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Abstract. This paper investigates group decision making problems in which the criterion values take
the form of interval-valued intuitionistic uncertain linguistic numbers (IIULNs). First, some addi-
tive operational laws of IIULNSs are defined. Subsequently, some new arithmetic aggregation oper-
ators, such as the interval-valued intuitionistic uncertain linguistic weighted averaging (IIULWA)
operator, interval-valued intuitionistic uncertain linguistic ordered weighted averaging (ITULOWA)
operator and interval-valued intuitionistic uncertain linguistic hybrid aggregation (IIULHA) oper-
ator, are proposed which are based on the operational laws. Furthermore, an approach to group
decision making with interval-valued intuitionistic uncertain linguistic information is developed,
which is based on the IIULWA and IIULHA operators. Finally, an illustrative example is provided
to demonstrate the feasibility and effectiveness of the proposed method.
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1. Introduction

There are many different types of multi-criteria decision making (MCDM) problems, for
example those that deal with issues such as: military system performance evaluation; per-
sonnel evaluation; venture capital; online auction; supply chain management; and medical
diagnostics. Part of the decision making process involves forming an assessment and in-
stead of using precise numerical values for this purpose, a more realistic approach may be
to use linguistic assessments by means of linguistic variables, i.e., variables whose values
are not exact numbers but linguistic terms, such as “very poor”, “poor”, “fair”, “good”,
and “very good”. Therefore, the linguistic MCDM approach has been attracting increas-
ing attention in recent years (Merig et al., 2012; Wang et al., 2014a, 2015a; Wei, 2011;
Xu, 2012; Yang and Wang, 2013; Zeng et al., 2012).
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An assumption exists when using linguistic variables, that the membership degree of
an element to a linguistic term is 1, which does not adequately describe the decision-
maker’s confidence level when making a judgment. Wang and Li (2010) defined the con-
cept of the intuitionistic linguistic number (ILN) based on the concept of the intuitionistic
fuzzy set (Atanassov, 1986) and its applications in the MCDM field (Wang and Zhang,
2013; Xu and Cai, 2010; Zeng et al., 2013; Zhao and Wei, 2013). These authors described
the membership degree and non-membership degree of an element to a linguistic label,
which can reflect the decision-maker’s confidence level when they are making an evalua-
tion. There has been a great deal of research in the area of intuitionistic linguistic MCDM
problems, for example, Wang and Li (2010) proposed the intuitionistic linguistic weighted
arithmetic averaging (ILWAA) operator and intuitionistic linguistic weighted geometric
averaging (ILWGA) operator, and applied them to MCDM problems in which the cri-
terion values take the form of ILNs; Liu (2013a) proposed the intuitionistic linguistic
generalized dependent ordered weighted average (ILGDOWA) operator and intuitionistic
linguistic generalized dependent hybrid weighted aggregation ILGDHWA) operator, and
applied them to group decision making with intuitionistic linguistic information; Wang et
al. (2014c¢) developed the intuitionistic linguistic ordered weighted averaging (ILOWA)
operator and intuitionistic linguistic hybrid aggregation (ILHA) operator, and developed
a group decision making approach based on these operators.

It can be ascertained from the work of authors such as Liu (2013a), Wang and Li
(2010), and Wang et al. (2014c), that an ILN is characterized by a linguistic term, a
membership degree and a non-membership degree. It is noteworthy that, on one hand,
in many situations the given linguistic arguments may not match any of the original
linguistic terms and may be located between two of these terms. This could be due to
a lack of knowledge, time pressure, and people’s limited expertise when it comes to
solving problems. In such cases, it is more suitable to deal with vagueness and uncer-
tainty by letting them take the form of uncertain linguistic variables (Lan et al., 2013;
Wang et al., 2015d, 2015¢c; Xu, 2006, 2004b). Alternatively, sometimes it is inappro-
priate to assume that the membership degree and non-membership degree have been
defined precisely. The authors would also highlight another uncertainty, which is moti-
vated by the interval-valued intuitionistic fuzzy set (see Atanassov and Gargov, 1989)
whose fundamental characteristic is that the values of its membership function and non-
membership function are interval numbers rather than exact numbers. This uncertainty
arises because the membership degree or non-membership degree is no longer a number,
but a whole interval. Therefore, based on uncertain linguistic variables (Lan et al., 2013;
Xu, 2006) and the interval-valued intuitionistic fuzzy set (Atanassov and Gargov, 1989;
Huang et al., 2013; Wang et al., 2015b; 2014b; Yu, 2013), Liu (2013b) developed
the following: the concept of interval-valued intuitionistic uncertain linguistic num-
ber (IITULN); some multiplicative operational laws of IIULNs; some interval-valued
intuitionistic uncertain linguistic weighted geometric operators (such as the interval-
valued intuitionistic uncertain linguistic weighted geometric average (IVIULWGA) op-
erator, interval-valued intuitionistic uncertain linguistic ordered weighted geometric
(IVIULOWG) operator and interval-valued intuitionistic uncertain linguistic hybrid geo-
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metric (IVIULHG) operator); and a group decision making approach with interval-valued
intuitionistic uncertain linguistic information. In this paper, some additive operational
laws of ITULNs will be defined and some interval-valued intuitionistic uncertain linguistic
arithmetic aggregation operators will be proposed, before applying them to group decision
making.

This paper is therefore organized as follows. In Section 2, some additive operational
laws of IIULNS are defined, and a simple method for the comparison between two IITULNs
is presented. In Section 3, some new arithmetic aggregation operators, such as the interval-
valued intuitionistic uncertain linguistic weighted averaging (ITULWA) operator, interval-
valued intuitionistic uncertain linguistic ordered weighted averaging (IITULOWA) operator
and interval-valued intuitionistic uncertain linguistic hybrid aggregation 1IULHA) oper-
ator, are proposed, and various desirable properties of these operators are established. In
Section 4, an approach to group decision making, in which the criterion values are ex-
pressed as ITULNs and the criterion weight information is known completely, which is
based on the IULWA operator and the IIULHA operator is developed. In Section 5, an
example is provided in order to illustrate the application of the developed approach. Fi-
nally, conclusions are drawn in Section 6.

2. Preliminaries

Suppose that S = {sp |0 =0, 1, ..., 2[} is an additive linguistic term set (Herrera et al.,
1996; Herrera and Martnez, 2000), where [ is a positive integer, sg represents a possible
value for a linguistic variable, and sg has the following characteristics: (1) if @ > b, then
Sq > Sp; and (2) the negation operator is defined as: neg(s,;) = s, such that a + b = 21.
For example, when [ =4, then S can be defined as:

S = {so = extremely poor, s; = very poor, s» = poor, s3 = slightly poor, s4 =
fair, s5 = slightly good, s¢ = good, s7 = very good, sg = extremely good}.

To preserve all the information provided, Xu (2004a) proposed that the discrete linguis-
tic term set S should be extended to a continuous linguistic term set S= {sol0 € [0, ql},
in which s, > s, if @ > b, and g (¢ > 2I) is a sufficiently large positive integer.

DEeFINITION 1. (See Xu, 2004b.) Let § = [sq, s¢], where sg, s¢ € S, sp and s¢ are the lower
and the upper limits, respectively. Subsequently s is called an additive uncertain linguistic
variable.

Let S be the set of all additive uncertain linguistic variables. For any two uncertain lin-
guistic variables 51 = [sg,, ¢, ] and 52 = [ssg,, 5,1 € S, their operational laws are defined
as follows (Xu, 2004b):

(1) 51 @ 52 = [56, 462> S +¢ 13

(2) As1 =1[s20,, S2.4, 1, 2 €0, 1].



526 X.-F. Wang et al.

DeriniTION 2. (See Wang and Li, 2010.) Let X be a universe of discourse, sg(y) € S, then
an ILN set A in X is an object having the following form:

A= {(x,(so0r)> a(x),va(®)))|x € X}, o

where sg(y) is a linguistic term, the functions p4(x) and v4(x) determine the degree of
membership and the degree of non-membership of the element x to the linguistic evalua-
tion sg(yx), respectively, and

s9: X — S, X+ 800 (2)
pma:X—1[0,1], x> palx); 3)
va: X —>[0,1], x> vax), )

with the condition 0 < ua(x) +va(x) <1, Vx € X.

For convenience, Wang and Li (2010) called (sg(x), a(x),va(x)) the ILN. Let
mTA(x) =1—pa(x) —va(x) for all x € X, then w4 (x) is called the degree of hesitancy
of x to SO(x)-

From Definition 2, it can be seen that the ILN (sg(y), it (x), va(x)) is characterized
by the linguistic evaluation sg(,), the membership degree 14 (x) and the non-membership
degree v4 (x) of the element x to the linguistic evaluation sy(,). However, in some situ-
ations, the linguistic evaluation may be expressed as uncertain linguistic variables rather
than original linguistic terms (Xu, 2004b; 2004c). Furthermore, the membership degree
and the non-membership degree may take the form of interval numbers rather than exact
numbers (Atanassov and Gargov, 1989). Therefore, Liu (2013b) extended the ILN set, and
defined the concept of an IIULN set as follows.

DEerINITION 3. (See Liu, 2013b.) Let X be fixed, 5(x) € S, then an ITULN set A in X is
defined as follows:

A={(x, (§x), 700, 9;(0)))|x € X}, ®)

where §(x) € S, fz(x) C[0,1]and v (x) C [0, 1], with the condition 0 < sup i 7 (x) +
supv;(x) < 1, for each x € X. The intervals [ ;(x) and D (x) represent, respectively,
the membership degree and the non-membership degree of the element x to the uncertain
linguistic evaluation §(x).

Let m5(x) =1 — i ;(x) — V;(x) for all x € X, then 7 ;(x) is called the degree of
hesitancy of x to §(x).

For convenience, Liu (2013b) called (5(x), fi ;(x), V;(x)) the ITULN, and denoted it
as B = ([sog, 5¢41, lag, bgl, [cp, dgl), where [s05, Sps] € S, lag, bg]l C 0,11, [cg,dg] C
[0, 1] and bg +dg < 1. Let 2 be the set of all IIULNs.
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DeriNniTiON 4. Let 81 = ([seﬂl,sd,ﬂl],[aﬂ,,bﬂ,],[Cﬂ],dﬂl]) and B = ([S0ﬂ2,8¢,32],
lag,, bp,], [cp,,dg,]) be two IIULNs, then

(1) B1 @ B2 = ([56, +65, » ¢, +5, |-
[1— (1 —ag)(1 —ap,). 1 — (1 —bg)(1 —bp,)],
[(1 —ap)(A —ap,) = (1 —ap, —cp)(1 —ag, — cp,).
(1 =bp)(1 = bg,) — (1 — bp, —dp))(1 — b, —dp,)]);
() 2B1 = (I8, Sagp, 1, [1 = (1 —ag )", 1 = (1 = bg)*],
[(1 —a,g])A — (1 —ag — c,g,)l, (1-— b,g])A — (1 —bg, —d,g,)k]), rel0,1].

It can be easily proven that all of the above results are also IIULNs and that the fol-
lowing relationships are true.

(1) Br@&po=p2® pis

(2) (B1®B2)DB3=P1 D (B2 B3);

(3) A(B1® B2) =AB1 D AP, A €0, 1];

4) MPB1 @ A2B1 = (A1 +A2)B1, A1, A2 €0, 1].

Based on the expected value function and accuracy function of the ITULN proposed
by Liu (2013b), a score function and a new accuracy function of IIULN, are now defined,
and a method for comparing two ITULNS is also proposed.

DEerINITION 5. Let 8 = (Lsog» 5941, Lag, bgl, [cp, dgl) be an IIULN, the score and the de-
gree of accuracy of B can be evaluated by a score function 4(f) and a new accuracy
function u(8) shown respectively as follows:

1
h(ﬁ)zg(Qﬁ +¢p)2+ag+bg—cpg—dp), (6)

1
u(,B):Z(Qﬁ +¢p)ag +bg +cg+dp). @)
DeriNiTION 6. Let 81 = ([S9ﬁ1 s Sp, 1, lag,, bg,1, [cp,,dp, 1) and B = ([Seﬂ2 , S¢ﬁ2],

lag,, bp,], [cp,,dg,]) be two IIULNs, then

(1) if h(B1) < h(B2), then B is smaller than B>, denoted by 81 < B2;

(2) if h(B1) = h(B2), then
(a) ifu(B1) > u(B2), then By is bigger than B, denoted by 81 > Ba;
(b) if u(B1) < u(By), then B is smaller than B>, denoted by 81 < B2;
(c) ifu(B1) =u(pB2), then By is equal to B», denoted by 1 = B.

3. Interval-Valued Intuitionistic Uncertain Linguistic Aggregation Operators

To date, many aggregation operators have been proposed for aggregating information (Xu
and Da, 2003). The weighted arithmetic averaging (WAA) operator (Harsanyi, 1955) and



528 X.-F. Wang et al.

the ordered weighted averaging (OWA) operator (Yager, 1988) are two of most common
operators used to aggregate arguments. In the 10 to 20 years, the WAA operator and the
OWA operator have been extended to accommodate fuzzy and uncertain situations. For
example: Bordogna et al. (1997) and Herrera and Herrera-Viedma (1997) extended these
two operators to accommodate situations where the input arguments take the form of lin-
guistic variables; Xu (2006, 2004b) extended them to accommodate situations where the
input arguments are in the form of uncertain linguistic variables; and Xu (2007) extended
them to accommodate situations where the input arguments are intuitionistic fuzzy num-
bers. In the following section, based on Definition 4, the WAA operator and the OWA
operator are extended to accommodate situations where the input arguments are in the
form of ITULNs. Moreover, some new arithmetic aggregation operators are developed,
such as the IULWA operator, the IULOWA operator and the IIULHA operator.

3.1. The IIULWA Operator and the IULOWA Operator

DeriniTION 7. Let B = ([Seﬂj , sd,ﬂj], [aﬂj, bﬂj], [Cﬂj,dﬂj]) (j=1,2,...,n) be acollec-
tion of IITULNSs, and w = (wy, wo, ..., w,,)T be the weight vectorof 8; (j =1,2,...,n),

n
with w; € [0,1]and )  w; =1, and let IULWA: Q" — Q, if
j=1

HULWAw (B1, B2, -, Bn) = w11 @ w22 @ - - © wn P, ®)

then ITULWA is called an ITULWA operator of dimension n. Especially, if w =
(/n,1/n,..., 1/n)T, then the ITULWA operator is reduced to the interval-valued in-
tuitionistic uncertain linguistic arithmetic averaging (IIULAA) operator of dimension r,
which is defined as follows:

1
IIULAAw(ﬂl,ﬁ2,~-~,ﬁn)=;(ﬁl@ﬂz@---aaﬂn). ©)

Theorem 1. Let B; = ([Seﬁj , s¢ﬁj], [a,gj, b/gj], [C/gj, dﬁj]) (j=1,2,...,n) beacollection

of IULNs, and w = (w1, wa, .. ., wn)T be the weight vector of Bj (j =1,2,...,n), with
w; €[0, 1] and Zr/l':l w; =1, then

MULWAw (B1, B2s - - -» Bn)

B <[SZ;"1 w;fp; > 5571 wj¢ﬂj]7 |:1 B 1_[ (- aﬁj)w'f’ 1= 1_[ (- bﬁj)wj],
j=1 j=1
[l_[ (I —ag)™ - l—[ (I —ag; —cp)™,
j=1 j=!
[Ta—bgpvi =TT —bg —dﬂj)wj]>~ (10)

j=1 j=1
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Proof. In the following, (10) is proved using mathematical induction on n.
(1) When n = 2, since
w1Pf = ([Sw19ﬁl Sw1¢7ﬁl [ —(1 —aﬁl)“”’ 1—-(1-— bﬁl)wl],
[(1—ap)™ — (A —ap, —cp)™ . (A =bp)"" = (1= bp, —dp)""]).
([5w2952 Sw2¢52 [ - (1 - aﬂz)wza 1- (1 - bﬂz)wz]v

[(1—ap,)"™ — (1 —ap, — )" (1 = bp))" = (1 = bp, — dp,)"™]).

w2 B2

then

ITULWA (B1, B2)
=wi B ® w2
= ([5165, +1205, > Sw1 5, +uehp, |
[1—1—ap)” (1 —ag)", 1—(1—bpg)" (1 —bg)"],
[(1—ag)™ (1 —ap)"> — (1 —apg, —cp)"' (1 —ap, — cp,)"2,
(1 =bg)" (1 — bp,)"> — (1 — bg, —dp)"' (1 — bg, —dp,)"*])

:<[SZ§=1 w;0p;° Sy3 jwidp; |: l_[(l —apg)*. 1 - l—[(l e )wjj|7
|:l_[(1—a/3 )wl_l_[(]_aﬁ_]_cﬁ_]) 7,

j=1 j=1

2 2

j=1 j=1

Thus, (10) holds for n = 2.
(2) If (10) holds for n =k, that is

HNULWA (81, B2, - .-, Br)

:<[szljle0ﬂ] Zjled,ﬂ] [ H(l—aﬁ s 1—]_[(1—bﬁ i,
k k
|:l—[(1 —ap)" — 1_[(1 —ap; —cp)™,

j=1 j=1

k k
l_[ (1 —bp)™ = l_[ (1 —bg; - dﬂf)wj]>.

j=1 j=1
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then, when n = k + 1, by the operational laws in Definition 4, we have

= <[SZI}1 wj@ﬂj+wk+19ﬂk+] s Szljc_:l wj‘/’ﬁj FWet 198, ]»

k k
[1 —[Ta—apg)™a—ap, ) 1=]a—bgp™1- bﬁkﬂ)wkﬂ],

J 1 j:l

k
|:l—[ (I— aﬂj)wj (I- a/3k+|)wk+1

j=1

k
- l_[ (I— agj — Cﬂj)wj (I —ag, — Cﬂk+|)wk+lv
j=1

k
[T =" (1= by "
j=1

k
- l—[ (I— bﬂj - dﬂj)wj(l - bﬂk+1 - dﬂk+|)wk+lj|>

j=1

k+1 k+1
_<[s ety ﬁ-*:w,-wj]’[l [Tat=apya=TT0 =t ]
J= J=

k+1 k+1
[H (1 —ap)™ — l_[ (1 —ap; —cp)",

j=1 j=1

k+1 k+1
[Ta—bsy ~[Ta-b, —dﬂf)Wj]>’

j=1 j=1

i.e. (10) holds forn =k + 1.
Therefore, (10) holds for all n € N, which completes the proof of Theorem 1. O

Theorem 2 (Properties of IIULWA). Let B; = ([Sgﬁj S, 1, [ag s b,gj], [c,gj , dﬂj])
(j=1,2,...,n) be a collection of IITULNs, and w = (w1, w3, ...,wn)T be the weight
vector of Bj (j =1,2,...,n), with w; € [0, 1] and Z'}:l w; =1, then the IULWA op-
erator has the following properties.

(1) (Idempotency):if Bj = B for all j, then TULWA (B1, B2, ..., Bn) = B.

(2) (Bm'mdary): mln{ﬁlv ﬁZa ] ﬂn} g IIULWAW(ﬁla ﬁZa ] ﬂn) g max{ﬂlv ﬁ27 ey
Bu}-

(3) (Monotonicity): if B < ,3;“ for all j, and ﬂ;‘ (j=1,2,...,n) is a collection of
HTULNs, then IULWAy (81, B2, . .., Bn) < TTULWAw (BT, B3, ..., Bi).
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DeriniTION 8. Let B = ([Seﬂj »Sgp, 1, [aﬂj, bﬂj], [Cﬂj,dﬂj]) (j=1,2,...,n) be a collec-
tion of IIULNs. An IIULOWA operator of dimension » is a mapping IULOWA: Q" — €,
that has an associated weight vector ® = (w1, w2, ..., a),,)T such that w; € [0, 1] and
27:1 w; = 1. Furthermore,

IMULOWA ,,(B1, B2, - - -, Bn) = 01 Br(1) @ @28:2) @ - - - @ wnBr(n)> (11)

where (7(1),7(2),...,7(n)) is a permutation of (1,2, ...,n) such that B;(;j_1) < B()
for all j. Especially, if @ = (1/n, 1/n, ..., 1/n)T, then the IULOWA operator is reduced
to the ITULAA operator.

Similar to Theorem 1, the following can be stated.

Theorem 3. Let B; = ([Seﬁj , s¢ﬁj], [a,gj, b/gj], [Cﬁj, dﬁj]) (j=1,2,...,n) beacollection
of ITULNSs, then

IIULOWAa)(ﬁl 9 ﬁ27 MR ﬁl’l)

B <[SZ'V;=] LT M “’-f‘pﬁr(j)]’
n n
[1 ~TTa-ap,p 1 -J]a- b,gr(,))‘”f}
j=1 j=1

n n
|:l_[ (1 —ap, ;)™ = l—[ (A —ap. = cpe)™
j=1

j=1

l_[ (1- bﬁrm)wj o l_[ (- bﬁrm o dﬁr<f'>)wj:|>’ (]2)

Jj=1 j=1

where w = (w1, w3, ..., a)n)T is the weight vector related to the IULOWA operator, with
w;j €0, 1] and Zr;:l wj =1, which can be determined similar to the OWA weights (Xu,
2005).

Theorem 4 (Properties of IULOWA). Let §; = <[S0ﬂj’s¢ﬁj]’ [aﬂj,bﬂj], [Cﬂj,dﬂj])
(j=1,2,...,n) be a collection of IIULNs, and @ = (w1, w3, . ..,a),,)T be the weight
vector related to the IULOWA operator, with wj € [0, 1] and 27:1 wj =1, then the
IIULOWA operator has the following properties.

(1) (dempotency):if Bj = B for all j, then IULOWA(B1, B2, ..., Bn) = B.

(2) (Bou”dary): mln{ﬁla ﬂZa MR ] ,Bn} < IIULOWAa)(ﬁla ﬁZa cey ,Bn) g max{ﬁla ﬂZa
RN} ﬁ}’l}'

(3) (Monotonicity): if B < ,3;“ for all j, and ,8;‘ (j=1,2,...,n) is a collection of
ITULNSs, then IULOWA, (B1, B2, - . ., Bn) <ITULOWA, (BT, B3, ..., By).
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(4) (Commutativity): if (51, ,32, R Bn) is any permutation of (B1, B2, ..., Bn), then
IIULOWA (B1, B2, - . ., Bn) = HULOWA (B, o, . . ., Bn).

From the above, it can be seen that the IULOWA operator has commutativity, whereas
the ITULWA operator does not have this property.

Apart from the properties outlined above, the IIULOWA operator has the following
desirable results.

Theorem 5. Let 8; = ([seﬂj , sd’ﬁ_,']’ [aﬂj, bﬂj], [Cﬂj, dﬂj]) (j=1,2,...,n) be a collec-
tion of IULNs, and ® = (w1, w2, . . ., a),,)T be the weight vector related to the IULOWA
operator, with w; € [0, 1] and 27:1 wj =1, then

(1) ifo=(1.0.....0)7, then TULOWA,(B1. Ba. ... fu) = max{B1. fo. ... fu}.

@ if0=(0.0..... 17, then TULOWAG(B1. fo. ... fu) = minly. fo. ... fu).

Q) ifwj =1, w; =0,i#j, and B(j is the jth largest of B; (i =1,2,...,n), then
IIULOWA, (B, B2, - -+ Bu) = Be(j)-

3.2. The IIULHA Operator

From Definitions 7 and 8, it is known that the IIULWA operator weights only the ITULNS,
whereas the IIULOWA operator weights only the ordered positions of the IIULNs. To
overcome this limitation, an IULHA operator is now developed, which weights both the
given ITULNs and their ordered positions.

DEeFINITION 9. Let 8 = ([Seﬂj S, 1, [a,gj, bﬁj], [Cﬁj,dﬁj]) (j=1,2,...,n) be acollec-
tion of IITULNs. An IIULHA operator of dimension 7 is a mapping IIULHA: Q" — €,

which has an associated vector @ = (w1, w2, . .., wy)T with w;j € [0, 1]and Z';zl wj=1,
such that
HULHAw,w(,Bl, ﬁZa cees /gn) = wllg;(l) ® 0)2,3;(2) D---D wnﬂ;(n)v (13)

where ,3;(].) is the jth largest of weighted IULNs (nwiB1, w282, ..., nw,By), W =
(wy, wg,...,w,,)T is the weight vector of 8; (j =1,2,...,n), with w; € [0, 1] and
27:1 w; =1, and n is the balancing coefficient.

Furthermore, similar to Theorem 1, we have

IIULHAW,w(ﬁla ﬁZa L) ﬂn)

= <[SZ;"=1 wjgﬁ’,(j) ’ SZ';=| wj¢;;/r(j)]’

n n
[1 Bl l_[ (I —ap ) 1= l_[ (1- bﬂ’r<j>)wj:|’
=1 =1
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n n
w;j @j
|:1_[ (I —ap ;)™ = l_[ (A —ap ;) = cpr)™
j=1 j=1

n

n
l_[ a _bﬁ’rm)wj -

j=1 j=

(I =bg ;) = dﬁ’r(.m)wj] > 4
1

Theorem 6. If @ = (1/n,1/n,...,1/n)T, then the IULHA operator is reduced to the
IIULWA operator.

Proof. f@= (1/n,1/n,...,1/n)T, then
HULHAw,w(ﬁl JBa o By) = 0)1,3;(1) @ CUZﬁ;(z) D---D wnﬁ;(n)
1
= (Bepo--op)

w11 SwBo® - B wyPn
ITULWAy, (B1, B2, - - -» Bn),

which completes the proof of Theorem 6. (I

Theorem 7. If w= (1/n,1/n,...,1/n)T, then the IULHA operator is reduced to the
IIULOWA operator.

Proof. w=(1/n,1/n,....,1/m)", then B = B;, j =1,2,...,n, thus

MULHAw,0(B1, B2, -+, Bn) = @1B(1) ® 02Br0) ® -+ D 0n By
o1B(1) ® w2B:2) B -+ B WnPr(n)
IMULOWA, (B1, B2, - .-, Bn)-

This completes the proof of Theorem 7. (]

From Theorems 6 and 7, it is known that the IULHA operator generalizes both the
ITULWA operator and the IIULOWA operator at the same time, and can reflect the impor-
tance degrees of both the given IIULNs and their ordered positions.

4. A Group Decision Making Method Based on the IIULWA and IIULHA
Operators

Consider a group decision making problem with interval-valued intuitionistic uncer-
tain linguistic information. Let A = {A1, A2, ..., A} be the set of alternatives, I =
{I, I, ..., I,} be the set of criteria, and w = (wy, wa, ..., wn)T be the weight vector of
I; (j=12,...,n)withw; >Oand2’}=1 wj=1.Let D={dy,ds, ...,d} bethe set of



534 X.-F. Wang et al.

decision-makers,and e = (e, e3, .. e,) be the weight vectorof dy (k= 1,2, ..., t) with
>0 and Zk 1 ex = 1. Suppose that ﬁ = {[so (k) , S (k)] [a ﬂ;]/_g, ﬂ(k)] [Cﬂ(k), ﬂ,.(]’.‘)D

ij

are the criterion values of the alternatives A; w1th respect to the criteria I; given by

the decision-makers dy (i = 1,2,...,m; j=1,2,...,n; k=1,2,...,1), and R® =

(ﬂi(j].())mx,,(k =1,2,...,t) are the decision matrices, where [sg R (k)] are the un-
ij ij

certain linguistic evaluation values of A; with respect to I; given by di, [a PICE b ﬂ_@]
and [c FIGE d ﬂ_@] indicate the degree of membership and the degree of non-membership

J
of A; to [SGﬁ(karﬁﬂ(k)] with respect to I; given by dy, respectively (i =1,2,...,m;

=12, mk=1,2,....0)

In the following steps, the [IIULWA and ITULHA operators are applied in order to
develop a group decision making approach, in which the criterion values take the form of
ITULNS and the criterion weight information is known completely.

Step 1. Normalize the decision matrices R® = (ﬁf}b)mxn to R® = (ijb)mx,, (k=

1.2,....1), where B = (80,080,001 100 bgm ). e dgoh (k= 1.2, ... ). For
/3 ﬁij ﬁij ﬁij

the benefit-type criteria, there is nothlng to do; for the cost-type criteria, the linguis-

tic negation operator s = neg(s and s = neg(s

0B 9(/3,-(]]-‘))) = Su-6(5) $ B ¢(ﬂ,-<,’-‘>)) -

21— (8™ is utilized to make the uncertain linguistic evaluation values normalized.
ij

Step 2. Utilize the [IULWA operator
2 (k k k 2k
B =IIULWA (B, BY . ... BY) (15)

to aggregate the criterion values of the line of the decision matrices R*®) = (,5 .U.‘))mxn (k=
1,2,...,1) and derive the individual overall values ﬂ( ) ([SQﬁ(k) 2 Sp (k)] [a (k), b ﬂm]
[czm,d ng)]) of the alternatives A; (i =1, 2, ..., m) given by the de01510n makers dry (k=
1,2,....0).

B
Step 3. Utilize the IULHA operator

Bi = IULHA (", B2, ..., B

= 0BT @B D) g gy, fLEO) (16)

to derive the collective overall values léi = ([seﬁ_ , s¢ﬁ_], [aB,_, bﬁf]’ [CB,_, dB,_]) of the al-

ternatives A; (i = 1,2,...,m), where v= (v, vy, .. vt) is the weighting vector of
the ITULHA operator with vx > 0 and Y j_, vk = 1 Bl — ([seﬁ,(r(,()),s(z7 ,(T(k))]

[a5{<r(k>),b5(<r(k>>], [cBg(r<k)>,ng(r<k)>]) is the kth largest of weighted IIULNs (tel,B( )

tez,él.(z), o te,Bl.(t)), (t(1),7(2),...,7(t)) is a permutation of (1,2, ...,1), and # is the
balancing coefficient.

Step 4. Utilize (6) to calculate the scores 4(f;) of the collective overall values B; of
the alternatives A; (i =1,2,...,m).
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Step 5. Rank all the alternatives A; (i = 1,2,...,m), and then select the best one
in accordance with h(Bi) (i=1,2,...,m) (if there is no difference between two scores
h(Bi) and h(,g,,), then it is necessary to calculate the accuracy degrees u(,B_,-) and u(,g,,)
of the collective overall values f; and p by using (7), and then rank the alternatives A;
and A, in accordance with the accuracy degrees u(,B_,-) and u(,B_ »))-

5. An Illustrative Example

Suppose that there is a risk investment company, which wants to invest a sum of money
in the best option. There is a panel with four alternative enterprises A; (i =1,2,3,4) in
which to invest the money: A is a computer company; A, is a car company; A3 is an arms
company; and A4 is a bicycle company. Three decision-makers dy (k = 1,2, 3), whose
weighting vector is e = (0.3, 0.4,0.3)7, will be completely responsible for this invest-
ment. In assessing the potential contribution of each enterprise, three factors are consid-
ered: profitability (/1), competitiveness (/2), and risk affordability (/3), whose weighting
vector is w = (0.3727, 0.3500, 0.2773)T, and the characteristic information of the alter-
natives A; (i = 1,2, 3, 4) with respect to the criteria I; (j =1, 2, 3) given by decision-
makers dj (k = 1,2, 3) are represented by the IIULNs ,3}]’.‘) (i=1,2,3,4,j=123,
k=1,2,3) listed in Tables 1, 2, and 3.

Table 1
Decision matrix R(D.

I I I3

(Is3. 551, [0.5,0.7], [0.2,0.3] (Iss. 561, [0.7,0.8], [0.1,0.2] (Is6. 571, [0.6,0.7], [0.1,0.2]
Ay (Ise. 571, [0.7,0.8], [0.2,0.2] (Iss. 561, [0.6,0.81, [0.1,0.1] (s4. 551, [0.7,0.81, [0.2,0.2]
(
(

[s5,s6], [0.5,0.8], [0.1,0.2] ([s5, 571, [0.6,0.7], [0.2,0.3] ([s5, sgl, [0.8,0.9], [0.1,0.1]

)
)
)
[s4, 5], [0.6,0.71, [0.1,0.2]) (Iss. 561, [0.7,0.91, [0.1,0.1] (Iss. 571, [0.6,0.71, [0.2,0.3]

) )
) )
) )
) )

Table 2
Decision matrix R®.
I I I3
Ay ([s4, 5], [0.8,0.9], [0.1,0.1]) ([s5, s, [0.6,0.7], [0.1,0.2]) ([s4, s51, [0.7,0.8], [0.1,0.2])
A ([s3, 541, [0.5,0.7], [0.1,0.2]) (Lss, 71, 10.5,0.7], [0.1,0.3] ) ([ss, 561, [0.8,0.9], [0.1,0.1])
A3 ([s4, s5], [0.6,0.7], [0.2,0.3]) ([s7, s8], [0.7,0.8], [0.1,0.2]) ([s5, 571, [0.6,0.7], [0.1,0.3])
Ay (Lss, 561, [0.7,0.8], [0.1,0.2]) (Ls4, 551, 10.8,0.9], [0.1,0.1]) ([s5, s71, [0.7,0.8], [0.1,0.2])
Table 3
Decision matrix R®.
I I 3
Ay ([54, 551, [0.6,0.7], [0.2,03]) (Is6, 571, [0.6,0.71, [0.2,03]) (Iss. 561, [0.8,0.91, [0.1,0.1])
Ay ([s3,54], [0.6,0.7], [0.1,0.2]) ([s5,s7], [0.7,0.8], [0.1,0.2]) ([s6, 571, [0.7,0.8], [0.1,0.2])
A3 (Iss, 561, [0.7,0.81, [0.2,0.2]) (Is7, sg], [0.8,0.9, [0.1,0.1]) (Iss. 71, [0.6,0.71, [0.1,0.3])
Ay ([s3,s5], [0.8,0.9], [0.1,0.1]) ([s5, s¢], [0.6,0.7], [0.1,0.2]) ([s¢, 571, [0.7,0.8], [0.2,0.2])
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To abtain the best investment enterprise using the developed approach, the following
steps are taken.

Step 1. Because all criteria I; (j =1, 2, 3) are of a benefit-type, their values need not
to be normalized.

Step 2. Utilize (15) to aggregate the criterion values of the line of the decision matrices
R® and derive the individual overall evaluation values ,Bi(k) of the alternatives A; (i =
1,2, 3, 4) given by the decision-makers dy (k =1, 2, 3):

[54.5319, 55.9046], [0.6069, 0.7397], [0.1327, 0.2603]),

B = ([55.0954, 5609541, [0.6682, 0.8000], [0.1849, 0.2000]),

= | )

= | )
BY = (55,0000, 5690461, [0.6413, 0.8098], [0.1450, 0.1902]),
BV = (Is4.6273, 5590461, [0.6383, 0.7958], [0.1291, 0.2042]),
B> = (543500, 5572271, [0.7148, 0.8220], [0.1072, 0.1780]),
B = (542546 5560461, [0.6122,0.7788], [0.1155,0.2212]),
B = (Is5.3273, 56,6046, [0.6383, 0.7397], [0.1379, 0.2603]),
B = (Is4.6500 5592731, [0.7397, 0.8431], [0.1034, 0.1569]),
B = ([s4.9773, 5597731, [0.6699, 0.7788], [0.1650, 0.2212]),
B = ([s45319, 5588191, [0.6660, 0.7674], [0.1013, 0.2326)),
B = (Is5.7000, 5697731, [0.7181, 0.8244], [0.1463, 0.1756]),
B = ([s4.5319, 559046, [0.7148, 0.8220], [0.1384, 0.1780]).

Step 3. Utilize (16) to aggregate the individual overall evaluation values g M > B; @ , ,31.(3)

and derive the collective overall evaluation values §; of the alternatives A; (i =1, 2, 3, 4),
where the weight vector of the IULHA operatoris v = (0.2429, 0.5142, 0.2429)7 | which
is determined by the weighting method based on normal distribution (Xu, 2005):

= ([s4.5621, $5.7250], [0.6613, 0.7758], [0.1429, 0.2242]),
= ([54.5889, $5.7403], [0.6417,0.7776], [0.1535, 0.2224])

= <[S4,4642, s5.7510], [0.6973, 0.8147],[0.1282, 0.1853]).

’

= ([55.2837, $6.6635], [0.6693, 0.7899], [0.1477,0.2101]

’

Step 4. Utilize (6) to calculate the scores h(S;) of the collective overall values ; of
the alternatives A; (i = 1,2, 3,4):

h(B1) =3.9478,  h(Ba) =3.9296,  h(B3) =4.6316,  h(Ba) =4.0842.
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Thus

h(B3) > h(B4) > h(B1) > h(B2).

Step 5. Rank all the alternatives A; (i = 1,2,3,4) in accordance with A(8;) (i =
1,2,3,4): A3 > As > A1 > Aj. Therefore, the best investment enterprise is A3.

For comparison purposes and for convenience, in the following steps, the IVIULWGA
and IVIULHG operators proposed by Liu (2013b) are used to solve the above group de-
cision making problem.

Step 1'. See step 1 above.

Step 2'. Utilize the IVIULWGA operator

B = IVIULWGA (8, B3, BY)
to aggregate the criterion values of the line of the decision matrices R and derive the
individual overall evaluation values ﬁ,.(k) of the alternatives A; (i =1, 2, 3, 4) given by the

decision-makers dj, (k =1, 2, 3):

B = ([s43475, 5585071, [0.5917,0.7335], [0.1387, 0.2388]),

)

BV = ([55.0305 56.0415], [0.6632, 0.8000], [0.1663, 0.1663]),
B = (15,0000, 56.8585], [0.6071, 0.7888], [0.1363, 0.2112]),
/6(1) ([s4.6010, 55.85071, [0.6333,0.7644], [0.1289, 0.1966]),
B = (543249, 5570421, [0.6971,0.7977], [0.1000, 0.1641]),
/6(2) ([54.1332, 8544441, [0.5696, 0.7505], [0.1000, 0.2112),
B = ([s5.1760» 6.4704], [0.6333,0.7335], [0.1387, 0.2665]),
B = (546244, 5587491, [0.7335,0.8337], [0.1000, 0.1663]),
/6(3) ([54.9042, 55,9166, [0.6498,0.7505], [0.1734, 0.2495]),
B = (543475, 5568221, [0.6609, 0.7612], [0.1000, 0.2000]),
,3“) (556249, 56.92541, [0.7028, 0.8034], [0.1387, 0.1966]),
/6 = ([54.3475. 55.8507], [0.6971,0.7977], [0.1289, 0.1641]).

Step 3'. Utilize the IVIULHG operator

’31, — IVIULHGe,v(ﬂI-(l), ﬂi@)’ ﬂl(3)) — (ﬂl_/(f(l)))vl ® (’3/('[(2)))”2 ® (ﬂl_/(f(3)))v3

1

to aggregate the individual overall evaluation values ﬂl.(l), ,31.(2), ﬂl.(3) and derive the col-

lective overall evaluation values §; of the alternatives A; (i =1, 2, 3, 4), where ﬁ; @(®) is
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the kth largest of the weighted ITULNs ((8'")1, (82)'2, (87)34), (z (1), 1(2), 7(3))
is a permutation of (1, 2, 3), and v = (0.2429,0.5142, 0.2429)7 is the weight vector of
IVIULHG operator:

B = ([s4.4104, 55.5646], [0.6574,0.7661], [0.1406, 0.2171]),
B2 = ([s4.4040, 55.5076], [0.6411,0.7815], [0.1288, 0.1830]),
B3 = ([55.1057, s6.4286], [0.6667, 0.7839], [0.1347, 0.2161]),
Ba = ([s4.3065, 55.58361, [0.6996, 0.8055], [0.1173,0.1679)]).

Step 4'. Utilize (6) to calculate the scores 4(B;) of the collective overall values B; of
the alternatives A; (i = 1,2, 3,4):

h(B1)=3.8228,  h(Ba) =3.8540,  h(B3) =4.4692,  h(Ba)=3.9806.

Thus

h(B3) > h(Bs) > h(B2) > h(B1).

Step 5'. Rank all the alternatives A; (i = 1,2, 3,4) in accordance with i(8;) (i =
1,2,3,4): A3 > A4 > Az > Aq. Thus, the best investment enterprise is A3.

From the above calculations, it can be seen that the most desirable investment enter-
prise is the same, but the ranking results of the last two positions has changed. The reason
for this is that the IIULWA and ITULHA operators focus on the impact of overall data,
whereas the IVIULWGA and IVIULHG operators highlight the role of individual data.

6. Conclusions

In this paper, some additive operational laws of ITULNs have been defined and based on
these, some new arithmetic aggregation operators, such as the IULWA, IIULOWA and
ITULHA operators have been proposed. Furthermore, various properties of these opera-
tors have been established. Moreover, it has been proved in the paper that the IULHA
operator overcomes some of the limitations of the IIULWA and IIULOWA operators. The
ITULWA operator weights only the IIULNs, whereas the IULOWA operator weights only
the ordered positions of the ITULNSs instead of weighting the IITULNs themselves, but the
ITULHA operator weights both the given IIULNs and their ordered positions, and gener-
alizes both the IIULWA operator and the IULOWA operator at the same time. Further-
more, based on the IULWA and IITULHA operators, a group decision making method with
interval-valued intuitionistic uncertain linguistic information has been developed, which
develops the theories of aggregation operators and linguistic multi-criteria group decision
making.
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Grupinio sprendimy priémimo poZiuris, paremtas intervaliniais
intuiciniais neapibréZztaisiais lingvistiniais kintamaisiais
Xin-Fan WANG, Jian-Qiang WANG, Wu-E. YANG

Siame straipsnyje nagrinéjamas grupinis sprendimy priémimas, kai kriterijy reikimés yra isreis-
kiamos intervaliniais intuiciniais neapibréZtaisiais lingvistiniais skaiciais (IINLS). ApibréZiamos
sudéties operacijos su IINLS. Taip pat pasitlyti tokie nauji aritmetiniai agregavimo operatoriai kaip
intervalinis intuicinis neapibréZtasis lingvistinis svertinis vidurkis (IINLSV), intervalinis intuicinis
neapibréZtasis lingvistinis sutvarkytasis svertinis vidurkis (IINLSSV), intervalinis intuicinis neapi-
bréZtasis lingvistinis hibridinis vidurkis (IINLHV). Pasiulyti vidurkiai remiasi apibréZtomis ope-
racijomis. Pasitlytas grupinio sprendimy priémimo metodas, kuriame taikomi IINLSV ir INLHV
operatoriai. Pateikiamas metodo taikymo pavyzdys.



