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Abstract. Visual appearance can be phenomenologically modeled through an integral equation,
known as reflectance equation. It describes the surface radiance which depends on the interaction
between incident light field and surface Bidirectional Reflectance Distribution Function (BRDF).
Being defined on the Cartesian product of the incident and outgoing hemispheres, hemispherical
basis is the natural way to represent surface BRDFs. Nonetheless, due to their compactness in the
frequency space, spherical harmonics have been extensively used for this purpose. Addressing the
geometrical compliance of hemispherical basis, this paper proposes a Cartesian product of the hemi-
spherical harmonics to provide a compact representation of plausible BRDFs, while satisfying the
Helmbholtz reciprocity property. We provide an analytical analysis and experimental justification that
our basis provides better approximation accuracy when compared to similar bases in literature.

Key words: reflectance modeling, bidirectional reflectance distribution functions, spherical
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1. Introduction

Various types of surfaces can be identifiable by their appearance which is the net result of
the surface reflectance characteristics when exposed to illumination. Appearance models
can be constructed using phenomenological models to capture surface appearance through
mathematical modeling of the reflection process, leading to the reflectance equation. Us-
ing geometric optics, the reflectance equation, under the assumption of no surface emit-
tance, is an integral equation describing the surface reflected radiance which results from
the interaction between the incident light field and the surface bidirectional reflectance
distribution function (BRDF).

A BRDF model can be obtained by (1) deriving an analytic formula based on ei-
ther physical principles or simple formulation designed to mimic some kind of reflection,
(2) simulating an assumed surface micro-geometry model, or (3) measuring BRDF values
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based on empirical observation. In all cases, it is required to devise a compact, yet accurate,
BRDF representation of real-world materials which maintains the physical characteristics
of surface reflectance. As such, BRDF representation has received much research atten-
tion from computer graphics and vision communities, where low-dimensional parametric
models enable formulating inverse rendering problems as parameter estimation (Nishino
and Lombardi, 2011).

A tabular representation, as simple as is, can be used to represent an arbitrary BRDF.
However due to its four-dimensionality, full BRDF data are very scarce where the mea-
surements can be restricted to the plane of incidence and is usually limited by some angu-
lar resolution. Further, the process of BRDF measurements acquisition could take hours
to mechanically vary light source and sensor positions. Interpolation, extrapolation and
smoothing are usually used to benefit from measured BRDF data in a convenient manner.

On the other end of the spectrum, analytic formula can present a very compact model
for BRDF representation. Such formula can be either based on empirical observations,
such as Lambertian model with a constant BRDF (Lambert, 1760) and Phong model
(Phong, 1975; Blinn, 1977) (based on cosine-lobes), or physically based modeling of
the microscopic surface geometry (i.e. distribution of micro-facet orientations) such as
Torrance and Sparrow (1967) for rough specular surfaces and Oren and Nayar (1994)
for rough diffuse surfaces. Despite the representation compactness, the lack of generality
is the main drawback for such models, where there is no guarantee that these analytical
models can represent arbitrary measured reflectance data, thus they only represent limited
classes of surfaces.

On the middle ground, phenomenological models represent an arbitrary/real-world
BRDF as a linear combination of a complete set of orthonormal basis functions, anal-
ogous to Fourier basis representing functions over the real line. Such low-dimensional
representation has been used as an alternative to both measured/tabulated BRDFs and an-
alytic models for three main reasons: First, most BRDFs are smooth functions (Westin
et al., 1992), i.e. they depend slowly on the directions and hence reflectance information
is encoded via low frequency components. As such, they are considered as good can-
didates for representation using smooth orthonormal basis functions. Second, the human
visual system is, in general, insensitive to appearance fine details (Ashikhmin and Premoz,
2000), i.e. high frequency components of surface reflectance, as long as features such as
specularity and color are maintained. Matusik et al. (2003) supported this proposition by
representing a BRDF as a linear combination of BRDF basis derived from densely sam-
pled reflectance measurements of 100 real-world materials. Third, the lack of acquired
data in areas such as near grazing angles, near retro-reflection directions (i.e. scattering in
the backward direction) and along specular directions have justified the use of basis func-
tions for BRDF representation to extrapolate missing BRDF measurements while filtering
out violations of physical reflectance requirements.

Surface BRDFs are not arbitrary functions; in theory they are governed by basic
principles of physics (Veach, 1997). (1) Non-negativity: A BRDF should attain non-
negative values. (2) Energy conservation: A surface cannot reflect more light that it re-
ceives from the incident upper hemisphere. (3) Reciprocity: Helmholtz’s law of reciprocity
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(von Helmholtz, 1962) implies that the BRDF is invariant to permutation of incident and
outgoing light directions. BRDF models which obey these principles are said to be physi-
cally plausible BRDFs (Lewis, 1994) since they can reproduce natural reflection (Montes
and Urena, 2012), in contrast to non-physical ones which do not exist in nature. As such,
devising a low-dimensional phenomenological model which yields physically plausible
BRDFs goes to the heart of various vision and graphics applications.

The BRDF is a function defined on the Cartesian product of two hemispheres corre-
sponding to the incident and outgoing directions; the natural way to represent such a hemi-
spherical function is to use hemispherical basis. However, due to their compactness in the
frequency space, spherical harmonics (SH) has been extensively used for this purpose
(Cabral et al., 1987; Westin et al., 1992; Kautz et al., 2002). Whereas SH is a complete
set of orthonormal basis on the full unit sphere, hemispherical functions present discon-
tinuities at the boundary of the hemisphere when represented in the spherical domain
(Gautron et al., 2004), demanding more coefficients for accurate representation.

The goal of this paper is thus to derive a low-dimensional, i.e. compact, phenomeno-
logical BRDF model which can: (1) address the physical compliance of the model to yield
physically plausible BRDFs, (2) adhere to the geometrical nature of surface BRDF as be-
ing defined on a hemispherical domain rather than a spherical one, (3) address the trade-off
between approximation accuracy and model compactness and (4) achieve accuracy com-
parable to the state-of-art phenomenological models. This suggests a linear model in terms
of hemispherical orthonormal basis functions which obey symmetries such as isotropy
and reciprocity. An inherent advantage of linear models is avoiding non-linear optimiza-
tion processes used when employing polynomial functions (Montes and Urena, 2012).
In particular, we propose a Cartesian product of the hemispherical harmonics (HSH) to
provide a compact, yet accurate, representation for arbitrary BRDFs, while satisfying the
physical characteristics of surface reflectance. We believe that our BRDF model can be
used in place of simple Lambertian models in algorithms such as shape-from-shading and
photometric stereo.

We assess the accuracy of our proposed basis functions analytically as well as numer-
ically. We start off with a theoretical analysis of the representation accuracy of our model
on different analytic physical BRDFs ranging from ideal diffuse and specular reflection
to micro-facet based reflection models. We then evaluate the accuracy of our approxima-
tions using measured reflectance where scattered BRDF data might violate the Helmholtz
reciprocity property.

2. Related Work

While several attempts adopted SH for BRDF representation, such models do not com-
ply with the geometrical characteristics of non-emitting surface reflectance. For example,
Kajiya and Herzen (1984) used SH to derive an analytical scattering function describing
the radiation scattering in volume densities such as the case of clouds and fog. However
this method used the wave theory of light as apposed to geometric optics. Cabral et al.
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(1987) and Sillion et al. (1991) used such representation as a numerical approximation of
the BRDF. In particular, assuming constant outgoing (a.k.a. viewing) direction, Cabral et
al. (1987) derived SH coefficients for isotropic clamped BRDFs'! based on a height field
geometry without relying on neither analytic BRDF model nor measured reflectance data.
They used a tabulated (binned) version of BRDFs while dividing the outgoing hemisphere
into specific number of bins. This amounted for using smaller lookup tables while smooth-
ing and interpolation took place. The hemispherical topology of reflectance was handled
by replacing cos 9{ with the nonlinear term max(0, cos 91./). While Cabral et al. (1987)
used this representation for the purpose of simulating diffuse and glossy reflections of the
environment, Sillion et al. (1991) tried to use such representation to solve the global illu-
mination problem for arbitrarily complex reflectance models. By expanding the BRDF at
fixed incoming direction, they represented the SH coefficients as functions of the incident
angle which were stored as one dimensional cubic splines. Westin et al. (1992) simulated
optical scattering to introduce a physically-based Monte Carlo algorithm to approximate
arbitrary BRDFs. They used SH to define the basis over the Cartesian product of two
spheres, taking the advantage of symmetry and reciprocity to reduce the non-zero coeffi-
cients representing the BRDF (isotropic as well as anisotropic ones). This representation
does not require discretizing scattering directions as in the work of Cabral et al. (1987).
The reciprocity property was enforced by using a combined SH basis function. The de-
pendence on the incident and outgoing directions was encoded in a large matrix which
stores the SH coefficients. On the other hand, to avoid on-the-fly evaluation of high-order
basis functions, Kautz et al. (2002) parameterized the clamped BRDF by the outgoing
direction to represent the 4D space of arbitrary BRDF (isotropic and anisotropic) in a 2D
offline-table of SH coefficients.

On the other hand, several hemispherical basis have been proposed in literature to rep-
resent hemispherical functions. Sloan et al. (2003) used SH as in Westin et al. (1992) to
represent an even-reflected (about x y-plane) version of a hemispherical function. Coeffi-
cients were found using least squares SH in contrast to Monte Carlo integration in Westin
et al. (1992), however this leads to non-zero values in the lower hemisphere. Koenderink
et al. (1996, 1998) used Zernike polynomials (Wyant and Creath, 1992), which are basis
functions defined on a disk, to build hemispherical basis. Yet, such polynomials have high
computational cost. Makhotkin (1996) and Gautron et al. (2004) proposed hemispheri-
cally orthonormal basis through mapping the negative pole of the sphere to the border of
the hemisphere. Such contraction was achieved through shifting the adjoint Jacobi polyno-
mials (Makhotkin, 1996) and the associated Legendre polynomials (Gautron et al., 2004)
without affecting the orthogonality relationship. Recently, Habel and Wimmer (2010) used
the SH as an intermediate basis to define polynomial-based hemispherical basis. They
used the SH basis functions which are symmetric to the z = 0 plane since they are orthog-
onal over the upper hemisphere. While other basis functions are shifted the same way that
was proposed by Gautron et al. (2004). Although such basis definition leads to polynomial
basis, this inhibit us from deriving an analytical expression of the harmonic expansion of
the surface reflectance function and in turn of the irradiance integral.

IC]amped BRDF is the product of the BRDF with the foreshortening factor cos 91.’ .
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In this work, we adopt the hemispherical harmonics (HSH) basis defined by Gautron et
al. (2004) who used two HSH transformations to define hemispherical basis. Nonetheless,
such definition does not guarantee Helmholtz reciprocity. On the other hand, Koenderink
et al. (1996, 1998) used Zernike polynomials (Wyant and Creath, 1992) to define hemi-
spherical basis which satisfy such a property, however such polynomials are known to
have high computational complexity (Gautron et al., 2004) and in the meantime, they are
not defined for all combinations of polynomial orders and degrees. Thus, we provide an
analytical analysis and experimental justification that for a given approximation order, our
proposed HSH-based basis provide better approximation accuracy when compared to the
Zernike-based ones (Koenderink and van Doorn, 1998), while, avoiding the high compu-
tational complexity inherent from Zernike polynomials (Gautron et al., 2004).

3. Hemispherical Harmonics (HSH)

The HSH basis functions form a complete set of functions which are orthonormal over
the surface of the unit hemisphere €2, implying that any hemispherical smooth function
can be expanded as an infinite series of these basis functions. The HSH can be defined as
follows. An infinite series of shifted associated Legendre (SAL) polynomials {13,;” (x)}can
be used to express any piecewise continuous function over the interval [0, 1] where band-
limited functions can be exactly reconstructed using finite number of polynomials. Thus
any circular-symmetric function with no azimuthal dependence can be expressed in terms
of SAL polynomials by mapping the polar angle 6 to the interval [0, 1] using x = cos 8. It
can be defined in terms of associated Legendre polynomials { P} (x)}, defined in Eq. (1),
as ﬁ;” (x) = PJ*(2x — 1) after being linearly transformed to change the domain of the
basis.

. d™
(1=x3"*2_P,(x), n>0, me[0,nl, %))

2tp!

where { P, (x)} is set of the Legendre polynomials which construct a complete, orthogonal
set of functions over the interval [—1, 1]. These polynomials can be explicitly defined in
terms of a power series defined as Arfken and Weber (2005),

/2]
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where n denotes the polynomial order. The orthogonality relationship of the shifted asso-
ciated Legendre polynomials is defined as Gautron et al. (2004),

(n+m)!

Qn+ D — m)!a””" )

1
/ 13,:" (x)ﬁ:,’ x)dx =
0

In order to guarantee orthogonality in case of non-circular symmetric functions,
shifted associated Legendre polynomials are combined with sinusoidal functions for the
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azimuthal part dependency (Makhotkin, 1996). In case of circular-symmetric functions,
zonal harmonics are used which reduce to the shifted associated Legendre polynomials
with zero degree. The real HSH can be written as Gautron et al. (2004),2

HI™(&) = H" (0, ) = O (0) D (). 4)

The polar part is given by (5? @) = ]V,llm‘ﬁ,l,m‘(cos 6) where 13;” = P"(2z — 1) is the
shifted associated Legendre polynomials defined over the interval [0, 1], the azimuthal
part is defined in Eq. (6) and N,* being defined as the normalization factor,

Nm = /2”"'1(”_7’")!’ (5)
2 (n+m)!

V2 cos(me) m >0,
D, (p) =11 m =0, (6)
(=D)"/2sin(—m¢p) m <O,

where the harmonic order n > 0, the harmonic degree m € [—n, n], 6 € [0, /2] and
¢ € [0, 2 ]. By construction, the azimuthal part obeys the orthogonality condition such
that,

2
/0 B () Dy () ddp = 27 Sy ™

The orthonormality property connotes that,

, 2 pm/2 ,
(HI"(6, ¢), HI 6, ¢)) = f / H (0, $)H! (0, $)sin6 dO dp = Sy Sy
0 0
®)

holds for real HSH, where &,/ denotes the Kronecker delta, i.e. 8,y = 1 if n =n" and 0
otherwise.

4. Proposed Helmholtz HSH-Based Reflectance Basis

The surface BRDF is defined as the ratio of the reflected radiance exiting along the outgo-
ing direction E)’o to the surface irradiance incident from the incoming direction c?)l/., where
both directions are defined with respect to the surface normal.> While it is often prefer-
able to work with the clamped BRDF (Ramamoorthi, 2002), i.e. f (@}, @) cosf!, to en-
force C! continuity at the equator and hence reduce the ringing in the approximation

2Note the difference between us and Gautron ef al. (2004) in the factor of (—1)™, since we preferred to
include this factor in the harmonics definition rather than including it in the associated Legendre polynomial
definition.

3Note that we use the primed coordinates to indicate measurements with respect to the local frame of a
surface point.
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(a.k.a. Gibbs phenomenon) (Sillion et al., 1991), especially at grazing incident angles
where singular performance is expected (Koenderink and van Doorn, 1998). Yet, we do
not need to deal with the clamped BRDF since we are proposing hemispherical basis, i.e.
we adhere to the geometrical structure of surface reflectance. In addition, clamped BRDF
leads to a reflectance kernel which does not obey the reciprocity property. One way to han-
dle this is to multiply both sides of the image irradiance equation by cos 6, (Ramamoorthi,
2002), yet this inhibits us from modeling the image irradiance signal itself. As such, we opt
for dealing with the BRDF itself without incorporating the foreshortening factor, cos6;.

4.1. Basis for Arbitrary Reflectance

Consider the product of two HSH basis functions to give a mapping Q; x 2/ — R from
the Cartesian product of two hemispheres to the real line, one can define a combined basis
function Hg (J); VH (J);). Although these functions construct a complete orthogonal basis
for the Cartesian product of two hemispheres, we are seeking a set of bases which span the
subspace of functions characterized by maintaining the Helmholtz reciprocity property.
Thus we define what we term Helmholtz HSH-based basis by symmetrizing the combined
basis w.r.t. the incident and outgoing directions, i.e.

MG, 5 = HY (@) B (@) + H: &) HY (@) ©

The orthogonality property of this basis is inherited from the orthonormality of the
HSH basis in Eg. (8), where,

<7'qu(ﬂ 5,), Hzlsrl (@], @p)) = 28 ppr8qq' 811855 4 28prSgs- (10)

Hence, the normalized Helmholtz HSH-based basis can be defined as,

Mg (@1, 3) = N2 HA (@) H (30) + H () B )] an
where Ngf is a normalization factor which guarantee the basis orthonormality. Using the
orthogonality condition in Eq. (10), the normalization factor can be defined as,

N — L (12)

P 24 28,1845

Figure 1(d) visualizes up-to 3rd order of our proposed basis at a fixed incident direction
(details about basis at fixed direction is given in Elhabian et al., 2011). Thus, an arbitrary
surface BRDF can be represented in terms of the Helmholtz HSH-based basis as follows,

—»/ —»/ ZZ Z ZaquHqs —~/ —>/). (13)

p=0r=0g=—ps=—r

In case of measured BRDFs, where scattered data are available, the Helmholtz reci-
procity property might be violated. The process of projecting such scattered data on the
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Fig. 1. (a) An object’s surface is illuminated under distant lighting function defined on the global sphere.
(b) An in-depth view of a surface patch showing surface normals at each surface point. Under the assumption of
non-emitting surfaces, the reflection integral can be defined over the incident local hemisphere. (c) A zoom-in
view at a surface point x seeing its surrounding world through a unit hemisphere ' centered at the point and
oriented by the surface normal 7 at that point. Visualization of up-to 3rd order of the proposed anisotropic (d)
and isotropic (e) Helmholtz surface reflectance basis at an incident direction ‘7)1/‘ : (7/3,0). The order p runs
from top to bottom while the associated order » runs from left to right. The azimuthal order g, or known as
degree, also runs from left to right for each order r.

subspace spanned by the proposed basis filters out noisy components yielding the clos-
est function which fits the data yet maintains the reciprocity property in the least-squares
sense. The expansion coefficients of the series in Eq. (13) can be obtained through pro-
jecting the surface BRDF on the Helmholtz HSH-based basis such that,*

o = Gar) Hp @l a)= [ [ 5@ a)HEGa) daas,  ad
Q) Q/

4Comp]ex conjugate is dropped since we are dealing with the real form of the basis.
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By construction one has,
/ f HE (@] *’)H‘f (*’ &,)dw] dd), = 8 8rr18qqSss- (15)
Q Jo

Hence, the BRDF energy content, which is defined as the integral [ f; (5);, E)’o)]2 over its
entire dornain,5 can be written as,

eB‘/ / 1o(@, @) désf i, = 3 (afh)’” (16)
prgs

Thus the approximation accuracy (or the energy captured by the Pth order approximation)
can be defined as.

Zl’ =0 Z =0 Zq——p Iy (a,,,) .
/Q;) /Q; [fr(a)i,a)o ] a)l- da),

Accy(P) = (17

The list of the coefficients {a,?f} represents the bidirectional surface reflectance spec-
trum (BSRS) which characterize the BRDF in a manner similar to the Fourier spec-
trum, where low-order spectrum maintains the overall properties of the underlying kernel,
whereas increasing the order adds more details.

For scattered reflectance data, high-order spectrum components would add noise rather
than details (Koenderink and van Doorn, 1998), thus truncation/smoothing is mostly used
to improve scattered data description. This resulting harmonic expansion defines a smooth
function which can be considered as a least squares approximation of the underlying
BRDF.

4.2. Reflectance Basis for Isotropic Surfaces

Isotropic BRDFs can be assumed when rotating the local tangent plane doesn’t affect the
surface reflectance properties, i.e. the BRDF becomes a function of only three variables
F@}. @) = f0],8},6}, 8 = f,(0],6},1, — $/]). Thus depending only on |¢}, — /]
allows negating both the incident and outgoing azimuthal angles without affecting the
surface BRDF.

Furthermore, all terms in the harmonic expansion Eq. (13) vanish except for those
terms which satisfy the isotropy assumption, i.e. rotational invariant w.r.t. the azimuthal
part (adding A¢’ to both ¢ and ¢, makes no difference), this requires g = s. Hence the

expansion coeflicients of the BRDF are now defined, using three indices, by apr = agf =

a,(”—q)(—q) = agl,. From isotropy we have,

’Hgi(e’ /. o’d,o) — HZ?(O’ Ag'. 6., ) ’H‘”(G’ 0, Gé,Aqb’)
= H1,(61.6. A0, 1s)

5Using the orthonormality property of the HSH-based basis, all terms in this integral vanishes except for
p=p.q=q ,r=rands=ys".
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where A¢" = |¢,, — ¢!|. Therefore, the harmonic expansion of isotropic BRDFs can be
defined as,

min(p,r)

f("’ _'/) fr(ell,ﬁé, ZZ Z agﬂ'lq (91/’%’ ¢/)’ (19)

p=0r=0g=—min(p,r)

where the basis for isotropic surfaces can be defined in terms of the polar and azimuthal
parts of the HSH as,

3, (67,6,, A0') = Nj,[67(67)87 (07) + ©7(6/) 87 (6,)] 04 (A9), (20)

where

V2 g>0,
NI =N11®,0) = ————=1 1 =0, 21
pr pr q( ) 2+28pr 0 Z<O 21

This reduced domain causes the number of independent spectrum components to be
reduced drastically (Koenderink and van Doorn, 1998). The normalization factor for neg-
ative degree basis is zero, i.e. Npr =0 Vg € [—min(p, r), —1]. Moreover, due to the
Helmholtz reciprocity, we have ’HZ,( ) =H] »(.). Thus the expansion in Eq. (19) can be
rewritten as,

fr (@ @) = £(61, 6, Ag ZZZa H9.(6/.0,, AY). (22)

p=0r=0g=0

Whereas the isotropic bidirectional surface reflectance spectrum (IBSRS) can be ob-
tained by,

al, —/Q/ / fr(6],6,, MY )HL (6], 6,, AP') dw; da,,. (23)

Figure 1(e) shows a visualization for up-to 3rd order of our proposed Helmholtz basis
in case of isotropic surface BRDF. It can be observed that higher orders are entertained
with larger number of basis adding more details to the BRDF representation. This in con-
trast to the isotropic basis proposed by Koenderink and van Doorn (1998) which maintains
only 8 basis at the 3rd order representation due to the definition of the Zernike polyno-
mials. This give insights that the proposed reflectance basis would capture similar energy
content to that of the Zernike-based basis at lower orders of reflectance, leading to a more
compact representation of surface BRDF. It is worth noting that we share the same num-
ber of orthonormal basis with Westin et al. (1992), Habel and Wimmer (2010), Gautron
et al. (2004).
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5. Representation of Analytic Reflectance Models

The approximating orders of the proposed reflectance basis expansion of an arbitrary
BRDF primarily depend on the analytic form of the BRDF at hand, where smooth BRDFs
require fewer coefficients for accurate representation compared to non-smooth/complex
ones. In this section, we investigate the representation power of our proposed basis to
approximate perfect diffuse and specular reflectance models. We also extend this anal-
ysis to investigate the spectrum of physical analytic models of surface reflectance such
as Torrance—Sparrow specular reflection model (Torrance and Sparrow, 1967) for rough
surfaces. Take note that we are mainly interested in physical (a.k.a. theoretical) models
which try to accurately simulate reflectance using physics laws, as opposed to empirical
models which provide a simple analytic formulation designed to mimic some reflection
phenomena, e.g. (Phong, 1975; Blinn, 1977) models.

5.1. Ideal Diffuse Reflectance

Ideal diffuse, i.e. Lambertian, surfaces have the property that their BRDF is independent
of the incoming and outgoing directions. The BRDF of a Lambertian surface is related to
surface albedo py by a constant, i.e.,

fl@. @) =" (24)

i’ %o
T

Since the Lambertian BRDF has no azimuthal dependence, it can be represented in
terms of zonal-basis where g = 0. The isotropic surface reflectance spectrum, i.e. the
expansion coefficients, can be obtained as follows:

L 0 0 Pd
a a =N —
pr pr prog |:/

o,

Pd 2
— N}},;[gr;p +6psrl= NI‘},;pd;,gp, (25)

8(0;)da, [ 8(6)d]

/
o

CHCAYEA ) da»;]

/
14

where,

o = [ @)@y, [ 8)6)da

14

P Nk |
= (-DPV2r@2p+ 1)y (=D (p + 1!
k=0

— (k+ 1) (kD2(p — k!

_ {2.5066 p=0, 6)

0 p>0.
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Therefore, the only non-vanishing spectral component is at the zeroth-order, thus we
only need one zero-order basis to construct the Lambertian reflectance kernel, scaled by®

p—d2 = =
ab =) 75 p=0r=0, 27)
0 p>1,1<r<p.

Thus the DC component of the BRDF spectrum is simply the Lambertian reflectance
function, hence the Lambertian model is the lowest-order approximation of any reflectance
function. This complies with the conclusion presented in Koenderink and van Doorn
(1998).

5.2. Ideal Specular Reflectance

An ideal specular surface behaves like an ideal mirror, where radiance arriving along a
particular incoming direction can only leave the surface along the specular direction &/,.
This direction is obtained by reflecting the incoming direction about the surface normal at
the point of interest. This implies that the outgoing polar angle 6, equals the incident polar
angle 0/ and the incident and outgoing rays lie in a plane containing the surface normal.
According to Koenderink and van Doorn (1998), a specular reflectance kernel defined in
Eq. (28) is used instead to define perfect mirror BRDF.

80! —6,)8(p; — ¢, + 7T)
sin 6/

(6. 9}.0,.¢))~ (28)

The spectral components (expansion coefficients) of the mirror-like reflectance kernel can
be obtained as follows.

2 /2 p2m
o= [ =0
¢;=0J0;

Hgi(e’ ;. 6,.¢,)sin6,do; dp; d6, de),. (29)

Since we are integrating over delta functions, the integral vanishes except for 6’ =6/ =6,

and ¢’ = ¢} = ¢, — ;
qu / / qus 9/ ¢/,9/,¢/+TL’) sin9/d9/d¢/. (30)

Due to the separability of HSH basis functions in Eq. (4), using Eq. (11), the integral can
be factorized into polar and azimuthal parts as follows:

60

0 =1/2.
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/2 -
ay® = N& f ©%(0')©;(6") sino’ do’
0'=0
2

/=0 ' =()

2
x|:/¢ cbq(¢’)q>s(¢’+n)d¢’+/¢ <1>S(¢/)cbq(¢/+n)d¢/]. @31

According to the definition of the azimuthal part of the HSH in Eq. (6), we have the
following relation,

D, () q is even,

—®,4(¢p) ¢ isodd. (32)

<I>q(¢>+rr)={

Therefore, the azimuthal part of the integral in Eq. (31) vanishes if g and s do not have the
same parity, i.e. both are even or both are odd. Using the orthogonality of ®, functions
in Eq. (7) leads to,

[ (006006 )+ 0.2, 6+ )]

'—0

[ (=1D)278ys g + s even, (33)
10 q + s odd.
Thus the integral in Eq. (31) can be written as,
JSas _ | (D28 NGE 72 8561870 sing’do’ g +s even, 34
L ) q + s odd,

where

/2 - - ~ » /2 ~ ~
/0 0% (0)0(6")sin6’ do’ = N,',‘”N,"f‘/o Pl (cos6') Bl (cos6') sin6’ do’.
(35)

Switching to the Cartesian representation, we have z = cos6’, thus dz = —sin6’d6’,
while the integration domain changes from [0, w/2] to [1, 0]. Using the orthogonality
relation of the shifted associated Legendre polynomials in Eq. (3) and the definition of the
normalization factor ]V,lql in Eq. (5) yield,

TR ~ (r +lg))! I
0% (0")®9(0")sin0’do’ = (N2> 19V 5 "5 . 36
/0 P( ) ( )Sln ( ) (27‘+1)(V—|q|)' P 2 P ( )
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(b) Reconstruction of ideal specular using Zernike-based basis of Koenderink et al. for different approximating orders

Fig. 2. The reconstruction of the ideal specular reflectance kernel, where the light ray (in solid orange) is in-
cident from direction Gi’ =m/4 and ¢lf = 0 and the perfect specular direction is plotted in dashed-orange. The
approximating series has been truncated at different orders P, using (a) our proposed HSH-based basis, versus
using (b) Zernike-based basis of Koenderink and van Doorn (1998).

Therefore, the spectral components of the mirror-like reflectance kernel can be writ-
ten as,

S.qs _ #apraqs g + s even,
G (37)
r 0 q + s odd,

We can note that all non-vanishing spectrum components have the same absolute value,
i.e. the specular reflectance kernel has a flat spectrum as an analogy to the Fourier spec-
trum of an impulse. The simplicity of the result originates from the assumption of ideal
specular surface, however, such an expression becomes more complicated when taking
into consideration the oftf-specular reflection for rough surfaces (Torrance and Sparrow,
1967).

Figure 2(a) plots the approximations of the ideal specular reflectance kernel obtained
by truncating the infinite series in Eq. (13) at orders P =0, 1,2, 4, 6 and 8. For compar-
ison purposes, Fig. 2(b) shows the approximation of the same kernel using the Zernike-
based basis proposed by Koenderink and van Doorn (1998). In both case, the lowest order
approximation leads to the Lambertian kernel, i.e. perfectly diffuse, where the reflected
radiance is isotropically distributed and no specularity is observed. With higher orders,
the radiance tends to reflect in the general direction of specularity, with narrower lobe.

It can be observed from Fig. 2 that with our HSH-based basis, the reflected radiance
becomes more concentrated towards the specularity direction at lower orders when com-
pared to the Zernike-based basis of Koenderink and van Doorn (1998), while being less
sensitive to the abrupt truncation of the series causing less ringing effect. Further the re-
flected radiance have smaller spurious lobes in directions other than that of the perfect
specular direction which vanish faster than that of the Zernike-based basis at higher or-
ders.
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(a) Reconstruction using our Helmholtz HSH-based basis

& z

(b) Reconstruction using Zernike-based basis of Koenderink et al.

Fig. 3. The reconstruction of the ideal specular reflectance kernel, where the light ray (in solid orange) is incident
from different directions and the perfect specular direction is plotted in dashed-orange. The approximating series
has been truncated at order P = 8, using (a) our proposed HSH-based basis, versus using (b) Zernike-based basis
of Koenderink and van Doorn (1998).

Figure 3 shows the reconstruction of the ideal specular lobe at different incident di-
rections while truncating the approximating series at the 8th order. It is evident that our
HSH-based basis provide a more compact approximation with lower ringing effect when
compared to the Zernike-based basis.

It is important to note that, as in Fourier synthesis, the width of the reconstructed
specular lobe primarily depend on the order at which the series is truncated where an
infinite number of terms causes the reconstruction of the perfect specular spike. This leads
to a relation between width and order.

Ideal specular surfaces rarely exist in the real world. Usually, radiation arriving in a
particular direction leaves the surface in a small lobe of directions surrounding the spec-
ular direction, where the incoming radiance is shared over all outgoing directions within
this lobe. This appears as a bright blob, also called specularity, along the specular di-
rection. Phong model (1975) is commonly used to model the shape of the specular lobe,
where the radiance leaving a specular surface is proportional to cos’ (6, —6)), where 0] is
the exit polar angle, 6/ is the specular polar angle which is the same as the incident polar
angle. [ is a parameter defining the width of the specular lobe, where larger values of /
defines narrower lobes and sharper specularities.

5.3. Example of Non-Ideal Physical Reflectance Models

Pure diffuse or specular surfaces are non-existent. Many surfaces can be approximated by
having a BRDF consisting of a diffuse/Lambertian component and a specular component.
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Diffuse albedo and specular albedo are used to weight these components respectively in
this combination. The surface roughness model by Torrance and Sparrow (1967) is built on
the assumption that the surface is composed of a collection of long symmetric V-cavities.
Each V-cavity has two opposing facets with the width of each facet is much smaller than
its length. The roughness of the surface is specified using probability function for the
orientations of the facets. In order to use geometric optics, the area of each facet is assumed
to be much larger than the wavelength of the incident light beam, and at the same time
much smaller than the area of the surface patch being projected onto one pixel, thus the
facets covered by one pixel can be described by statistical distributions.

The physically-based micro-facet model (TS) proposed by Torrance and Spar-
row (1967) is focused on glossy reflectance, where the V-cavity geometry implies that
only facets facing in direction of the halfway vector w, = (6;, ¢;,) affect the BRDF, where
the reflection from each facet is described by the Fresnel equation F(cos6,; 1) where 7
is the classical refractive index from geometric optics. The fraction of the facets oriented
in the direction of @), is described by a facet slope distribution function which rely on
the surface’s roughness. Whereas masking and shadowing of micro-facets are included
in a geometric attenuation factor. For analytical simplicity, a simplified 4-parameter TS
model is widely used in computer graphics, where the aforementioned model is modified
in the following aspects while maintaining the physical properties of surface reflectance
(Ramamoorthi and Hanrahan, 2001). The Fresnel for a refractive index 7 is normalized to
be 1 at normal exitance. While F depends on the angle w.r.t. the half-way vector; in prac-
tice, this angle is very close to 9{,, thus the Fresnel term becomes F (cos 9(’); n)/F(1;n).
Ashikmin et al. (2000) believed that the distribution function has much greater impact
on surface appearance than the geometric attenuation term, as such the geometric term
can be omitted for simplicity (Ramamoorthi and Hanrahan, 2001). This also comply with
the distribution-based BRDF (Ashikhmin and Premoz, 2006) where the shape of the re-
flection is dominated by the distribution function. Assuming, without loss of generality,
that the viewer/camera is located at a distance relatively large compared to the object size
such that the viewing direction coincides with the z-axis of the global reference frame;
normal-exitance (i.e. 6, = 0) can be used to approximate the imaging process. Thus the
half-way angle can be written as 6, = 6//2 (Ramamoorthi and Hanrahan, 2001) since
there is no azimuthal dependance in the definition of TS-BRDF given by Torrance and
Sparrow (1967). Hence the modified TS-BRDF can be written as,

L F(cosb!; 0! \?2
@ a) =2+ 52 (60583 1) exp[—( ) } (38)

n  mo?cosB cosh, F(l;n) 20

Since there is no azimuthal dependance in Eq. (38), i.e. TS is radially symmetric, it
can be expanded using zonal basis of the isotropic Helmholtz HSH-based basis of ng,
centered at surface normal 7i (x), where ¢ is set to zero. The zonal basis can be written as,

- 1 [ep+D@r+1)
H (D, D) = — [———2— 7
pr(a)l a)o) 27_[ 2+28pr

X [Fp ( cos 9;) P, (cos Gé) + P, (cos 9;) Fp ( cos 9;)i| , 39)
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where 13,, is shifted associated Legendre polynomials (Gautron et al., 2004) with order
p = 0. Thus we can expand TS-BRDF in the subspace spanned by the isotropic Helmholtz
HSH-based basis as,

o0 o0
1K@ @) = Y apHp (@], @). (40)
p=0r=0

The spectrum coefficients of the diffuse component of TS model can be derived using
the orthogonality relation of the shifted associated Legendre polynomials, while their se-
ries representation can be used for the spectrum of the specular component. The spectrum
coefficients can be obtained as,’

ape(0) = / N CHEAURCREAY
0 i

ps  Fl(cost).n)

= 2046,00 B, (0], 0), 41
Pd0p0dro + 7o?cost,  F(L1) or (05 0) S
where,
[Qp+1D)Qr+ D[ 60 350
B, (6!, =2 A6, A0, ,
Pr(oa) T 2+28pr 2r+] I’(()G)+2p+] "(00)
(42)
with
/ /2 Sinei/ 91'2 D / /
Ap(0),0)= ) cosd) exp| — 73 Py (cosb;)db;. (43)

This means that a,o = ag, thus we can use a single index for the spectrum coeflicients
where,

, 27 Ag(60),0) p=0,
B,(0,0)= (44)
A P 2514 ,60,0) p>0.
Hence TS-BRDF can be represented as,
o0
F15(@, @) = ao(6;) +2 Z ap (9[,)7-[(,),0(5);, @,). (45)
p=1

Note that the spectrum coefficients depends on the 4-parameters of TS model. Using
Merl skin reflectance BRDF (Weyrich ef al., 2006) which provide TS parameters of six

TFor proof refer to section 2 in the supplemental material.
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Fig. 4. A graphical representation of the first thirteen harmonic expansion coefficients of Torrance Sparrow
reflection model under distant illumination using skin BRDF parameters of Merl Skin BRDF database (Weyrich
et al., 2006). Note that TS acts as a low pass filter, where the 5th order expansion is sufficient to encodes more

than 99% of the BRDF energy content regardless of the skin type.
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Fig. 5. The average approximation accuracy of Torrance Sparrow reflection model under distant illumination
as a function of the truncating reflectance order P using skin BRDF parameters of Merl Skin BRDF database
(Weyrich et al., 2006).

different skin types (from very white to black), we investigate the harmonic spectrum in
case of normal-exitance of each individual sample of skin BRDFs where Fig. 4 shows the
graphical representation of the first thirteen coefficients (up to the 12th order) averaged
over skin types. We also show the approximation accuracy, i.e. cumulative energy, of the
pth order expansion as a function of the harmonic order. It can be observed that the spec-
trum of TS model decays along the harmonic order. While the approximation accuracy
exceeds 99% using the 5th order approximation. It is worthwhile to note that more spec-
trum coeflicients are needed due to the specular component of TS model, while the diffuse
component is fully encoded in the zeroth order approximation.

Using the skin BRDF parameters of Merl Skin BRDF database (Weyrich et al., 2006),
Fig. 5 compares the average approximation accuracy of Torrance Sparrow reflection model
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under distant illumination using our proposed isotropic basis in comparison to bases of
Westin et al. (1992), Gautron et al. (2004), Koenderink and van Doorn (1998), Habel and
Wimmer (2010), and the Helmholtz basis of Koenderink and van Doorn (1998) where we
use their isotropic version. The average is taken over 100 samples for each skin type at dif-
ferent facial regions while the BRDF spectrum is obtained using Monte Carlo integration.
While our basis provide a comparable accuracy to the Helmholtz basis of Koenderink and
van Doorn (1998), one can observe that our proposed basis shows higher approximation
accuracy especially at lower truncating reflectance orders compared to other bases. It is
important to note that the spherical basis of Westin er al. (1992) shows the lowest accu-
racy compared to the hemispherical ones, this justifies the need of a representation which
comply with the geometric structure of reflectance functions. As such, our basis provide
a compact BRDF representation requiring fewer coefficients to accurately model surface
BRDFs.

6. Modeling Scattered Reflectance Data

Scattered BRDF data might violate the Helmholtz reciprocity property; this can be filtered
out through the process of projecting them onto the subspace spanned by our HSH-based
basis, where the reciprocity property is preserved in the least-squares sense. Furthermore,
in many practical cases, reflectance data are only available for plane-of-incidence geome-
tries, where the incident and outgoing directions are coplanar with the surface normal. The
reflectance spectrum components provide us with a phenomenological extrapolation from
the available data in a unique manner (Koenderink and van Doorn, 1998). This is used im-
plicitly when assuming a surface to be Lambertian with diffuse albedo obtained from few
or even single measurements; this is equivalent to taking the zero-order approximation of
the reflectance kernel. Thus using the reflectance spectrum components can be considered
as a way of refining the reflectance kernel representation beyond the zero-order.

In this section, we further evaluate the accuracy and compactness of our HSH-based
basis using BRDF measurements which are directly measured from real surfaces. We use
BRDF databases which are available, free of charge, for academic purpose. In this pa-
per, two BRDF databases are used for reflectance modeling. The first one is the database
provided by Mitsubishi Electric Research Laboratories (Merl) (Matusik et al., 2003) con-
taining isotropic materials. The second one is offered by Columbia University and Utrecht
University named as CUReT database (Dana et al., 1999) containing a mix of isotropic
and anisotropic materials.

6.1. Experimentation on Isotropic-Merl Reflectance Data

Merl reflectance data (Matusik et al., 2003) is based on 100 isotropic materials to rep-
resent a wide variety of surface materials with different diffuse and specular reflection
properties. Based on uniform spacing, 1,458,000 BRDF measurements are provided in
3D angular space using half-angle parameterization of Rusinkiewicz (1998). We use these
BRDF samples as a lookup table since they are dense enough.
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For each Merl material, Fig. 6 compares between the approximation accuracies pro-
vided by different isotropic reflectance bases in contrast to that of our proposed isotropic
basis with different truncating reflectance orders P. The reflectance spectrum for each ma-
terial is obtained by projecting randomly drawn Merl BRDF measurements using Monte
Carlo integration onto the subspace spanned by our proposed isotropic basis in comparison
to bases of Westin et al. (1992), Gautron et al. (2004), Koenderink and van Doorn (1998),
Habel and Wimmer (2010) and the Helmholtz basis of Koenderink and van Doorn (1998)
where we use their isotropic version. The sampling points are drawn from the Cartesian
product of the incoming and outgoing (hemi)spheres (according to the basis definition).
Some materials show extreme specular properties such as chrome-steel where it displays
low approximation accuracies in Fig. 6(left) at lower reflectance orders regardless of the
reflectance basis. In contrast, diffuse materials such as beige-fabric shows high approx-
imation accuracies at lower reflectance orders. Nonetheless, in general, we can observe
how our proposed basis provide the highest approximation accuracy for most of Merl ma-
terials especially at P = 8, while the spherical basis shows the worst accuracy for BRDF
representation. These observations hold for both diffuse and specular materials. Figure 6
also shows the required minimum truncating reflectance order to achieve specific level of
accuracy when using our isotropic basis. It can be noted that all Merl materials can be
represented with accuracy of 95% with reflectance order less than or equal P = 7, while
diffuse materials such as fabric materials can be represented with accuracy of 99% with
reflectance order less than or equal P = 4.

6.2. Experimentation on CUReT Reflectance Data

The CUReT database (Dana et al., 1999) consists of 61 BRDFs with sparse measure-
ments of 205 measurements each over varying incident and outgoing directions. It also
offers a BRDF parameter database which fits the sparse measurements to the Koenderink
reflectance model (Koenderink and van Doorn, 1998). In our experimentation, we use
the parameter database since the samples are not dense enough to be used directly as a
BRDF lookup table. We opt to using the anisotropic parameters since this database con-
tains anisotropic materials.

Figure 7 shows the approximation accuracy for each CUReT material for different
truncating reflectance orders. The reflectance spectrum for each material is obtained
by projecting randomly drawn CUReT BRDF measurements using Monte Carlo inte-
gration onto the subspace spanned by our proposed basis in comparison to bases of
Westin et al. (1992), Gautron et al. (2004), Koenderink and van Doorn (1998), Habel
and Wimmer (2010), and the Helmholtz basis of Koenderink and van Doorn (1998).
Note that BRDF sparse measurements are interpolated at the drawn samples using the
provided fitted measurements. The sampling points are drawn from the Cartesian prod-
uct of the incoming and outgoing (hemi)spheres (according to the basis definition). It
can be observed that our basis provide the best approximation accuracy levels for all
CUReT materials especially with higher orders. It is again the spherical basis which
provide the worst accuracy levels compared to the hemispherical ones. Notice that
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Fig. 8. Sample of frequency-space rendering where the illumination order N = 12. Path tracing (Pharr and
Humphreys, 2010) is used to render a unit sphere with the BRDF at the top-middle as well as the groundtruth
rendering at the bottom-left. Mean absolute error (MAE) is shown below each rendered image where all in-
tensities are normalized in the range [0, 1]. Note that the proposed basis capture the appearance of the surface
reflectance under high-frequency illumination compared to the others.

an anisotropic material such as velvet is represented with higher approximation accu-
racy using the proposed basis when compared to others. Figure 7 also presents the re-
quired minimum truncating reflectance order to represent CUReT materials using our
anisotropic basis where all the materials can be represented with accuracy of 99% with
P <8.

6.3. Renderings

In order to assess the representation accuracy of the proposed reflectance basis, we ren-
dered images, in a similar manner as in Ramamoorthi and Hanrahan (2002), of the camel
and hippo toys, respectively, of the “Weizmann Photometric Stereo Database” (Basri et
al., 2007). We fit the BRDF measurements up-to reflectance order P = 8 to (1) spherical
harmonics basis (Westin et al., 1992), (2) hemispherical Zernike-based basis (Koenderink
and van Doorn, 1998) and (3) the isotropic version of the proposed reflectance basis. The
main difference between the three types of basis is modeling the dependency of the sur-
face BRDF w.r.t. the polar coordinates {6/, §,} where associated Legendre polynomials is
used in (1) while Zernike polynomials and shifted associated Legendre polynomials in (2)
and (3), respectively.

In Fig. 8(a), the image is rendered under a high-frequency illumination map (Galileo
Tomp, Debevec, 1998) with a non-specular BRDF (beige-fabric, Matusik et al., 2003) us-
ing irradiance harmonics of illumination order up-to N = 12. While in Fig. 8(b), the im-
age is rendered under a low-frequency illumination map (Funston Beach, Debevec, 1998)
with a specular BRDF (blue-metallic paint, Matusik et al., 2003) using irradiance har-
monics of illumination order up-to N = 6. It can be observed that spherical reflectance
basis performs poorly at capturing the reflectance appearance while the proposed basis
achieve lowest mean absolute error compared to the groundtruth rendering (achieved by
path-tracing, Pharr and Humphreys, 2010).
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7. Conclusion

This paper proposed a complete, orthonormal basis to provide a compact and efficient
representation for surface bidirectional reflectance distribution function (BRDF), which
is defined on the Cartesian product of two hemispheres. The proposed basis, which are
defined in terms of hemispherical harmonics (HSH), preserve the Helmholtz reciprocity
property of BRDFs while avoid the computational complexity inherited from Zernike
polynomials that are usually used to construct hemispherical basis. An analytical as well
as experimental justification was presented such that for a given truncating reflectance or-
der, the proposed hemispherical basis provide better approximation accuracy of the BRDF
when compared to similar bases in literature. While hemispherical basis provide higher
approximation accuracies when compared to spherical ones, basis maintaining Helmholtz
property was observed to provide higher accuracy levels compared to others. The closed
form of the proposed basis was presented in case of isotropic and directional hemispheri-
cal reflectance. The proposed basis was further validated using scattered reflectance data
which might violate the Helmholtz reciprocity property; where such property is main-
tained in the least-squares sense in the process of fitting the BRDF measurements to the
HSH-based basis. Based on the fact that associated Legendre polynomials are defined for
all combinations of polynomial order and degree in contrast to Zernike polynomials, HSH-
based basis showed high BRDF approximation accuracy at lower orders. It was observed
that the significance of BRDF parameters decayed with the approximation order versus
the case of Zernike-based basis. It was shown that the proposed basis captured almost all
diffuse and specular materials with reflectance order less than reflectance order P = 10.
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Helmholco HSH bazé: kompaktiSka fenomenologiska laisvojo
atspindzio iSraiSka
Shireen ELHABIAN, Aly FARAG

Regimoji i§vaizda gali bti fenomenologiskai modeliuojama integraline lygtimi, Zinoma atspindZio
lygties pavadinimu. Si lygtis apibiidina pavirSiaus spindesj, kuris priklauso nuo laisvojo $viesos lau-
ko saveikos su pavirSiaus dvikrycio atspindZio skirstinio funkcija (DASF). Hemisferiné (pusrutulio)
bazé naturaliai tinka apraSyti pavirSiaus DASF, nes ji apibréZiama kaip dekartiné krintanciosios ir
griZtanciosios hemisfery sandauga. Nepaisant to, Siam tikslui placiai naudojamos sferinés harmoni-
kos, i$siskiriancios kompaktisSkumu dazniy srityje. Remiantis hemisferinés bazés geometriniu tin-
kamumu, §is straipsnis sitilo hemisferiniy harmoniky Dekarto sandaugg kaip kompaktiska tikétiny
DASEF israiska, uZtikrinancia Helmholco apgreZiamumo savybe. Analiziniais ir eksperimentiniais
rezultatais pagrindZiamas sillomos bazés didesnis aproksimavimo tikslumas lyginant su literatiiroje
pateikiamomis panasiomis bazémis.



