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MODEL ORDER DETERMINATION
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Abstract. In the previous paper (Pupeikis, 1990) the problem of model
order determination in the presence of outliers in observations has been con-
sidered by means of introducing robust analogues of the sample covariance and
cross-covariance functions instead of the respective classical function meanings
used in the determinant ratio test. The aim of the given paper is the develop-
ment of statistical hypothesis-testing procedures for determination of the model
order of dynamic opjects, described by linear difference equations. The results of
numerical simulat!(ons by computer (Table 1) show the efﬁciex_lcy of the proposed
statistical procediires for determining the model order by input-output data in
the presence of outliers in observations.
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1. Statement of the problem. The larger the number of
model parameters, subject to estimating, the more coniplicated the
model itselfs and the greater the amount of calculations required
for object identification. On the other hand, it is known (Isermann,
1980) that an increase in the model order not always guarantees the
improvement of a mathematical description of the object processes.
That is why there appears the problem of a significance of separate
parameters or their sets under outliers in observations. Robust
inference methods, based on the application of statistical decision
rules and hypothesis-testing procedures can be used here.

Consider a single input z; and singlé output u; of a linear
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discrete-time system, described by the linear difference equation

2

N4+ A Yue = B(z™ Dz + &, (1)

where

Az D =aiz7 4. .+ apz™?,
Bz =biz7 4 .. +byz" (2

are polynomials;

a¥ =(ay,...,an), B =(b1,...,bs), cF =(@T,eT)  (3)

are object parameters, subject to the estimation; z~! is a backward
shift operator; zx, ux = y; + £} are input and output sequences of
the mentioned object; y; is a noiseless sequence of the same object;

& ={1—7e)ve + 1k (4)

is the sequence of independent identically distributed variables with
an ¢ — contaminated distribution of the shape

P(&) = (1= )N(0,6]) +eN(0,03), . (5)

p(€:) is a probability density distribution of the sequence &;; 7 is a
random variable, taking values 0 or 1 in the probabilities p(y; = 1) =
g, p{7 = 0) = 1 — ¢, v, ;i are sequences of independent Gaussian
variables with zero means, and variances ¢?, o2, respectively;

G=11+AE] (6)

is the sequence of correlated noise, acting the output of the model.

It is assumed that the roots of A(z~1) are outside the unit circle
of the z=! — plane. The input signal z; is a persistent excitation
of arbitrary order. The true orders of the polynomials A(z~*) and
B{z~') are unknown beforehand and are subject to the determina-
tion by processing of the input-output data.



90 Model order determination

2. Model order determination in the absence of out-
liers in observations. Suppose that ¢ = 0 in equation (5), there-
fore p(&x) = N(0,c2). In this case to test if a decrease of the loss
funciion V(n) is significant when the order of model (1) is increased
from n = n, to n = ny the test quantity

F - V(nl) - V(Tlg) § — (2n2 + 1)
ni,ng (le) 2(112 — nl)

is used with the asymptotic distribution Fy(n,—n,)s~(2n241) (Astrém
and Eykhoff, 1971). In equation (7)

V(n) = e (n)e(m) = (s = n1)o?,

V(ng) = & (n2)é(ny) = (s — ng)o? (8)

are loss functions and

eT(n1)= (e1,---,€s),
&7 (ny) = (61,...,&;) (9)

¥
are the equatipn errors or residual sequences of the applied param-

eter estimatign method, using the same input-output data (Iser-
mann, 1980); s is sample size; o2, o7 are variances of sequences (9),
respectively.
~ This test is'based on the statistical independence of V(n,) and
V(ni)—V(n2), which for normal residuals have x2? distributions, and
s —(2n; + 1) and 2(ny — ny) degrees of freedom, respectively. Thus,
we calculate the test quantity (7) using the loss functions V(ni)
and V(n,) and at the risk level o« we choose n = ny, if F;, »n, < Fo,
where F, can be taken from the tabulated F distribution.

It is known (Soderstrém, 1977), that some other order test
statistics, based on the loss functions, have been worked out, too.

3. Model order determination only under very large
outliers in observations. It was assumed earlier that in equation
(5) € = 0. Now let us consider such a case when this assumption
is invalid. Then the statistical decision rule, based on the test
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quantity (7), for small sample size becomes of little use, since it is
not robust even for small departures of p(¢;) from the normality.
In this case it should be noted that non-normality essentially arises
from the tails and if the extreme observations are censored, then
there is hardly any difference between a normal sample and the
uon-normal one, and in that situation whatever is good for normal
samples it is automatically good for non-normal ones too (Tiku,
Tan and Balakrishnan, 1986). That is why in such a case the
hypothesis-testing procedure of the form

_VH(m) = V*(n2) s—(2n5+1)

* = 10
Fnl’”’ V*(nz) 2("2 - nl) ( )
based on the classical F - test and censored samples
€1)€(2)s > €(s=ra); €O E2) s Eamryy o (1D)
can be used.
Here )
V*(n1) = €l (m1)ea(n1) = (s = my)ol,, (12)

lV*(nz) - Ez‘(ng)é,,(ng) = (s - ng)dg‘
are loss functions and
el (1) = (eqys---r€(smrn)y  Ex(n2) = (Eays---r€ry))  (13)

are the remaining equation errors of size s — ro and s = rj after
censoring the r, and 73 numbers of very large outliers in the ini-
tial samples e;,ez,...,e, and &;,€,,...,&,, respectively. In addition

€1y L e@) S-S €uory)y 1) SE) <o S Ery);

e ™ €e =™ )

2/A(A-1)

B= r202(e(s-rg) - K)a B. = r;a;(e(l—r;) - K*)’ (15)

2 /A(A - 1)

g-r2 s~r3 N _
_Z euy + TZﬁZC(:—rQ) Z €u) + rzﬂ;e(,_,;)
K = izl , K.. = i=1 : , (16)

m m
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where as, o} and B, B3 are tabulated values, which depend on
g =r2/s and ¢* = r3/s (Tiku, Tan and Balakrishnan, 1986);

m=s—ry+rfs, m.=s-r3+730, (17)

A=s5-ry, A.=s-15 (18)

$—=r2

C= Z 6(2‘-) + rzﬁze%:_,z) - sz,
i=1 (19)

s—r3
C.= Z 5&) + rgﬁzea_r;) - mK?2.
i=1
Thus we calculate test quantity (10) using the loss functions
V*(n;) and V*(n,) and at the risk level o we choose n = n; if F;, ,, <
F4. On the other hand large values of F¥ . lead us to the rejection
of it.

1,2

4. Model order determination in the presence of very
large and very small outliers in observations. Let us assume
now, that in a fandom sample there appear observations not only
with very large but also with very small meanings. In this case
the initial samples e),es,...,¢, and &8s, ...,€, of size s ought to be
arranged in ascending order of their magnitude in such a way

ey ey oo S ey, 1) S &2y <ok S &) (20)

Afterwards the smallest observations r; and r* and the largest
ones r; and rj in random sequences (20) will be rejected. Then
the remaining observations of sizes s — r; — r and s — r} —r} after
censoring the mentioned observations are

€(r141):€(r142)1 - - -1 €(a=ra)s
and

E(r;+1)’é(r;+2)r--'aé(s-—r;): - (21)

respectively.
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»  Therefore, equations (15) — (19) will be transformed into the
formulas :

B = ryas(e(sr,) — K) = ryoa{e(r, 41) — K),

x kg~ CN TR '3 (22)
B. = rja3(E—rs) — K’f) - 7‘101(6(.-;.4.1) - K.),
s—rg
2 ey +ribier 1) + r2B2€(s—ry)
t=r;+1
K= ,
i (23)
X &y FriBiEpriny FriBie(sry)
» iz=ri 41
K, = ,
m. :

where a3, az, and o}, o3, Bi, S and B, B3 are tabulated values,
depending on ry, ry, r} and r}; '

m=s—ri—ra+rf1+rfs, Mme=s—r]—r3+718 +1306;, (24)

A=S"'7’1—r2, A*-‘:S—T’;"Ta, (25)

Ll i)

= Z e(zi) + Tlﬂle?f;-&-l) + 7'2[328?3_;2) - mK?2,

i=r;+1

$—1r3 (26)
2
Com D2 &yt 118l + 3858y = mEL,
i=rj+1 '

It should be mentioned that the meanings of ry,r} and ra, 73
can be chosen according to Tiku, Tan and Balakrishnan, (1986).

5. Simulation results. The efficiency of the F — test statistics
was investigated with the help of numerical simulation by IBM
PC/AT. The noiseless sequence y; was generated by the equation

2714 0.5272 —_—
T—15:-1407-2°% k=1,100 (27)

Y =

taken from the paper (Astrém and Eykhoff 1971).
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The realizations of independent Gaussian variables ; with zero
mean and unitary dispersion and the sequences of the first and
second order AR models of the form

2 = 0.9z + 0.43(k, (28)

Ty = 2p—1 —0.525-2+ (i (29)

were used as the input sequence z}. The realization of the discrete
AR process was generated as the additive noise according to equa-
tion (6), where

A(z71y = -1.5271 4+ 0.7272, (30)

& is a sequence of independent identically distributed variables of
shape (4) with the ¢ - contaminated distribution (5) and ¢? = 1,
¢% = 100. 10 experiments with different realizations of the noise &}
were carried out at the noise level A = oZ /o2 = (0.5;1.0). In each
i-th experiment five different orders models of the form

up = bizroy + dyue_y + Ek, (31)
2 2 -
up = Ebjxk-j + Z&Jﬂk-;’ + &, (32)
j=1 j=1
3 3
CUup = ijxk—j + Z&juk—j + &, T (33)
j=1 ji=1
4 4
up = bz + > ajup; + &, (34)
i=1 ij=1
5 . 5 ‘
up = ij‘tk—j + Z&juk—j + &k, (35)

j=1 j=1

were used, where the estimates of parameters of the abovemen-
tioned models were obtained using the least squares formulas:

$=80 ‘1:=80‘ . .
é = { > 991:90{} > orur. (36)

k=t k=t
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Here T = (a7, §7),
aT = (ay,...,8n)s, 0T = (by,...,bn), (37)

are model parameters estimates, whereas n=1,t=2,n=2,1=3;
n=3t=4n=4,t=5 n=735,t =6 for equations (31) - (35),
respectively;

Pr = ("Uk,.---»"uk-f-l—-ml'kaw-y$k+1—n)T (38)

is the vector of s observations of input z; and output ug.

Then for n = 1,5 the test quantities (10) were calculated using
formulas (22) - (26) and s =80, ry = ro =1} =13 =5, a1 = @z =
al =a03=025 0 =F=0f=0; =09, e=0.5.

Table 1 illustrates the averaged by 10 experiments variables

(10) according to
10

— 1

muna = 75 2 Faina (39)
i=1
for different ny,n, and their confidence intervals A, obtained by the
formula s
Fe v »
A= +t, 7 | (40)
and calculated for different inputs.

Here 6p. is the estimate of the variance op», a = 0.05 is the
significance level; to, = 2.26 is the 100(1 — @)% point of Students t
distribution with v = L—1 degrees of freedom; L = 10 is the number
of the experiments. ‘

In this conection the first line of each column for different ny, n2
corresponds to the Gaussian process, the second and third lines -
to the AR processes (28) and (29) at the input, respectively. It fol-
lows from the simulation results, presented here, that for different
inputs and the same ny, n, the accuracy of the averaged values (39)
will be different. On the other hand, the accuracy of the above-
mentioned values for the same input depends on the value of A.
It also follows, that the averaged test quantity f":,h,,, for different

inputs first decreases significantly and then slightly changes. The
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Table 1. Averaged values (39) and their confidence intervals

Model order determination

(40) depending on n; and n, for different A

Fo ny, n,

(Fr o, £A) for A=05 (F, . +4)for A=10

29.03 £ 2.99 24.13+2.29
2.49 1,2 23.33+2.05 18.33 +£2.07
21.25+ 3.00 17.71£2.51
0.96 + 0.52 0.30 £0.39
2,3 0.48 £ 0.54 0.48 £ 0.54
1.04+0.54 0.44 £ 0.56

0.74+0.34 1.06 £0.32
3,4 -0.22£0.16 0.90 £0.37
0.29+0.26 0.20 +0.26
: 1.48+£0.27 1.28 £0.43
2.53 4,5 © —0.08 £0.37 —0.49 £+ 0.42
0.48 £0.41 0.71 £ 0.41

estimates of the model order are found n = 2 because F, 3 and ?;’4,
—f;,s do not differ significantly.

6. Conclusions. The results of numerical simulation, carried
out by computer, prove the efficiency of robust hypothesis-testing
procedures (10) calculated on the basis of the classical test quantity
(7) with the asymptotic F distribution and equations (22) - (26),
used in the presence of outliers in observations.
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