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Abstract. This paper is devoted to the construction and in-
vestigation of difference schemes for the solution of one-dimensional
parabolic problems with non-classical boundary conditions. The
stability of schemes and the convergence of a numerical solution is
proved in the norms L, and C.
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Introduction. Boundary value differential problems
with non-local conditions arise in various fields of natural sci-
ences. Bitsadze and Samarskij (1969) proposed and investi-
gated a boundary value problem, where the value of the solu-
tion on the boundary is connected with the value of the same
solution at the interior points of the domain. Numerical meth-
ods for the solution of this problem are proposed by Gordeziani
(1981), Iliin and Moiseev (1986). An important class of prob-
lems deals with the solution of boundary value problems for
the heat conduction equation, where one boundary condition
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is replaced by a non-local integral condition
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where u(z, t) is an unknown solution of the boundary problem.
The solvability of such problems is investigated by Kaminin
(1964), Jonkin (1977a, 1979), the difference schemes for the
numerical solution are proposed by Jonkin (1977b), Ciegis
(1984). New necessary and sufficient conditions for the ex-
istence of the solution of boundary value elliptic problems
with non-local boundary conditions are given, and econom-
ical numerical methods are proposed by Sapagovas and Ciegis
(1987a, 1987b). A singularly perturbed non-local problem is
examined and a uniformly second order accuracy finite ele-
ment scheme is proposed by Ciegis (1988).

The present paper deals with the investigation of stability
and convergence in L; and C norm of some difference schemes
for the heat conduction problem with a non-local boundary
condition.

1. Equations. We start from the heat conduction prob-
lem with non-local boundary conditions

o = o (M) — g(atyulz, ) + f@t),  (LD)
0 < ko < k(z,t) < Ky, q(z,t) >0,

u(z,0) = uo(2), (1.2)

u(0,£) = ua(t), (1.3)

k(1,t)%;i(1,t) = K0, t)g%(o,t). (1.4)
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If k(z,t) =1, ¢(z,t) = 0, then the convergence of the differ-
ence solution in C and W, norms is proved by Jonkin and
Siedov (1982). A new method for the investigation of the sta-
bility of implicit difference schemes for the problem (1.1)—(1.4)
is proposed by Jonkin and Furletov (1990). The convergence
of a discrete solution in €' norm is proved by them for the
problems with the coefficients, that satisfy the auxiliary con-
ditions k() = k(1 — ), ¢(z) = ¢(1 — z), f(z) = f(1 —z), and
the mesh used in their paper is supposed to be uniform.

For the sake of simplicity at first we take the uniform
mesh w = wj X wr, too. An implicit difference scheme is
constructed for the solution of problem (1.1)-(1.4)

w,.={t=tj, tj=(j—1)7', t0=0, tm=T}, )

wp = {J; ='a,‘,', Ti = Tj—1 +h, ) =07 IL'N=1}7

7—y

— = (a¥z)z — di¥i + i, | (1.5)
v = uo(zi), | (1.6)
Yo = wa(t;), (1.7)

anyz N+ '2'(yt,N +dnYn — PN) = a1z

h . N
- §(yt,0 + doYo — o)- (1.8)

The notations and conventions here adopted are as introduced
by Samarskij (1983)

y =y(®i, t5), ¥=y(zitj41), ye =G —y)/7,
Zi+ T .

a; = k('*z—Jri,tj+1), di = g(zi, tj41), i = f(zi,tj41).
The realization of a one time of the difference scheme
(1.5)~(1.8) is economically performed by a modified factor-
ization algorithm (see Ciegis, 1984)

G adit By i=ONTT, ao=1, fo=Uiltinn)
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_ 37:‘ = CigN + di, CN-1 = QN-1, dN—l = :BN—17
Ci = Q;Ci+1, di=Bi+a;d;t=N—-2,1,

and Y is determined from the boundary condition (2.8).

2. Stability and convergence. At first the stability of
the difference scheme (1.4)—(1.8') is investigated. A new term
gn is added to the boundary condition (1.8) (we have gy =0
for the exact scheme (1.5)—(1.8))

Do | >

- h R R .
aN Yz, Nt 5 (YyeN+ANYN —oN) = 01 Uz1 — (1.8")

“(yt,0 + do Yo — o) + gN-

This has enabled us to prove the boundary condition sta-
bility of the difference scheme (1.5)—(1.8), too. It is sufficient
to investigate the homogeneous boundary condition (1.7)

Jo = 0. (1.7

- Theorem 2.1. The difference scheme (1.5)—(1.8') is sta-
ble in L, norm and the following estimation is valid for the
solution of the scheme

N-1

. . k k

(el < el +; e, (32 Mgt +1o*w), - 21)
1=

where the notation of a discrete L; norm is used

N-1
lylls = > hlyil +0,5hlyn]

i=1
Proof. We may write the scheme (1.5)-(1.8") in the form

AY =F
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where matrix A is of the form

Cy —b2 0 0 0
—bz Cy . —b3 0 0
A=l or o
0 0 0 ce.. CN-—1 —bN
—b 0 0 ... =bn CN
ci=bi +biy1 +7di+1, bi=%ai,i=0,—N———1,

cn=bny+0,57dy+0,5, F;=y;+ 7o,
T
FN:0a5yN+0a5T(‘PO+‘PN)+EQN-

It is easy to prove that all the entries of the inverse matrix
A~! =(g;;) are positive. This follows from the simple equality
(A™1)* = (4*)71, where A* is a transposed matrix. In our
case A* is a diagonally-dominant matrix, so g;; > 0. From the
equation (2.1) it follows that

N
Y. = Z 9i; Fj,
j=1
N N N e
Vil = 1> 0 Fi| < lgisl 1F3l = Y 04| Fj| =W,
j=1 j=1 j=1

where W is the solution of linear problem (2.3)
AW = |F|. (2.3)
From the linear system (2.3) it follows that
€1 /Wl = by /Wz + | F1|
Wi=bi Wiy + b Wi +|Fi|, i=2,N -1
en Wy =byWy_1+b Wy + |Fyl.
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Then, summing up all the equalities, we have

N-1 :
Zh(1+7-d)W+ (1+7-dN)WN—Z|F]h (2.4)
i=1 =1

and using the inequalities |¥;| < W; from (2.4) we obtain

N-1
171 < 1W< IIYI|1+T(Z Bloil+lonl). (25

From the inequalities (1.13), (2.5) it follows that

Y ()l < 1Y ()]l +4; max (Z Blotl + lon*1),

and this completes the proof of the theorem.

The convergence of the solution of the difference scheme
(1.5)-(1.8) to an exact solution of the problem (1.1)—(1.4) fol-
lows from Theorem 2.2.

Theorem 2.2. The solution of the difference scheme
(1.5)-(1.8) converges to an exact solution of the problem
(1.1)—-(1.4), and the error estimation in Ly norm is true

ly(ti) — utj)lly = O( + 1?).

Proof. We introduce a notation for the error function z; =
yi — u(i,t;). It is easy to show that z; is the solution of the
difference problem

Zt = (aZz)z — di % + ¥, (2.6)

2} =0, . ’ (2.7)
z =0, (2.8)

anZz N+ 0,5h(zs y+dNEN) = a1 %51 + YN, (29)
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where 1; is the approximation error of the diﬁ'erence.scheme
(2.4)-(2.8). A simple Taylor expansion reveals that |¢;| can
be bounded by

il < C(r +R2), i=T,N.

Using stability inequality (2.1) for the solution of the difference
scheme (2.6)—(2.9) we obtain

N-1
Il < Dettodl + 45 mps, (3 mivtl+Iu) <
< t;-C(r + h?) = O(r + h?).

This completes the proof of the theorem.

Theorem 2.3. The difference scheme (1.5)—(1.8) has a
unique solution for all parameters T, h.

Proof. To show the existence of the solution of the differ-
ence scheme (1.5)-(1.8) it is sufficient to prove that the linear
problem (1.5)-(1.8) has only a unique solution. However the
solution of the difference scheme (1.5)-(1.8) with the initial
data

w(z,t) =0, u;(¢) =0, ue(z)=0, gn(t)=0

is unique y(z;,t;) = 0, as it follows from the stability inequal-
ity (2.1)

N-1

lo(t) 2 < llolls+ 5 max. (3 Akl +lonl) =0

3. Nonuniform mesh. In this section we generalize
the results of Section 2. Now we use a nonuniform mesh

wh={z=x;, zi=xi—1+hi, 20=1, zxy=1},"
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and an implicit difference scheme is constructed

ye = (a¥z) — di Ui + ¥, (3.1)
y? = Uo (.1),), (32)
Yo = u1(t;), ‘ (3.3)
~ hn ~ ~
anys Nt 5 (Yyen+dANYN — ) = a1 Yz~
- g(yt,o + do o — ¥), (3.4)

where the notation

1 Yit1 — Yi Yi — Yi—1)
(a ya‘c);= h_z (ai+1 hirt —q; 7y )7

hi = 0,5(}21‘4‘.1 + h,), ’L = 1,N - 1

-1s used.

Lemma 3.1. The difference scheme (3.1)-(3.4) is stable
in Ly norm and the estimation (2.1) is valid, where the no-
tation of a discrete L norm on the nonuniform mesh wy, is

used
N-1

Y1l = hilyil +0,5hylynl-

Proof. The proof of Lemma 3.1 is similar to that of Theo-
rem 2.1. We again can write the difference scheme (3.1)-(3.4)
in the matrix form (2.2), only the entries of the matrix are
defined differently this time

¢i = bi + bit1 +Thid; + ki, b = %ai,

CN = bN+O,5hN(TdN+1), F; = hz(yz +T‘Pi)’
Fy =0,5hnyn + 0,57(hyen + hiwo) + TgN-
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The remaining part of the proof is analogous to the proof of
Theorem 2.1. _

Using the stability inequality we can prove the validity
of the following estimation for the error function z; = y; —
u(z;,t j).

1SkS)

N-1
Izl <t max (3 Bkl + lewl),
i=1

where the approximation error 3; of the difference scheme
(3.1)~(3.4) can be estimated by the inequalities
h' - h,‘ ﬁ2 T.
il = ﬂg’—‘_uI”(zi,tj) + ﬁuw(wi,tj)f EU(wi,t]‘)t
< O(T + hz + Ihi+1 — h,‘l), 7 ='1:N
Thus in general, we have a reduction of the convergence rate
for the difference schemes on the nonuniform mesh

llzlls < C(7 + hi).

However, there are some important cases, when the method,
used in this paper, enables us to prove the second order conver-
gence for the non-uniform difference mesh, too. The first case
is the quasiuniform difference mesh (see Ciegis, 1990), when
the irregularity of the mesh is such that h;1; — h; = O(h?).
The second case is the meshes, when only for the fixed num-
ber M = M(h) < My of mesh points the equality h; = h is
. violated. In this case we have.

N-1 N—ll M(h)

Z hi|¢i| = Z hil¢il + Z hixw’izl’
=1 i=1 =1

M(k) M(R)

N kbl = Y Ry O(hi) < M(R)O(R?) < MyO(h?),
=1 =1

N-1 N-1
Y hilyil = Y hiQ(R?) = O(R?).
=1 i=1
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4. Stability in C norm. In this section a new method
for the investigation of the difference scheme stability in C
norm is applied to the differential problem (1.1)-(1.3) with
another non-local boundary condition (1.4)

u(1,t) = cu(a,t) + g(1). (1.4")

The difference scheme (1.5)—(1.8') is constructed for the nu-
merical solution of the problem (1.1)—~(1.4'), where the approx-
imation of non-local boundary condition (1.4') is taken in the
form

UN=chi+9(tjs1), @=a (1.8").

If z = a does not coincide with any point of the difference
mesh wj, then the difference non-local condition (1.8") is used
(z1 < a<zi41)

iv=o(PE20+ g £ g(ti). (18

Lemma 4.1. For le| < 1 the solution of difference sche-
me (1.5)- (1.8") exists, is bounded and the stability estimation
is valid ‘

1
1—|c _
+max (lu(te)], lg(te)l))- (4.1)

max [ly’|l. < (1y°lle + 5 max lel|

Proof. If we introduce a new unknown function A(t;) =
YN, then it is possible to get a well-known stability inequality
for the solution of an implicit difference scheme of the linear
boundary value problem (see, Samarskij, 1983)

lly()lle < HlyCto)ll + ¢; max|le|] + max (Jys, lyn*l)- (4.2)
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However, from the non-local boundary condition (1.8') we:
- have the estimation

lyn| < lellwal + lg| < lel flylle + 19l (4.3)

Taking two relations (4.2), (4.3) together, it follows that
(1= leDllptlle < lly(to)ll+t; max [lo®|| +max (lyg, lgtte)l),

and this completes the proof of Lemma 4.1.

Using the standard approach from stability inequality
(4.2) and the approximation |¢;| < C(r + h?), we can ob-
tain the boundaries for the global error z; = y; — u(z;,t;) of
the solution of the difference scheme (1.5)-(1.8')

. ty k : 2
lelle < T2 mae (1941l) < OO+ (44)

REMARK 4.1. Estimation (4.4) is true for a more general
non-local boundary condition (4.5), too

k
u(L,t) =) eiy(ait) +9(t), (4.5)
i=1"
k
O<a;<ap<..<a<1l, > la|<1.

A difference approximation of the boundary condition
(4.5) is constructed

k ' .
yv =Y ci¥i +9(t;), (4.6)

Ci=1
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where the notation

~ Tl41— Q4 a; — Iy,
Yi =_’;_yli + h Yl +1,
T, S a< T4

is used. The remaining part of the proof is analogous to that
of Lemma 4.1 and estimation (4.4). A

Further we use a generalization of this method (see Sapa-
govas and Ciegis, 1987b,t00). Now we assume that k(z,t) =
k(z), g(z,t) = g(z) (this assumptmn is used only for the sake
of simplicity).

Theorem 4.2. A sufficient condition for the stability of
the difference scheme (1.5)(1.8') is

—o0 < cw(zy) < ¢ < 1,

where w(z;) is the solution of the boundary value problem

(4.8)(4.9)

—(awz); + diw; =0, (4.8)
wo =0, wy = 1. (4.9)

Proof. We may write the solutlon of the difference scheme
(1.5)- (1.8') in the form
N DO 2
' y=y (:t,,t_,) + Yy (xi,tj)v
where y!(z;,1;) is the solution of the boundary value problem

(4.10)-(4.12)

= (a9}): — &7 + ¢, (4.10)
Jo = ur(tjet), Tt =0, (4.11)
yl(_?’i»fa\i = gl (4.12)



R.(iegis 167

For the solution of the difference scheme (4.10)—(4.12) the sta-
bility inequality

ly(@Elle < llytto)lle +1; nggXHwklll +llui(te)lle  (413)

is valid (see (4.2)). The difference function y%(z;,t;) is the
solution of the difference scheme with the non-local boundary
condition :

y? = (a§?), — diy®, - (4.14)
gg = 0,. i/qN = cyIZ + ?jv (415)
y*(zi,t0) =0, §=7+c5. (4.16)

From the maximum principle (an implicit scheme for the pa-
rabolic problem) it follows that the function y?(z;,t;) may be
bounded ‘

by ‘

ly*(#)lle <

This estimation is sharp for t; — oo, when the problem (4.14)-
(4.16) becomes stationary

1 ~ 1
({7l + Cllv'll)-

- (ay%.),, +diy? =0, (4.17)
¥ =0, y’n=cy}+ gl (4.18)

The solution of (4.17), (4.18) is found in the form y? = Aw;,
where w; is the solution of the boundary value problem (4.8),

(4.9).

REMARK 4.2. It follows from the maximum principle
that the solution of the boundary value problem (4.8)-(4.9) is
bounded 0 < w; < 1, so the. condition (4 Tew e < lisa
generalization of Lemma 4.1.
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REMARK 4.3. The stability of the difference scheme
(1.5)- (1.8') in the case of —c0 < ¢ < 0 may be investigated
straightway (see Iliin and Moiseev, 1986, too). The solution
of the difference scheme, using the local basis functions, can
be rewritten as

N
y(z) = ) _yiwi(z),
v =0
where w;(z) is a piecewise linear basis function. The non-local

boundary condition (1.8'), as it follows from the mean value
theorem, may be written in the form

y(@x) + lely(@) = (le] + V(e + O(t;)(a — zx)) = g(25),
' 1

y(zn +O(tj)(a—zn)) = |c|—+'1'9(tj)- ' (4.19)

Investigating separately the boundary value problems (1.5),
(1.7), (4.19) and (1.5), (4.20), (1.8'), where

y2(a) = yi(a), (4.20)
we get the stability inequality

1
le|] + 1

lg(tx)1)-

lly(t)lle < [ly(to)lle + ¢ max (jus(te)],
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