation coefficients under interval
neutrosophic hesitant fuzzy environment. The proposed decision making method based on
the correlation coefficients can avoid complex information aggregation and can directly
utilize the derived correlation coefficients to calculate the correlation degrees between
alternatives and the ideal alternative for the ranking order of the alternatives.

The rest of the paper is organized as follows. Section 2 briefly describes some concepts
of INSs, HFSs, IVHFSs, and the correlation coefficients between IVHFSs. Section 3 pro-
poses the concept of INHFSs and defines the corresponding basic operations. In Section 4,
we develop some correlation coefficients between INHFSs and investigate their properties
and the relation between some similarity measures and the correlation coefficients. Sec-
tion 5 establishes a decision-making approach based on the correlation coefficients under
interval neutrosophic hesitant fuzzy environment. An illustrative example validating our
approach is presented in Section 6. Section 7 gives conclusions and some remarks.

2. Preliminaries

2.1. Interval Neutrosophic Set

Smarandache (1999) presented the neutrosophic set from philosophical point of view and
gave the following definition of a neutrosophic set.
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Fig. 1. Ilustration of an INS in R!.

DEeriniTION 1. (See Smarandache, 1999.) Let X be a space of points (objects), with
a generic element in X denoted by x. A neutrosophic set A in X is characterized by a truth-
membership function T4 (x), an indeterminacy-membership function 74 (x), and a falsity-
membership function F4 (x). The functions T4 (x), 14 (x) and F4(x) are real standard or
nonstandard subsets of 170, 17[,i.e., Ta(x) : X = 170, 17[, I (x) : X = 170, 17, and
Fa(x):X — 170, 17[. There is no restriction on the sum of T4 (x), I4(x) and F4 (x), so
~0 < supTa(x) +supla(x) +sup Fa(x) <37.

Obviously, it is difficult to apply the neutrosophic set to practical problems. Therefore,
Wang et al. (2005) introduced the concept of an INS, which is a subclass of the neutro-
sophic set, for real scientific and engineering applications. In the following, we introduce
the definition of an INS (Wang et al., 2005).

DerintTION 2. (See Wang et al., 2005.) Let X be a space of points (objects) with generic
elements in X denoted by x. An INS A in X is characterized by a truth-membership
function T4 (x), an indeterminacy-membership function /4 (x), and a falsity-membership
function F4(x), where T4(x), I4(x), Fa(x) < [0, 1] for each point x in X. Hence, the
sum of T4(x), [4(x) and Fa(x) isO < supTa(x) +sup Ia(x) + sup Fa(x) < 3.

We call it “interval” because it is the subclass of a neutrosophic set, that is, we only
consider the subunitary interval of [0, 1]. Therefore, all INSs are clearly neutrosophic sets.
An INS in R! is illustrated in Fig. 1 (Wang ez al., 2005).

DeFintTION 3. (See Wang et al., 2005.) An INS A is empty if and only if its inf 74 (x) =
supT4(x) =0,infl4(x) =supla(x) =1,and inf F4(x) = sup F4(x) =0 for any x in X.
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DeriNiTION 4. (See Wang et al., 2005.) The complement of an INS A is denoted by A€
and is defined as 75 (x) = Fa(x), infI3(x) =1 —supl4(x), supI§(x) =1 —infI5(x),
F§(x) =Ta(x) forany x in X.

DEeFintTION 5. (See Wang ef al., 2005.) An INS A is contained in the other INS B, A € B,
if and only if infT4(x) < infTp(x), supTa(x) < supTp(x), infla(x) > inflp(x),
sup 14 (x) = sup Ip(x),inf Fa(x) > inf Fp(x),and sup F4(x) > sup Fp(x) forany x in X.

DEeFintTION 6. (See Wang ef al., 2005.) Two INSs A and B are equal, written as A = B,
ifand onlyif AC B and B C A.

2.2. Some Basic Concepts of HFSs and IVHFS's

Torra and Narukawa (2009) and Torra (2010) firstly proposed the concept of a HFS, which
is defined as follows:

DerIniTION 7. (See Torra and Narukawa, 2009; Torra, 2010.) Let X be a fixed set, a HFS
A on X is defined in terms of a function /4 (x) that when applied to X returns a finite
subset of [0, 1], which can be represented as the following mathematical symbol:

A={{x,ha(x))|x € X},

where h4(x) is a set of some different values in [0, 1], denoting the possible member-
ship degrees of the element x € X to A. For convenience, we call 74 (x) a hesitant fuzzy
element, denoted by A.

Given three hesitant fuzzy elements #, 41, and hy, Torra (2010) defined some opera-
tions in them as follows:

(1) b= Uyepll =¥,

(2) hiUha=U,, e, yyen, maxiyi, ya},

() hiNha=U,,cn,. yyen, min{yi, v2}.

Then, Xia and Xu (2011) defined some operations on the hesitant fuzzy elements #,
h1, hy and a positive scale A:

) W =U,enfr’),

@) M=U, (1= A=),

() hi @ ha =y, cn,. pyen, V1 +v2 = V1v2hs
) hi @ ha =, cn,, yren, (172}

DerIniTION 8. (See Chen ef al., 2013a, 2013b.) Let X be a fixed set, an IVHFS on X is
defined as:

E={(x.he())x € X},
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where 7 E(x) is a set of some different interval values in [0, 1], representing the possible
membership degrees of the element x € X to the set E, and is called an interval valued
hesitant fuzzy element (IVHFE). For convenience, hg(x) is denoted by an IVHFE h,
which reads i = {7|7 € h}, where 7 = [y, ¥Y] is an interval number, y* = inf7 and
yY = sup y represent the lower and upper limits of 7, respectively.

Given three IVHFEs ﬁ, ﬁl, ﬁz, and a positive scale A > 0, their operations (Chen et

al., 2013b) can be defined as follows:
(W) 1 =U; il DM
@) M=Up el = A= yDH 1= =y
@) i @ ha =Uj, i, ein, E + 8 = viv vl + v = v v b
@ m®@h=U; i, e Vs v vy -

To compare two interval numbers, we introduce the following definition (Chen et al.,
2013b).

DeriNiTION 9. (See Chen et al., 2013b.) Let a = [aL, aY] and b= [bL, bY] be two inter-
val numbers and [; = a¥ — a’ and l;= bY — bl then the degree of possibility of @ > b
is formulated by

~ pY — gk
d>b)=max |l —max|{ —,0),0]. 1
pa> ) =max | (I&HE )-0] M)

2.3. Correlation Coefficients of IVHFSs

Since the number of interval elements in different IVHFEs could be different and the inter-
val numbers are usually disorder, we can arrange them in an increasing order using Eq. (1)
for the comparison between two interval numbers. For any IVHFE h = {yly € fz}, let
Yo () stand for the jth smallest value in h, where (o(1),0(2),...,0(n)) is a permutation
of (1,2,...,n), such that y5(j) < Vo(j+1) for j=1,2,...,n — 1. For two IVHFSs A =
{(xi,flA(xi))Ixi eX,i=1,2,...,n}and B= {(xi,ﬁg(xi))lxi eX,i=12,...,n},to
calculate the correlation coefficient between A and B, let [; = max]/ (fl Alxi)), 1 (ﬁ s (xi)]
for each x; in X, where [(h4(x;)) and [ (hg(x;)) represent the number of interval elements
(interval numbers) in hia (x;) and h p(xi), respectively. If (fl ax) #l1 (ﬁ p(xi)), accord-
ing to the optimistic principle, one can add the maximum value in less number of elements
between & A(x;) and h g (x;) until them have the same length between h A(x;) and h B(xi).
Thus, Chen et al. (2013a) gave two correlation coefficients of the IVHFSs A and B as
follows:

Civurs(A, B)
[Crvars(A, A) - Cryurs(B, B)]1/?

1 N L L U U
_ 2 (7 X1 Whio () YBio () + Yaio () VBio()) @)
B 1 Ui L 2 U 211172
{Z?:l {E Zj:l[(;’Aia(j)) + (VAia(j)) ]}}

1 i L 2 U 2
x{ X {E 2 il Whio ()™ + Wgio(j) 1

Rivursi(A, B) =

1/2
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Civurs(A, B)
max[Civurs(A, A), Civars(B, B)]
1 N L L U U
_ 2 (5 X1 Whio () YBio () + Yaio () VBio()) 3)
- 1 1 L 2 U 2
max { 37 {Tile=1[(VAia(j)) + Vaio(j)) 1},
1 i L 2 U 2
Y XiailWie ) + Wpio )1

Rivurs2(A, B) =

where Vaio(j) = [Vj,'g(j)a VAU,'g(j)] € ha(x;) and Vgig(j) = [V}é,'g(j)a Vgig(j)] € hp(x;) for
i=1,2,...,nand j=1,2,...,1;.

The two correlation coefficients of Ryyprsk(A, B) (k = 1,2) satisfy the following
properties (Chen et al., 2013a):

(1) Ryvursk(A, B) = Ryvursk(B, A);
(2) 0< Ryvarsk(A, B) < 1;
(3) Rivursi(A,B)=1,if A=B.

3. Interval Neutrosophic Hesitant Fuzzy Set

In this section, the concept of an INHFES is presented based on the combination of INSs
and IVHFSs as a further generalization of that of INSs and IVHFSs, which is defined as
follows.

DerintTiON 10. Let X be a fixed set, an INHFS on X is defined as
N ={(x,7(x),i(x), f(0))|x € X},

where 7(x), i (x), and f (x) are sets of some different interval values in [0, 1], represent-
ing the possible truth-membership hesitant degrees, indeterminacy-membership hesitant
degrees, and falsity-membership hesitant degrees of the element x € X to the set N, re-
spectively. Then, 7(x) reads 7(x) = {7|7 € 7(x)}, where 7 = [y'~, yY]is an interval num-
ber, yL =inf7 and yY = sup 7 represent the lower and upper limits of 7, respectively;
i(x) reads i(x) ={8|8 € f(x)}, where § = [§L, V] is an interval number, 8~ = inf§ and
8Y = sup$ represent the lower and upper limits of §, respectively; f(x) reads f(x) =
{7l € f(x)}, where 7 = [, Y] is an interval number, n’ = inf7 and nY = sup7
represent the lower and upper limits of 7, respectively. Hence, there is the condition
0<supy™® +supst +supnt <3, where p* = J; () max{7}, 5t = Useico max{3},
and 7t = Us e 7 max{fj} for x € X. ) )

For convenience, the three tuple 71(x) = {f(x),i(x), f(x)} is called an interval neu-
trosophic hesitant fuzzy element (INHFE), which is denoted by the simplified symbol
an={ii, f}.

From Definition 10, it is obvious that the INHFS consists of three parts of the truth-
membership, the indeterminacy-membership, and the falsity-membership, supporting
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a more exemplary and flexible access to assign some interval values for each element
in the domain, and can handle three kinds of hesitancy in this situation. Thus, the existing
sets, including fuzzy sets, IFSs, IVIFSs, SVNSs, INSs, HFSs, DHFSs, and IVHFSs, can
be regarded as special cases of INHFSs.

Then, we can define the union and intersection of INHFEs as the follows:

DerINtTION 11. Letiiy = {f1, 11, f1} and iy = {2, i, >} be two INHFEs in a fixed set X,
then their union and intersection are defined, respectively, by

(1) iy Uity = {7 Uk i1 Nia. fi N fa),

(2) nyNnay={t N, i1 Uiz, f1 U fo}.

Hence, for two INHFEs i, 117, and a positive scale A > 0, the basic operations can be
given as follows:

(1) A1 @iy = {l ®a, 11 Qla, /i ® f2)
U

Pi€f.81 €l 1€ fi.Theh. 826D, T fo,
U +r —viv o +v =i 1}
{[8r67. 8783 1} {[ninz . ot 3 1}
Q) @iy = {1 @h, 11 Bia, L B fo}

= o ~LJ o )
V1€11,81€11,M1 € f1,72€12,82€12,T2€ f2,
Ulrivd v AT + 8y — ot 3. 87 + 87 — 8787 ]}
{[nf +nz —ning.ni’ + 03 —ni'ng [} ;

@ wii= U (-0 =v))" 1= =9 A5 (69)'])

pief.8iel, e fi {
CHCORIE
@ at= U e D) D= (et = (1 -0)])
[

e dieimef

(1= (1 =nf)" 1= (1 =) T}

4. Correlation Coefficients of INHFSs

The elements in an INHFE are usually given in a disorder. Therefore, for an INHFE
a={ii, f} it is necessary to arrange them in 7 by an mcreasmg order using Eq ) for
the comparison between two interval numbers. Let Yoy € 7 (k = 1,2,...,1), o) € 1
(k=1,2,...,p), o) € f (k=1,2,...,q) stand for the k-th smallest interval in i, and
there are Vo (k) < Vok+1) (k=1 2, ol =1, 860 <o+ (k=1,2,...,p—1),and
ng(k) Nok+1) (k=1,2,...,9 — 1), where [, p, g are the number of interval values in
7,1, f,respectively.

Let two INHESs be N; = {(x;, 71(x;), i1(xi), fi(xi))|xi € X, i =1,2,...,n} and
Ny = {{x;, 02(x;), i2(x;), o(xi))|xi € X, i = 1,2,...,n}. For two INHFEs i) (x;) =
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{fi(x), T1(x), i)} and ia(xi) = {R(x), 2(xi), ()} (= 1,2,...,n) in the
two INHFSs N; and N, the number of interval elements (numbers) in differ-
ent INHFEs may be different. To compute the correlation coefficients between two
INHFSs, Let [; = max[/(fy (x1)), [(G2 ()] pi = max[(y (xi)). [G2(xi)], and g; =
maX[l(fl(xz)) l(fz(xz))]foreachxz in X, where /(7 (x;)), [ (2 (x;)), l(ll(x)l) l((l)z(xz))
l( f1 xi)), andl( fz(x,)) represent the number of intervals in £ (x;), & (x;), 11(x,) zz(x,)

f1 (x,) and fz(x,) respectively. When [(f1(x;)) # [(f2(x;)) or l(zl(x,)) #* l(zz(x,)) or
I( f1 (xi)) #I( f2 (x;)), one can make them having the same number of elements through
adding some elements to less number of elements in the INHFE. For example, if there
are fewer elements in 71 (x;) than in 7>(x;), an extension of 7| (x;) should be considered
optimistically by repeating its maximum element until has the same length as 1 (x;). Thus,
we use similar method to realize the same length of between i i1(x;) and zz(x,) or between

fl (x;) and fZ(xz .
Similar to the existing works (Chen et al., 2013a), we can define the informational
energy for INHFSs and the corresponding correlation.

DerINtTION 12. For an INHES Ny = {(x;, 1 (x;), 11(x;), fix))|xi € X, i =1,2,...,n},
the informational energy for the INHFS N is defined as

li

n
1
Engrs(N1) = E {l_§ V]m(k) Vlia(k))z]
; k

1 -1

+— Z lta(k) 5%«(1@)2]

| g
+ o Z [(nlLia(k))z + (nﬁa(k))z]} “)
U k=1

where Fiio () = [Viig o Viiguo) € 100 (k= 1,2, lis i =1,2,....m), biio ) =
[alLia(k)’agcz(k)] €ix) k=12,...,p;; i =1,2,...,n), and ﬁlia(k) = [nlLia(k)’
”ﬁa(k)] e filxp) (k=1,2,...,q;; i =1,2,...,n) and [;, p;, g; are the number of in-

tervals in 71 (x;), i1(xi), f1(x;), respectively.
DeriniTION 13. For two INHFSs Ny and N», their correlation is defined as

li
1 L U U
Cinursi (N1, N2) = Z { I Z Vit " Vaio® T Vot Vaiow)

Di

1 L L U U
+ o Z (8100 * 8210t T STio ) * S2i0 )]
U g=1

L&, L U U
+ P Z (Mot Mok + Miok) ’72ia(k)]} )
l
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where Plica) = [V Vo] € 110, and Doty = Viiguy Varg ) € 2x0),
k=1,2,.... 05 i =1,2,...m), Sliotty = [8fi5.4 811 ] € i1(x;), and ripk) =
183 0ty Smrr o] € 206D, (k=1,2,..., pis i = 1,2, ...,n), Tio ) = i 40 Mie )] €
F1G), and fig ) = Mg 10 Moie o] € L20), k=1,2,...,qi; i =1,2,...,n), and
li, pi, qi are the number of intervals in #1(x;) and #2(x;), i1(x;) and i2(x;), f1(x;) and
fa(x;), respectively.

It is obvious that the correlation (5) satisfies the following properties:

(1) Cinarsi(N1, N1) = Eingrs(N1);
(2) CinaFsi(N1, N2) = Cinursi (N2, Np).

According to Definitions 12 and 13, we derive a correlation coefficient between the

INHFSs Ni and N».

Cinarsi(N1, N2)

[Civarsi (N1, ND1VY2 - [Civgrs1(Na, N2)11/2
(. {% ZQ:I[VII;a(k) ) VzLia(k) + yll{a(k) ) Vzl{a(k)]
+ ﬁ Y heil8lio ) 830ty T Olio ) * S0 )
+ % Yt Mo Wiy + Miow Miow}
(X S (Vi) + Mg )]

+ Y [ ) + Bl )]

+ qi, ZZ’;l [(nlLia(k))z + (Ugg(k))2]}}l/2

x {2 {% 22:1[(7/2%0(1())2 + M1 )]

+ S [ ) + %)’

+ I Lk ) + 0PI}

RingFs1 (N1, N2) =

(6)

Theorem 1. The correlation coefficient Riygrsi (N1, N2) satisfies the following proper-
ties:

(1) Rivursi(N1, N2) = Rivarsi (N2, N1);
(2) 0 < Rivgrsi(N1, N2) < 1;
(3) Rinursi(N1, N2) =1, if Ny = N».

Proof. (1) It is straightforward.
(2) The inequality Rjygrsi(N1, N2) = 0 is obvious. Below let us prove

RinuFsi(N1, N2) < 1t
According to the Cauchy—Schwarz inequality:

iyt Fxoy2 4 xay)? S (A x4+ x2) - (v ),
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where (x1,x2,...,x,) € R" and (y1, y2,..., ¥n) € R". Then, there is the following in-
equality:

2 n n

i(x,-yi) < DD 6D).

i=1 i=1 i=1

Then, according to Eq. (5) and the above inequality, we have

[Cineirsi (N1, Nz)]2

2
L L U U
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Therefore, we can obtain

[Cinrrsi (N, Nz)]2

1
+ l_ Vlna (k)

,_.
=

[y

—_—

+) Vua(k)
ol

12]

k=1
In

—

k=1""

[y

k=1

1
Z I Vzla(k)

D1

Iy
1 2 1
< { Z E(ylLla(k)) + Z o

k=1

P2

k=1

+Z
+Z

»
( 1

+Y - (rhew) D+ Y —(8
I e = P

Pn

2 1
T2 (Vinowy) + Z =

k=1

P
3

k=1

J. Ye

q1

2 1 2
(51L10(k)) + Z o (’71L1<r(1<))

L
31na(k) t Z

1la(k)

k=1

q2

1 1 1
+ Z i (V1L2<r(k))2 + Z ™ (81L20(k))2 + Z . (’hLza(k))z +...

k=1
qll
771na (k)

q1

1 2
Z a(’lﬁa(k))

k=1

q2

2 1 2
%a(k)) + Z e (n%a(k)) +-

k=1

qn

2 1 2
(S%Jna(k)) + Z o (n{]na(k))

k=1

q1

1
(52Lla(k))2 + Z q_l(nlea(k))z

k=1

1)
1
+ E i (how) +§ : 5zza(k) = E : 77220(k)
k=1

lll 1

L
+ = Mo
k=1 n

Iy

—_—

+) Vzla(k)
o h

12]

+> — (Vo (k)
L)

In

—

k=1"

—_—

[y
: |:Z E Vua(k)

k=1

Dn
2
+
) ;p

+Z
+Z

Pn

1
+ Z_(VZna(k) + ]; o

2+ Z Vna(k) :|

52na(k) T Z

8210(k)

8220(k)

1
82na(k))2 + Z q_

qll
772na (k)

q1

1 2
Z a("%a(k))

k=1

q2

1 2
Z a(nzuza(k)) +ee

k=1

qn

(ngna(k))z}

k=1 1"



X

Correlation Coefficients of Interval Neutrosophic Hesitant Fuzzy Sets

- D1
Z 3110(1() +Z (8710 ]
Li=1 P
[~ g1 1
Z ’hla(k) +Z ’hla(k) ]
L= 7
_— 1
Z Vlza(k) "‘Z Vlza(k) ]
2 1 . ) P2 1 v )
_]; E(alza(k)) "‘];E(‘slza(k)) ]
[~ 92 1 . 5 q2 1 U )
_;i(mza(m) "‘];5(’7120(10) +]
B ln 1 2 l’l 1 2
Z Z_(Vana(k)) + Z I (Vlza(k)) }
L k=1 k=1
[~ Pn 1 DPn 7
Z lna(k) Z lno(k)
=1 Pn k= J
[~ qn 1 . 5 qdn 1 U 2_
Z_(nlna(k)) +Z_(nlna(k))
L k=1 dn k=1 dn .
I 1 .
H:Z V21<7(k) +Z Vzla(k)
[~ P1 1
Z 521a(k) +Z 5210(1@ ]
Li=1 P
A 1
Zq ’bla(k) +Z n21a(k) ]
| k=1
-l 1
Z sza(k) ’ Z sza(k) ]
[ k=1
1
Z 5220 ®) 24 Z 220(k)
i P
q2 1 . ) q2 1 U )
_1; e (’72za(k)) ]; pe (n220(k)) ]

191



192 J. Ye
B lll
+ +Z yz"d(k) +Z y2n<r(k) :|
L k=1
[ Pn Pn 7
+ Z 52na(k> +Z 52na(k>
[ an qn 1 v 2_
+ Z 772na(k) Z_(n2na(k))
k=1 =1 In i
n li 1 l; 1 T
U 2
=) { [ZZ_ Vo)’ Z;(Vlw(io)
i=1 k=1" k=1" i
Pi 1
+|: lta(k) +Z lm(k) ]
=1 P
+ {Z (M0 ) +Z ’71m<k> ]}
k=1 qi
n I; 1 I; |
L
x Z ” A (Vzia(k)) T2 (Vzm(k)> :|
i=1 k=1" k=1"
pi
+|: (2ta(k)) +Z (8210(k)) ]
=1 Pi
qi
[Z (’72m(k>> +Z (’72m<k>) ]}
= Civgrsi (N1, N1) - Cingrs1 (N2, N2).
Therefore

1/2 1/2
Cintrsi(N1, N2) < [Cinurs1 (N1, N1)] / [Cinrsi (N2, Na)| 2,

Thus, 0 < R[NHFSI(Nl,NZ)

BN =N = Vlm(k) y2w(k)’ Vlm(k) = y2w(k)’ 5110(1() 8210(/()’ (Slia(k) 5210(1()’
ﬁlLia(k) = 772,'0(1()’ and nlia(k) = nzia(k) for any x; € X = Riyursi(N1, N2) = 1. O

As a further generalization of the correlation coefficient between IVHESs for Eq. (3),
we give another formula of the correlation coefficient of INHFSs.

DeriniTION 14. For two INHFSs N; and N, in the universe of discourse X =
{x1,x2,...,x,}, the correlation coefficient between two INHFSs N and N; is defined
by
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Civursi (N1, N2)
max[Civprsi (N1, N1), Civarsi (N2, N2)]

it {% o Wiow) " Vaiow T Viiow " Vaiow)]
+ % Yo Siow + 0o " o]

B + % Y T Mo T Mo Mo )} o
- X {% Y (Vi) + Vo)’ .
+ Y [ ) + Bl )]

+ o i 0 + Ml @)1}
{2 {zl > (Vg ) + Pt )]
+ Y (8 ) + (8% )]

+ 0 i 1) + 5 1)1}

RinaFs2(N1, No) =

max

Theorem 2. The correlation coefficient Ringrs2(N1, N2) follows the same properties
listed in Theorem 1 as follows:

(1) RinaFs2(N1, N2) = Ringrs2(N2, Ni);
(2) 0 < Rivgrs2(N1, N2) < 1;
(3) Rinurs2(N1, N2) =1, if Ny = N».

Proof. The process to prove the properties (1) and (3) is analogous to that in Theorem 1
(omitted).

(2) The inequality Rjvmrs2(N1,N2) > 0 is obvious. Now, we only prove
RinaFs2(N1, N2) < 1. Based on the proof process of Theorem 1, we have

1/2 1/2
Cintrsi(N1, N2) < [Cinurs1 (N1, N1)] / [CinEs1 (N2, N2)] /

and then

Civtirsi (N1, N2) < max [Civarsi (N1, ND) |, [Cinarsi (N2, No) |
Thus, 0 < Rivurs2(N1, N2) < 1. U

Especially, when n = 1, two INHFSs N, N> reduce to two INHFEs n; =
{1 (%), i x), fl (x)} and i = {2 (x), i2(x), fz(x)} for x € X. Then, the correlation co-
efficients (6) and (7) reduce to a cosine similarity measure between two INHFEs and
a similarity measure (or called matching function) between two INHFEs, respectively, as
follows:
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g Gt i) Civare (i1, 12)
INHFE (1, 112) = — —
[Cinmre (1, 2]V 2[Cinerpe (71, 72]'/?

{7 Zi w0 om0 T Viow V)

+5 Zk 1[8la(k) 85, + 810w Sty

+y Zk ) My + 0100 " Mo}

{_Zk L @) + g )’
+5 Zk L@, 1) + (67, )]
+ o i L0 )7 + (1 )]

{l Yl (Va5 1) + Vag )]

+5 Zk 1 (82a(k))2 (82a(k)) ]
+ 0 A [ ) + (1 )]

}1/2

}1/2

Civare (i1, 12)
max[Cvgre (i1, 112), CinarE(7L1, 712)]

MiNngFE (N1, 12) =

{l ZQ 1 VlLa(k) ) VzLa(k) + yllé(k) ’ Vzlé(k)]
+ 5 248l 2a(k)+51a(k) 850 1]
+ 3 Dt ) Mo+ My~ Moy}
{7 Zi L @) + iy )]
+5 Zk L8, ) + (B )]
+5 Zk:l [(ﬁlg(k))z + (ﬁlg(k)) 1},
max {lZi L5 1) + g )]
+ 5 i[85, ) + (85, )]

+ q ZZ=1 [(nzLa(k))z + (ng,(k))z]}

where Vi54) = [Vng(k), Vllé(k)] € f1(x) and Prok) = [Vng(k), Vzlé(k)] € i(x) for k =
1,2, 810ty = [81, 4y 810 4] € 11(x) and Sao (k) = [85, 10 85, )] € i2(x) for k =
1,2,y poand g = [0, 4y M1y o] € F100) and oy = 03 4y 15, )] € f2(2) for
k=1,2,...,q,and !, p, g are the number of intervals in 1 (x) and 2 (x), i1 (x) and i>(x),
f1(x) and f>(x), respectively.

Therefore, Egs. (8) and (9) are special cases of Egs. (6) and (7).

However, the differences of importance are considered in the elements in the universe.
Therefore, we need to take the weights of the elements x; (i =1, 2, ..., n) into account.
In the following, we develop two weighted correlation coefficients between INHFSs.

Let w; be the weight for each element x; (i = 1,2,...,n), w; € [0,1], and
Z?:l w; = 1, then we have two weighted correlation coefficients between the INHFSs
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A and B, respectively, as follows:

CinuFs2(N1, N2)

Ringrs3 (N1, N2) =
[Civars2(N1, ND1V2[Cintrs2 (N2, No)1/?

Do Wi {% Zii:l [VlLia(k) : VzLia(k) + yllila(k) : Vzli/a(k)]
+ i YR80ty 830ty + Oio ) S )
+ qi, i i ) * Mo + Mo ) * M3io i)}
{2 wi {% 22:1 (Vi@ + Do)’
+ % 25;1[(8{}0(@)2 + (Sﬁa(k))z]
+ % D (UITAEES ("{Jia(k))z]}}l/z
AT wi{f D 3o + Wil )”]
+ % Z/fizl [(85}0(@)2 + (850(@)2]
+ % (15 4)* + (ngz’a(k))2]}}l/2

(10)
Ruvirsa(N1, No) = Cinars2 (N1, N2)
max[Civgrs2(N1, N1), Civers2 (N2, N2)]
Y wil s Ve F Ve Vi)
+ o ZeetlTio o 8o + Siot) " Sdioto))
— + o i i ) Moy Mo Moio )}
{2 wil Y ) + )
+ - Y [ ) + Bl )]
| a DL + i)
{2 wi {% Zf;;l [(Vzlfa(k))2 + (yzl{(,(k)ﬂ]
+ L 10 ) + 0% )]
+ % Zzizl[(nzLia(k))z + (néﬁa(k)ﬂ]}}
(11)

If w=(1/n,1/n,...,1/n)T, then Eqgs. (10) and (11) reduce to Egs. (6) and (7), re-
spectively. Note that both R;vurs3(A, B) and Rjvgrs4(A, B) also satisfy the three prop-
erties of Theorem 1.

Theorem 3. Let w; be the weight for each element x; (i =1,2,...,n), w; € [0, 1],
and Z?:l w; = 1, then the weighted correlation coefficient Rinurs3(N1, N2) defined in
Eq. (10) satisfies the following properties:

(1) Rivurs3 (N1, N2) = Rivars3 (N2, N1);
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(2) 0 < Rivgrs3(N1, N2) < 1;
(3) Rinurs3(N1, N2) =1, if N1 = N».

Since the process to prove these properties is similar to that in Theorem 1, we do not
repeat it here.

Theorem 4. Let w; be the weight for each element x; (i = 1,2,...,n), w; € [0, 1],
and Z?:l w; = 1, then the weighted correlation coefficient Rinurs4(N1, N2) defined in
Eq. (11) satisfies the following properties:

(1) RinaFs4(N1, N2) = Rinars4(N2, N1);
(2) 0< RivgFs4(N1, N2) < 1;
(3) Rivurs4(N1, N2) =1, if Ny = N».

Since the process to prove these properties is similar to that in Theorem 2, we do not
repeat it here.

5. Decision-Making Method Based on the Correlation Coefficients

In this section, we propose a multiple attribute decision-making method based on the
weighted correlation coefficients between INHFSs under interval neutrosophic hesitant
fuzzy environment.

Let A={A{, Ay, ..., Ay} be a set of alternatives and C = {C1, Ca, ..., C,} be a set
of attributes. Assume that the weight of an attribute C; (j =1, 2,...,n), entered by the
decision-maker,is w;, w; € [0, 1] and Z?:l w; = 1. In the evaluation of the alternatives,
the characteristic of an alternative A; (i = 1,2, ..., m)onanattribute C; (j =1,2,...,n)
is represented by an INHFS:

A ={(C;,5(C, T (C)), filCp)|CieC, j=1,2,....n},

where 7:(C;) = (717 € i:(C))}. 11(C)) = (315 € Ti(Cp). and £i(C)) = (il € fi(C))
are three sets of some interval values in real unit interval [0, 1], denoting the possi-
ble truth-membership hesitant degrees, indeterminacy-membership hesitant degrees, and
falsity-membership hesitant degrees of the element C; € C to the set A;, respectively.
When the decision makers are required to evaluate the alternative A; (i = 1,2,...,m)
under the attribute C; (j =1,2,...,n), they may assign a set of several possible in-
terval values to each of truth-membership degrees, indeterminacy-membership degrees,
and falsity-membership degrees to which an alternative A; (i = 1,2, ..., m) satisfies
or unsatisfies or indeterminates an attribute C; (j = 1,2,...,n), and then these eval-
uated values can be expressed as an INHFE 7;(C;) = {E(Cj),;',-(Cj), fi(Cj)} in an
INHFS A; (i =1,2,...,m; j=1,2,...,n). For convenience, the INHFE 7;(C;) =
{fi(Cj),fi(Cj),ﬁ(Cj)} is denoted by the simplified symbol 71;; = {f,-j,f,-j,f,-j} i=
1,2,....,m; j=1,2,...,n). Thus, we can elicit a interval neutrosophic hesitant fuzzy
decision matrix D = (7 )mxn-
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The weight vector of attributes for the different importance of each attribute is given
asw = (wy,wy,..., w,,)T, where w; 20, j=1,2,...,n, and Zr;’:l wj=1.

In multiple attribute decision making problems, the concept of ideal point has been
used to help identify the best alternative in the decision set. Although the ideal alternative
does not exist in real world, it does provide a useful theoretical construct against which
to evaluate alternatives (Ye, 2013). Therefore, we can define an ideal INHFE as ﬁ;“] =
{{[1, 11}, {[0O, O]}, {[0, O]}} in the ideal alternative A*. In the proposed decision-method
we can utilize either Eq. (10) or Eq. (11) as the final decision. By applying Eq. (10) the
weighted correlation coefficient between an alternative A; (i = 1,2, ..., m) and the ideal
alternative A* is given by

Rinurss(Ai, A™)

1 1 i L U
. ZT[:I wj[m ijzl(yijo‘(k) + yija(k))] n
B 1 i L 2 U 2 172 (12
Ty 2kt [ Vi )"+ Wijoay)7

" | N~Pij rosL N2 U2

237w, + o7 ka1 L6770 )™+ G 1) 7]

| i L N2 Uo\2

+ 27 2kt LU )™+ (g )]

where y;; = [)/,»5, )/,5/] €fij, 8ij = [5,-6-, 35] €iij, flij = [n,»Lj, U,-l]]-] € fij. lij, pij, and g;; are
the numbers of interval elements in f,-j, fij, f,-j, respectively, and Riygrss(A;, A*) € [0, 1]
fori=1,2,...,n.

Or by applying Eq. (11), the weighted correlation coefficient between an alternative
A; (i=1,2,...,m) and the ideal alternative A* is given by

Rintirss(Ai, A™)

1 1 i L U
_ Z'j=1 w/’[m ijzl(yija(k) + Vija(k))] (13)
- L 1k P+ )]
I 2k=11Wijo k) Yijo (k)
1 —Pij
max | 2,37 wid 50 2 16, 0) + (6 w)]
1 i L 2 U 2
+ 9 Zkél[(n[./g(k)) + (77,~A,~g(k)) ]

Through the correlation coefficient Ryygrsk(A;, A*) (k=50r6;i =1,2,...,m), we
can obtain the ranking order of all alternatives and the best one(s).

6. Illustrative Example

In this section, an illustrative example for the multiple attribute decision-making problem
of investment alternatives is given to demonstrate the application and effectiveness of the
proposed decision-making method.

Let us consider the decision-making problem adapted from (Ye, 2013). There is an
investment company, which wants to invest a sum of money in the best option. There
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Table 1
Interval neutrosophic hesitant fuzzy decision matrix D.
Ci &) C3
Aq {{[0.3,0.4],[0.4,0.4], {{[0.4,0.5],[0.5,0.6]}, {{[0.2,0.31}, {[0.1,0.2]},
[0.4,0.51}, {[0.1,0.2]}, {[0.2,0.31},{[0.2,0.3], {[0.4,0.5],[0.5,0.61}}
{[0.3,0.4]}} [0.3,0.41}}
Ap {{[0.6,0.71}, {[0.1, 0.2]} {{[0.6,0.71}, {[0.1, 0.1]}, {{[0.6,0.71}, {[0.1, 0.2]},
{[0.1,0.2],[0.2,0.31}} {{[0.2,0.31}} {[0.1,0.21}}
Aj {{[0.3,0.41,[0.5,0.6]}, {{[0.5,0.61}, {[0.2,0.31}, {{[0.5,0.61}, {[0.1, 0.2],
{[0.2,0.4]}, {{0.2,0.3]}} {[0.3,0.4]}} [0.2,0.3]}, {[0.2,0.3]}}
Ay {{[0.7,0.8]}, {[0, 0.11} {{[0.6,0.71}, {[0, 0.11}, {{[0.3,0.51}, {[0.2,0.3]},
{[0.1,0.2]}} {[0.2,0.21}} {[0.1,0.2],[0.3,0.31}}

is a panel with four possible alternatives to invest the money: (1) A; is a car company;
(2) A is afood company; (3) A3 is a computer company; (4) A4 is an arms company. The
investment company must take a decision according to the three attributes: (1) Cy is the
risk; (2) C3 is the growth; (3) Cs is the environmental impact. The weight vector of the
attributes is given by w = (0.35, 0.25, 0.4)T (Ye, 2013). The four possible alternatives are
to be evaluated under the above three attributes by the form of INHFEs, and then we can
obtain the interval neutrosophic hesitant fuzzy decision matrix D, as shown in Table 1.

Then, we utilize the developed approach to obtain the ranking order of the alternatives
and the most desirable one(s).

By using Eq. (12), we can obtain the values of the correlation coefficient
Rinurss(Ai, A*) (i =1,2,3,4). Take an alternative A as an example, we have

Rintirss(A1, A¥)

3 1~y L U
=1 wj[m Sl i Viowy T Vo w)]

ﬁ ilil [(Vi§<r(k))2 + (Vll;a(k))z] v
223:1 w; + p+, lfl:jl[(alea(k))z + (‘sfjja(k))z]
+ 20 Zii L0 1)” + (1 1))
0.35(0.3+04+04+04+04+0.5)/3
. +0.25(0.440.54+0.540.6)/2+40.4(0.2+0.3)
= 12

0.35[(0.3%2 4+ 0.4%> + 0.4 + 0.4 +0.4%2 +0.5%)/3
+ (0.1 4 0.2%) 4+ (0.3 + 0.4%)]
+0.25[(0.4% + 0.5 + 0.5 +0.6%) /2
+(0.2%2 4+ 0.3%) + (0.2 + 0.3%2 4+ 0.32 4+ 0.4%) /2]
+0.4[(0.2% 4 0.3%) 4 (0.12 4+0.2%)
+(0.42 4 0.5 +0.52 +0.6%)/2]

=0.6157.
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Similar to the above calculation, we can obtain the following values of the correlation
coefficient Ryngrss(A;, A*) (i =2,3,4):

RINHFS5 (A2s A*) = 09302, RINHFSS(AI% A*) =0.7921 , and
Rintrss (A4, A*) =0.8792.

Thus, the ranking order of the four alternatives is A, > A4 > A3z > Aj. Therefore, the
alternative Aj is the best choice among the four alternatives.

Or by using Eq. (13), we can also obtain the values of the correlation coefficient
Rinmrss(Ai, A™) (i =1,2,3,4). Take an alternative A as an example, we have

Rintirss (A1, A¥)

3 I UV U
Zj:l W [m Zkél (yljo'(k) + Vljg(k))]

1y L 2 U 2
n; k;l[(yljo'(k)) +(yljo'(k)) ]

3 1 Pij L 2 U 2

max | 2, Zj:[ wj + P k=11 [((Sljg(k)) + (Sl.ja(k)) ]
1 q1; L 2 U 2
+ 2 kzjl[(nu'a(k)) + (mja(k)) ]

0.35(0.34+0.4+0.4+0.4+0.44+0.5)/3
+0.25(0.440.540.540.6)/2+0.4(0.2 +0.3)
0.35[(0.32 4+ 0.4 + 0.4 + 0.4 + 0.4 +0.5%)/3
+(0.1240.2%) 4 (0.3 4+ 0.4%)]
+0.25[(0.4% +0.5% 4+ 0.5 +0.6%) /2

2
max | 2, +(0.22 4 0.3%) + (0.22 + 0.32 + 0.32 + 0.4%) /2]
+0.4[(0.22 +0.3%) + (0.12+0.2%)
+ (0.4 4+0.52 4+ 0.52 4+ 0.6%) /2]
=0.365.

Similar to the above calculation, we can obtain the following values of the correlation
coefficient Ryngrss(A;, A*) (i =2,3,4):

RinHFs6 (Az, A*) =0.65, RinHFs6 (A3, A*) =0.515, and
Rinmrss (A4, A¥) = 0.585.

Therefore, the ranking order of the four alternatives is Ay > A4 > A3 > Aj. Obviously,
the alternative A, is also the best choice among the four alternatives.

From the above results we can see that the above two kinds of ranking orders of
the four alternatives and the best choice are the same with respect to using different
correlation coeflicients, which are in agreement with the results of Ye’s method (Ye
2013). The above example indicates that the proposed decision-making method is ap-
plicable and effective under interval neutrosophic hesitant fuzzy environment. As men-
tioned above, INHFSs are the extension of the existing sets such as HFSs, IVHFSs,
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DHFSs, SVNSs, INSs, which are special cases of the INHFSs. Therefore, the correla-
tion coefficients of INHFSs proposed in this paper are the further extension of the exist-
ing correlation coefficients (Gerstenkorn and Manko, 1991; Bustince and Burillo, 1995;
Hong, 1998; Chiang and Lin, 1999; Wang and Li, 1999; Hung and Wu, 2002; Hong, 2006;
Park et al., 2009; Szmidt and Kacprzyk, 2010; Ye, 2010; Wei et al., 2011; Chen et al.,
2013a; Ye, 2013, 2014a). On the one hand, compared with the decision making meth-
ods based on the correlation coeflicients (Park et al., 2009; Ye, 2010; Wei et al., 2011;
Ye, 2013, 2014a), the decision-making method based on the correlation coefficients
of INHFSs further extend the existing decision making methods (Park et al., 2009;
Wei et al., 2011; Ye, 2010, 2013, 2014a) since the later is special cases of the former.
Therefore, the proposed interval neutrosophic hesitant fuzzy decision-making method is
more general and more practical than existing decision-making methods (Park ez al., 2009;
Wei et al., 2011; Ye, 2010, 2013, 2014a). On the other hand, compared with the decision
making methods based on the aggregation operators (Xia and Xu, 2011; Ye, 2014d), our
decision making method based on the correlation coefficients can avoid complex informa-
tion aggregation and can directly use the derived correlation coefficient formula to rank
the alternatives. Therefore, the decision making approach in this paper is more simple and
more convenient than the decision making methods in Xia and Xu (2011), Ye (2014d).
Thus, the comparisons clearly demonstrate the benefits of the proposed decision-making
approach based on correlation coefficients of INHFSs. Furthermore, in the proposed deci-
sion making method, the decision makers can select any one of two correlation coefficients
of INHFSs according to their preference to obtain the final decision.

7. Conclusions

This paper proposed the concept of INHFSs and their basic operations. Then, we de-
veloped some correlation coefficients between INHFSs as a further generalization of the
correlation coefficients for SVNSs and IVHFSs and investigated their properties and the
relation between some similarity measures and the correlation coeflicients for INHFSs.
Furthermore, a multiple attribute decision-making method based on the correlation co-
efficients of INHFSs has been established under interval neutrosophic hesitant fuzzy en-
vironment. Through the correlation coefficients between each alternative and the ideal
alternative, we can obtain the ranking order of all alternatives and the best one. Finally,
an illustrative example demonstrated the application and effectiveness of the developed
decision-making approach. The proposed interval neutrosophic hesitant fuzzy decision-
making method is more suitable for decision making problems with the incomplete, inde-
terminate, and inconsistent information and more general and more practical than existing
decision-making approaches. Therefore, the techniques proposed in this paper extend ex-
isting correlation coefficients and decision-making methods and can provide a new way for
decision-makers. In the future, we shall apply the correlation coefficients between INHFSs
to other domains, such as expert system, clustering analysis, and medical diagnosis.



Correlation Coefficients of Interval Neutrosophic Hesitant Fuzzy Sets 201
References

Bonizzoni, P., Vedova, G.D., Dondi, R., Jiang, T. (2008). Correlation clustering and consensus clustering. Lec-
ture Notes in Computer Science, 3827, 226-235.

Broumi, S. Smarandache, F. (2013). Correlation coefficient of interval neutrosophic set. Applied Mechanics and
Materials, 436, 511-517.

Bustince, H., Burillo, P. (1995). Correlation of interval-valued intuitionistic fuzzy sets. Fuzzy Sets and Systems,
74, 237-244.

Chen, N., Xu, Z.S., Xia, M.M. (2013a). Correlation coefficients of hesitant fuzzy sets and their applications to
clustering analysis. Applied Mathematical Modelling, 37, 2197-2211.

Chen, N., Xu, Z.S., Xia, M.M. (2013b). Interval-valued hesitant preference relations and their applications to
group decision making. Knowledge-Based Systems, 37, 528-540.

Chiang, D.A., Lin, N.P. (1999). Correlation of fuzzy sets. Fuzzy Sets and Systems, 102, 221-226.

Gerstenkorn, T., Manko, J. (1991). Correlation of intuitionistic fuzzy sets. Fuzzy Sets and Systems, 44, 39-43.

Hong, D.H. (1998). A note on correlation of interval-valued intuitionistic fuzzy sets. Fuzzy Sets and Systems,
95, 113-117.

Hong, D.H. (2006). Fuzzy measures for a correlation coefficient of fuzzy numbers under Tw (the weakest
t-norm)-based fuzzy arithmetic operations. Information Sciences, 176, 150-160.

Hung, W.L., Wu, J.W. (2002). Correlation of intuitionistic fuzzy sets by centroid method. Information Sciences,
144, 219-225.

Kriegel, H.P., Kroger, P., Schubert, E., Zimek, A. (2008). A general framework for increasing the robustness of
PCA-based correlation clustering algorithms. Lecture Notes in Computer Science, 5069, 418-435.

Liu, P.D. (2013). Some generalized dependent aggregation operators with intuitionistic linguistic numbers and
their application to group decision making. Journal of Computer and System Sciences, 79(1), 131-143.
Liu, PD., Jin, F. (2012). Methods for aggregating intuitionistic uncertain linguistic variables and their application

to group decision making. Information Sciences, 205, 58-71.

Liu, P.D., Wang, Y.M. (2014). Multiple attribute group decision making methods based on intuitionistic linguis-
tic power generalized aggregation operators. Applied Soft Computing, 17, 90-104.

Liu, P.D., Liu, Z.M., Zhang, X. (2014). Some intuitionistic uncertain linguistic Heronian mean operators and
their application to group decision making. Applied Mathematics and Computation, 230, 570-586.

Park, D.G., Kwun, Y.C., Park, J.H., Park, LY. (2009). Correlation coefficient of interval-valued intuitionistic
fuzzy sets and its application to multiple attribute group decision making problems. Mathematical and Com-
puter Modelling, 50, 1279-1293.

Smarandache, F. (1999). A Unifying Field in Logics. Neutrosophy: Neutrosophic Probability, Set and Logic.
American Research Press, Rehoboth.

Szmidt, E., Kacprzyk, J. (2010). Correlation of intuitionistic fuzzy sets. Lecture Notes in Computer Science,
6178, 169-1717.

Torra, V. (2010). Hesitant fuzzy sets. International Journal of Intelligent Systems, 25, 529-539.

Torra, V., Narukawa, Y. (2009). On hesitant fuzzy sets and decision. In: The 18th IEEE International Conference
on Fuzzy Systems, Jeju Island, Korea, pp. 1378-1382.

Wang, G.J., Li, X.P. (1999). Correlation and information energy of interval-valued fuzzy numbers. Fuzzy Sets
and Systems, 103, 169-175.

Wang, H., Smarandache, F., Zhang, Y.Q., Sunderraman, R. (2005). Interval Neutrosophic Sets and Logic: Theory
and Applications in Computing. Hexis, Phoenix.

Wang, H., Smarandache, F., Zhang, Y.Q., Sunderraman, R. (2010). Single valued neutrosophic sets. Multispace
and Multistructure, 4, 410—413.

Wei, G.W., Wang, H.J., Lin, R. (2011). Application of correlation coefficient to interval-valued intuitionistic
fuzzy multiple attribute decision-making with incomplete weight information. Knowledge and Information
Systems, 26, 337-349.

Xia, M.M., Xu, Z.S. (2011). Hesitant fuzzy information aggregation in decision making. International Journal
of Approximate Reasoning, 52, 395-407.

Ye, J. (2010). Multicriteria fuzzy decision-making method using entropy weights-based correlation coefficients
of interval-valued intuitionistic fuzzy sets. Applied Mathematical Modelling, 34, 3864-3870.

Ye, J. (2013). Multicriteria decision-making method using the correlation coefficient under single-valued neu-
trosophic environment. International Journal of General Systems, 42(4), 386-394.



202 J. Ye

Ye, J. (2014a). Correlation coeflicient of dual hesitant fuzzy sets and its application to multiple attribute decision
making. Applied Mathematical Modelling, 38, 659—666.

Ye, J. (2014b). Single valued neutrosophic cross-entropy for multicriteria decision making problems. Applied
Mathematical Modelling, 38, 1170-1175.

Ye, J. (2014c). Similarity measures between interval neutrosophic sets and their applications in multicriteria
decision-making. Journal of Intelligent and Fuzzy Systems, 26, 165-172.

Ye, J. (2014d). A multicriteria decision-making method using aggregation operators for simplified neutrosophic
sets. Journal of Intelligent and Fuzzy Systems, 26(5), 2459-2466.

J. Ye is graduated and received his MS degree in Automation and Robotics from the Tech-
nical University of Koszalin, Poland in 1997. From February 2012 to August 2012, he was
a visiting scholar in the School of Engineering of Southern Polytechnic State University
in USA. Now, he is a professor in the Department of Electrical and Information Engi-
neering, Shaoxing University, China. He has more than 30 years of experience in teaching
and research. His research interests include soft computing, fuzzy decision-making, pat-
tern recognitions, fault diagnosis, robotics, and intelligent control. He has published more
than one hundred papers in journals. He has written few books related to his research
work. He has finished a few projects sponsored by government of China.

Koreliacijos koeficientai intervalinéms neutrosofinéms atspariosioms
aibéms ir jy taikymas daugiakriterinio sprendimy priémimo metode

Jun YE

Siame straipsnyje pasiiilyta intervaliniy neutrosofiniy atspariyjy aibiy (INAA) koncepcija ir api-
bréztos operacijos su INAA. Apibréziami INAA koreliacijos koeficientai ir tiriamas jy rySys su
panaSumo matais. Be to, pasililytas daugiakriterinio sprendimy priémimo metodas, paremtas kore-
liacijos koeficiento taikymu. AtsiZvelgiant j koreliacijos koeficientus tarp alternatyvy ir idealiosios
alternatyvos, surandami alternatyvy rangai. Pateikiamas pasitlyto metodo taikymo investiciniams
sprendimams priimti pavyzdys.



