INFORMATICA, 1990, Vol.1, No.1, 059-070

MINIMIZATION ALGORITHM IN THE
PRESENCE OF RANDOM NOISE

Aldona KATKAUSKAITE

Institute of Mathematics and Cybernetics,
Lithuanian Academy of Sciences,
232600 Vilnius, Akademijos St.4, Lithuania

Abstract. In this paper the problem of optimization of mul-
tivariate multimodal functions observed with random error is con-
sidered. Using the random function for a statistical model of the
objective function the minimization procedure is suggested. This
algorithm is convergent on a discrete set. To avoid computational
difficulties, the modified algorithm is defined by substituting the
parameters of minimization procedure by their estimates.
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1. Introduction. Formulation of problem. The ne-
cessity of global optimization in the presence of noise is very
common in different applications (identification, adaptation
etc.). To solve such problems,a multimodal generalization of
the stochastic optimization algorithm was proposed. However,
its efficiency depends very much on a heuristic choice of many.
parameters. To avoid this, the axiomatic approach for the
construction of rational statistical models and optimization
algorithms, suggested by Zilinskas (1986), seems prospective.
The main idea of the proposed approach is to formulate some
simple rational assumptions on available information, imply-
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ing the structure of statistical model and optimization algo-
rithm. In the papers of Zilinskas, Katkauskaité (1987) and
Zilinskas et al. (1987) this idea was applied to solve the more
complicated problem of global minimization in the presence of
noise. It may be described as follows below.

Let the unknown continuous function f(r), + € A C R"
be minimized, when the only objective information on this
function is noisy observations z; = f(z;) +¢;, i = 1.%, where
¢;—independent Gaussian randorm variables. Als; = 0, Ds; =
= 02, i = 1, k. The objective and subjective information on
the objective function f(-) may be formalized by simple ra-
tional axioms similar to the axioms of Zilinskas (1986) for the
case of exact observations. It may be supposed that the min-
imal considerable a priori information on f(-) contains the
possibility to compare any two intervals of the values f(x) ac-
cording to their likelihood. So a certain binary relation may
be defined,which implies the existence of a family of random
variables £(z), ¢ € A, compatible with this relation. Conse-
quently, {(x) may be accepted for a statistical model of f(-).
Finally, a minimization procedure may be defined as a ratio-
nal choice of the current evaluation of f(-) or, according to
the suggested model. as a choice of a certain random variable
from the family £(x), x € A. It is shown in Zilinskas (1986),
that the rationality is compatible with a certain utility funec-
tion and, in particular, the minimization algorithm may be
described by the following relations:

Tp4y = arg 1}21& Jl{ min(y,x. () /E(xs) + &5 = 2,
i =1k}, (1)

Yok = 1.1121\1 \‘[{6(1)/6(1,) 4=, 0= i_f},

where £(.0) o Gausslan random funetion. M) = (.
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The computational realization of the suggested algorithm
is rather complicated from the computational point of view, be-
cause of a matrix inversion procedure appearing in the evalu-
ations of parameters of the algorithm (1)-a conditional mean
value and a conditional variance. The computational difficul-
ties may be reduced by substituting the parameters by their
estimates. The minimization procedure may also be simpli-
fied by solving the problem on a discrete set, i.e., finding

min f(z),where A = {a;,i = 1,L}, a; = (a},...,al)-a site of
TE€EA

n-dimensional lattice ;1; C A. In this paper the convergence of
algorithm (1) on a set A is proved and the estimates of param-
eters are suggested to construct the modified algorithm. Note
that a particular one-dimensional version of the algorithm (1)
is considered by Zilinskas (1986), using the Wiener process as
a statistical model of the objective function.

2. Convergence of the minimization algorithm.
First of all, consider the asympthotic properties of the pa-
rameters of the algorithm (1)-a conditional mean value and a
conditional variance:

(e, wiyz0i = L) = M{E(e)/€(:) + & = =0, i = LK),
Sk(‘T? l‘,‘,Z,‘,i = 17 k) = M{(f(l‘) — TIZ.k(;T., X4, zi,i = ].,—L))2/
JE(zi) + e =z, i =1,k}.
Let a continuous Gaussian function £(z), * € R" for a

statistical model of f(-) be chosen. Denote n(z;) = §(zi)+
+ei, 1 =1,k, MP*-a determinant of the covariance matrix of

the vector (£(z), 1(e1)s. - 1(2k)), 700 = ME@)E(2), roi =
= M&(z){(x;), rij = ME(x;)E(x;), Mé"j_the cofactor of
the element ro; of M*. Let M* be positively definite. It is
well known that for Gaussian variables

k
my(z, zi, 2,0 =1,k) = wa(ur,wj,j =1,k)z, (2)
i=1
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sk(z, x4, 20,0 = 1,k) = sp(z, 24,0 = 1,k) =

k
= Too — Zu’ik(xa:l’jvj :m;)TOia (3)
=1
where .
o Mk
wf(l?,(l:],] = lvk) = —ﬂ—%—'
00

Denote X* = {z;,i = 1,k}, I]'-c - a set of indices of
the observations performed at the point aj, n;‘ - a number of
indices belonging to I Jk It is easy to check that under the

assumptions min nf > 0, z,z; € ;1\, the following relations

i=1,L
are true:
L 7L
_ - ME
. —~ ~ - 01 ~
my(z, zi, 25,1 = 1,k) = my(z,a:,%;,0 =1,L) = — Z = "Zi,
=1 ]\/{00
L —~
- - ML
. ~ . ~ 07 ~
sip(z, 5,1 =1,k) =5k(x,a;,0 =1,L) = Too + Z x;’roz',

where z; = L,, 3 zj, To; = ME(x)E(aj), Tij = ME(ai)é(aj),

]\701; - the cofactor of the element 7y; in M L

Too To1 ) roz ToL
o~ o~ U o~ ~~
= o T+ -x Tiz - TiL
ML = i
{TLo TL1 rLz - TLL+ nE

It is easy to prove

Lemma. If nf — oo, k¥ — oo,then My(a;,a;j, 55,7 =
=1,L) — f(a;) in probability, si(a;,aj,j =1,L) — 0.
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Further we'll consider the convergence of the minimiza-
tion algorithm taking a more general form than (1):

k41 = arg max M {ug(é())/n(z:) = zi, i = 1k},
Yor = mi%]\l{ﬁ(w)/n(x,-) =2z 1 = 1,k},
z€

where the utility function ux(y) is continuous and nonincreas-
ing in the neighbourhood of yox and equal to zero for
Yy > yor; ukr(y) is finitely integrable with respect to a stan-
dard Gaussian distribution.

Theorem 1. Let the function f(-) be minimized by the
algorithm (4) under the assumptions presented above. Then

Yok converges to min f(z) in probability as & — oo.
TEA

Proof. Denote I* = {j : a; € X*} (ie., I*-a set of
indices of the points belonging to A at which at least one
observation is performed), Ly = card I*. Then for any z € A

rﬁk(w,ai,%,é € Ik) = Z {U\f(xa)(f(ai)+ ;1% Z €]')

i€I* b jEIf

and, consequently,

st )| < 3 [oten | {mag e

1
+ max | — :-:j‘}. (5)
pel* Iny ]%
Note, that the random value { = max I Y & is
S i

b jErf
bounded in probability by a certain constant independent of
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k,i.e., for all k large enough and for any A > 0 there exists a
number ca > 0, such that

Z€j|<cA}>1——A. (6)
jert

1]

1
P{max—;
i€I* n;

1

It may be shown that the inequality ( < ca yields

mir’}nfc — o0 as k — oo. Indeed, let it be just the con-
iel*

trary: ( < ca and there exists the point a, € ;1\, such that

klim n¥ < co. Let us consider two cases: nF > 0 and n* = 0.
—0Q

Since for Gaussian variables £(z),e;, ¢ = 1,k

Si(ar,) = M{er) = Y wh(ar, In;} =

j=1,k
2
= M{t(a) = 3 Bi(ar, (@)} + (q)
JEI*
1 2
+]W{ Z ﬁwf(ar,-) Zei} ,
jerx J i€lf
for nk > 0 (ie. r € I¥)
o2
sk(ar,+) 2 (ﬁ?f(ar, : ))2_k (8)

ny

Considering that MLk is of a finite dimension (L < L)
for ¥ — oo and is positively definite, it is easy to show that
o (ar,-) = ——%%ﬂ; > ¢y > 0, ¢y being a certain constant

00

independent of k. Consequently, by (8) for n* > 0

O
Gl\‘i

gk(araajvj € Ik) = 0'2 =c; > 0. (9)

3
N &
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Let n¥ = 0 (i.e,, at the point a, no observation is per-
formed). Taking into account (7), we get

Si(ar) > M{E(ar) — 3 Dh(ar )ela))}

JEI®

mm M{{(ar) - E b; f(a])} = M {£(a,) — Z b*f(aJ)}

JEI* JEI*
It is known that for Gaussian variables £(a;), @ € I¥,
7Lk
b; = -—zlk—,where M o; is a cofactor of the element in the

zeroth row and the j-th column of the covanance matrix of the

vector (£(ar),€(a;j),j € I¥). Denote by M"* the determinant
of this matrix. Then

2 _ML"
M{t(a,) = > b¢(aj)} = =
jer Mg

It may be shown that %—;—:— is bounded from the below by

a constant ¢, > 0 independeno’g of k. Hence,
Sk(ar,aj,§ € IF) > co. (10)
Further, according to the procedure (4), we have
M{uk(ﬁ(ar))/n(w )=zi,i=1k}=

_ \727:=A“1(—=) 4 . {_(y - Aﬁz;() )2 } 4y -

+o0

1 = . —2
=5 uk(ty/Sk(ar, - ) + Mi(ar,-)) exp{—z—}dt-
' —o0
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Consequently, Uy, is a nondecreasing function of 5i(ar, - )
and a nonincreasing function of m(a,,-). By this and (9),
(10),we get

+oo
C( 42
Ukr 2 517; / ur(t\/cs + Da)exp {—;—} dt=6>0, (11)

where ¢, = min{ej,c2}, Da is a certain constant for which

|7k (ar, )| < max|f(z)| + ca = Da with probability exceed-
€A

ing (1 —A).

On the other hand, if ¥ — oo,then there exists at least
one point a; for which n¥ — oco. Therefore, as it follows by
Lemma, Si(a;,-) — 0 as k — oo and, consequently, Uy < §
for all k large enough. But if (11) is held,then, according to
the definition of algorithm (4), inequality Uy, < 6 is possible
only for bounded nf The obtained contradiction shows that
the assumption kl'i)ngo nk < oo, yielding ( 11), is incorrect.

Now it will be shown that if n¥ — co,then @F(a;,-) — 1,
while ﬂ?}“(ai, -) — 0 for j # i. Indeed, denoting by ﬁ(ﬁ)"(i) the
cofactor of the element in the i~th row and the i~th column of
ME: | we get ]\/I'(,Li’c = M({“O" - ;—:Molak'l (7) for roo = ri. Hence,

_ ME o ML (i
wf(a,-,-) = ——‘"A(Zk =1- —;——/OELE ) — 1, k — oo.
My, n; My

Analogously, it may be shown that ﬁ?f(a,-,') — 0 as
k' — oo for j # i¢. Thus, for all k& > Ka, large enough

min ©%(a;,-) > 1 — A; with probability exceeding (1-A).
i=1,Lz

Following the ideas used to prove the theorem 5.4 in Zilinskas
(1986), it may be shown that for any a; € 4 and k > K (A, 61)
|mr(ai, ) — f(a;)] < 8 with probability exceeding (1 — A).
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The latter inequality implies P{|yox —min f(z)| <61} — 0 as
z€A
k — oco. The theorem is proved.

3. Construction of the modified algorithm. As
mentioned above, a minimization algorithm (1) is rather com-
plicated from the computational point of view because of a
matrix inversion procedure. To avoid these difficulties, the
more simple formulae of the parameters my, sy may be used.
A theoretical support for such a substitution follows from the
axioms, basing the statistical model, presented in Zilinskas,
Katkauskaité (1987) and Zilinskas et al. (1987). Some axioms
imply the formula of a mean value (2). Refusing of them (no-
tice, that they are less justified), one can get a more simple
expression than (2)-the weighted mean extrapolator

k
mZ(w,xiaziai=ﬁ)=zvf(waxjaj=1—az)zi, (12)
=1

where v¥(z, - )-continuous weight functions, satisfying the fol-
lowing conditions:

k
Cl Y vi(z,z;,j =1,k) =1,
i=1
C2. vf(x,:vl,...,wk)=v;f(x,xl,...,xj_l,atz,xjH,...,xl_l,
TjyTip1y-->2k),p=1 forj#4l#up=j fori=1
p=1fori=7j.

The additional assumptions imply a more specific form
of weight functions (see Katkauskaité, 1986):

di(z, z;) :

1Lk) = —
Y di(z, z;)
i=1

—k .
vi (7,25,



68 Minimization algorithm

where di(z, z;) are the monotonically decreasing functions of
|x — z;|. Further the extrapolator mj(z, ) will be considered

for which
di(z,2i) = (|2 — 2]+ ex) ™', 1> n, e > 0. (13)

The extrapolator mj(z,-) generalizes the well known
Shepard’s formula applied in the extrapolation under exact
observations. (see Shepard, 1965; Farwig, 1986; Frank, 1982).

For the estimate of a conditional variance s the following
formula will be used

k
Si(z,zi,i =1,k) =rgp — Zﬁf(x,q,j =1,k)roi »

i=1

introduced in Zilinskas, Katkauskaité (1987) and Zilinskas et
al. (1987).

Consider the asymptotic properties of mi(z,-),sk(z, )
on a discrete set A.

Theorem 2. If ¢ — 0,nf — o0,i =1,L when k —
then for any a; € Aand z; € A,j = 1,k

my(a;, 5,25, = 1,_k) — f(a;) (mod P),
St(a, 257 = 1,F) = 0.

Proof. Really, if ¢4 — 0,n¥ — o0,i = 1, L,then by the
law of large numbers it follows that

—1
(lai — z;| + cx) Y

k T
1Y (lai — 2p| + )™

r=1
Ck

=[n5°+ > (la—_%f'i— IJ IZZJ??

Tp#ag jEIf
z,exk

k
my(ai,zj,25,j = 1,k) = Z
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+ Z (Jai — zj| + cx) ™

zj —
zj#ag Z (Ia'z - mP' + ck)_l ’

z;exk TpEXE

— f(ai) + ;1,; Y ej = f(ai) (mod P).

vojert

Analogously, as rgg = r;; ,then

si(ai 2, =T R) =ris— Y Oh(ai, 25,5 =1L, k)rip =
T, €XF
=ri(1— nfﬁf(ai,lj,j = ﬁ)—
—k . —
- Z vp(aiaxjaj :1,’6)7’,’},.
zp€EXk
Tp#ag

Further, since under the assumptions of the theorem
o¥(ai,r) — -ik—,ig(a,-,-) — 0 for z, # a;,then 33(a;,-) —
—0, k- oo. The theorem is proved.

Substituting the parameters my, sy of the algorithm (1)
by their estimates m}, 3% ,one can get the modified algorithm.
Due to Lemma and Theorems 1 and 2, the latter algorithm is

convergent in probability on a discrete set A.
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