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Abstract. A general model for pair formation in age, sex, and sociologically structured interact-
ing human communities is presented. More precisely, the religion factor is taken into account. The
model describes dynamics of interacting religions which tolerate both uniconfessional pairs and
those with different religions. Two particular models are analyzed. One of them describes the uni-
confessional pairs dynamics and allows the religion change only for the sake of marriage. The other
one demonstrates the evolution of communities forbidding any confession change. In the case of
constant vital rates solutions of these two models are constructed and the longtime behavior of the
total numbers of single adults and pairs of each community is demonstrated.
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1. Introduction

In recent years there has been a considerable interest in the dynamics of two-sex popu-
lations in which pair formation is the major step to reproduction. Such models are of
great importance for genetics (see, e.g., Svirezhev and Passekov (1990) and references
therein), demography, and epidemiology, in particular for modelling sexually transmit-
ted diseases (see, e.g., references in Hadeler (1993), Priiss and Schappacher (1994)).
Both random mating (without formation of permanent male-female couples (see, e.g.,
Skakauskas (1998b)) and monogamous marriage models (Frederickson, 1971; Hoppen-
steadt, 1975; Staroverov, 1977; Hadeler, 1993, and references there) are usually used.
In human demography one has considered the number of monogamous marriages as an
important quantitative feature of the social structure. In fact, monogamy is the custom-
ary mating system of most present-day societies. Nevertheless, Murdock (1957) reports
that at least seventy percent of all societies exhibit some degree of polygamy. The most
general sex-age-structured population deterministic model, which takes into account mar-
riages, has been proposed by Hoppensteadt (1975) and Staroverov (1977), and consists
of a system of three integro-differential equations for the density z(t, a) of single (un-
married) females at age a, density y(¢, b) of single males at age b, and density p(t, a, b, c)
of pairs which are formed of females at age a, males at age b, and which have existed for
a time c. Hadeler (1993) simplified this model by introducing a maturation period 7 into
the mating law. This simplified model reads (Skakauskas, 1998a)
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0x /0t + 0x/da
0, a<T, t>0,
= THeT T [ plegda+ [ de [ (iy+o0)pdb, a>T,t>0,
T 0 T+c
Oy /ot + Jy/0b
0, b<r, t>0,
__ + 0o b—T1 00 (1.1
Py Y — [ ple=odb+ [ d¢ [ (fiz +0)pda, b>7,t>0,""
T 0 T+c

Op/Ot + Op/da + Op/IOb+ Op/Oc = —(fiy + fiy + 0) D,
t>0, a,b>7, ¢€ (0, min(a—71,b—17)],

2(t,0) = 7dc 7da 7ﬁxpdb, [x(t,7)] =0, t>0,

0 T+c T+c
9] 9]

w60 = [ de [ da [ gpab i) =0, >0
0 T+c T+c

Ple=o = f(t,a,b;z,y), t>0, (a,b) € [1,00) x [1,00),

2o =2° a>0; yleo=19" b>0,

plico=p% a>=7, b>=7, c€[0, min(a—7,b—1))].

Here 7 is a maturation period, ¢ time, [z(¢,7)] and [y(¢, 7)] are jumps of = and y at the
lines @ = 7 and b = T, respectively, z°, y°, p denote the initial age distributions of
single females, single males, and pairs, respectively, 3; the birth rates of males (j = y)
or females (j = x), i, resp. pi, the death rates of single males resp. single females, o
means the divorce rate of pairs, i, resp. fi, the death rates of married males resp. females,
and f the mating function. The harmonic mean type mating law

o0 o0 —1
flz,y) :2msr:y</hxxda+/hyydb> (1.2)

T T

is usually used. The nonnegative functions fiz, iy, M, by, Ry, fio, iy, 05 Bz, By, 2,
Y, p” and maturation age 7 are assumed to be prescribed, in particular h, = h, = 1 and
T = const.

In ecology an individual can be characterized by age and sex. In genetics it can be
done by age, sex and a genotype parameter, and by age, sex, and a disease parameter
in epidemiology. We extend the list of essential parameters characterizing an individual
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by adding a sociological factor and consider the sociologically-structured population dy-
namics without spatial dispersal. More precisely, we take into account the confession
(religion) factor of the interacting monogamous people communities and generalize the
Hoppensteadt—Staroverov—Hadeler deterministic model (1.1), (1.2) permitting pairs di-
vorce. We use the harmonic mean type function as the mating law. We first describe the
general model of the interacting religions, which tolerate both uniconfessional pairs and
those with different religions. Then we consider a model of religions tolerating only the
uniconfessional pairs (the confession change is allowed only for the sake of marriage,
and, for offspring, parents may choose a faith, not necessarily their own), and a model of
religions not tolerating (forbidding) any confession change (the offspring may belong to
a religion, not necessarily to either maternal or paternal one).

The plan for this paper is as follows. Section 3 presents the general model for in-
teracting religion communities. Section 4 analyzes the uniconfessional pair model. This
section is divided into three subsections. In 4.1 we give the symmetric uniconfessional
communities model. In 4.2 we examine the case of constant vital rates for the model in
4.1. In 4.3 the large time behavior of the total numbers of single adults and pairs of each
community is demonstrated. In Section 5 we present and analyze a model of the forbid-
den change of religions. The structure of this section is analogous to that of Section 4.
The discussion in Section 6 concludes this paper.

2. Notations

u}(t,m1)dr1 — the expectation at time ¢ of the number of single (unmarried) males of
age £ € 11,71 + dr1] and of the ith religion; n — the number of religions;

u?(t, T2)drs — the expectation at time ¢ of the number of single (unmarried) females
of age £ € |12, 72 + d2| and of the ith religion;

u%(t, T1, T2, T3)dT1dTod T3 — the expectation at time ¢ of the number of pairs which
are formed of males of age £ € 1,71 + d71] and of the ith religion, females of age £ €
[T2, T2 + d72] and of the jth religion, and which have existed for a time £ € |73, 75 + d73];
(71,72, T35, j) — the characteristic of this pair; u$ = u3;;

v}(t, 1)dt — the probability that a single male of age 71 and of the ith religion will
die in the time interval [¢, ¢t + dt];

v2(t, T2)dt — the probability that a single female of age 72 and of the ith religion will
die in the time interval [¢, ¢ + dt];

V}j (t, 71, T2, 73)dt — the probability that a married male of a pair with the characteristic

(71,72, 73514, j) will die in the time interval [t, ¢ + dt]; v}® = v};

ij (t, 71, T2, 73)dt — the probability that a married female of a pair with the character-

istic (71, 72, 73; 4, j) will die in the time interval [t, t + dt]; v23 = v2;

0i;(t, 71, T2, T3)dt — the probability that a pair with the characteristic (71, 72, 73; ¢, j)
will divorce in the time interval [¢, ¢ + dt]; 0; = 03
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bgj(t, T1, T2, T3)dt — the expectation of the number of males produced in the time
interval [t, t + dt] by a pair with the characteristic (71, 72, T3;4, j); b} = b,;

b%(t, T1, T2, T3)dt — the expectation of the number of females produced in the time
interval [t, t + dt] by a pair with the characteristic (1, 72, T3;14, j); b7 = b2;

L}(t, 71 )dridt — the expectation of the number of males of age £ € [r1, 71 + dr1] and
of the ith religion which will marry in the time interval [¢, ¢ + dt];

L2(t, 72)dr2dt — the expectation of the number of females of age £ € [2, T2 + dT2]
and of the ¢th religion which will marry in the time interval [¢, t + dt];

Sk(t, 1 )dr dt — the expectation of the number of males of age £ € [r1, 71 + dri] and
of the ith religion which will become single in the time interval [¢, ¢ + dt] due to divorce
of pairs and because of death of married females;

S2(t, 71 )dradt — the expectation of the number of females of age £ € [r2, T2 + d72]
and of the ith religion which will become single in the time interval [t, ¢ 4+ dt] due to
divorce of pairs and because of death of married males;

fsk(t, 71, m2)dridr2dt — the expectation of the number of new pairs (marriages)
formed in time interval [¢,¢ + dt] of males of age £ € [r1, 71 + dri] and of the sth
religion and females of age £ € [72, T2 + d72] and of the kth religion;

hl(t, ) — the probability that at time ¢ a male of age 7; and of the ith religion wishes
to marry;

h?(t,T2) — the probability that at time ¢ a female of age 75 and of the ith religion
wishes to marry;

Mk (t, 71, T2 )dt — the probability that a male of age 71 and of the sth religion and a
female of age 7> and of the kth religion will marry in the time interval [¢, t 4+ dt] provided
that the pair characteristic (71, 72, 73; 5, k) is given; my (¢, 71, 72) = $hl b3 fige;

w?,;(t, T1, T2) — the probability that at time ¢, for the sake of marriage, a male of age
71 and of the sth religion and a female of age T and of the kth religion will choose the
ith and the jth religions, respectively; wi, = w

Q, (t, 71,72, 73) — the probability that a pair of the characteristic (71, T2, T3; s, k) will
choose the ith religion for its offspring produced at time ¢; Q% = Q¢ ;

T — the maturation period;

[u*(t,74)] — the jump discontinuity of u¥ at the line 7, = 7, k = 1,2;

ui®(m), u(12), ul) (11,72, 73), ui°(71, 72, 73) — the initial age distributions;

Q'=Q*=Q=(0,7)U(r,00);

Q? = (7,00) x (1,00) X (0, min(7 — 7,7 —7)],

Q =|[r,00) X [1,00) X [0, min(7y — 7,72 — T)];
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D — a domain in Euclidean space E™ of dimension m, not necessarily bounded;
D — closure of D;
C°(D) — a class of bounded continuous functions in D;
_( ) —a class of bounded functions belonging to C°(D ) for any compact subdo-
main D’ C D;
cY(D ) a class of functions f(z), z = (z1,---,xm,) such that 0 f /0x; € C°(D),
=1,m

LY(D) — the Banach space of integrable on D functions f(z) with norm ||f||: =

[ Iflda.

D

3. The General Model

In this section we describe the general model of religion-structured communities which
tolerate both uniconfessional pairs and those with different religions. Using the balance
relations, we derive the following system for nonmigrating interacting communities:

au}/at—l—@ug/aﬁ:—y- Zl—Ll—&—S1 t>0, 7 €Q
ouZJOt + 0u?JOomy = —v2ul — L? + 52, t>0, 7€ Q?,
3
8u?j/8t+28ug’j/8m:—( —l—u + 04j) uy 3 3.1
k=1

t> 07 (7_177—2’7_3) € Q37

0, <, 0, m<T,
Il = n oo 12 — n 0o
i =N X [ fisdre, m>T, i X [ feadn, m>T,
s=1r s=1r7
0, T <7'
gl = ) moT
¢ f dT3 f Z(st+alé)u d7-27 T >T,
T3+7T S$=
0, To <7'
52 o T2—T
C f dT?’ f Z(Vsz+asz)u dTl7 T > T
T3+71 s=1

subject to the conditions

U= Of/dTS / dﬁ/ éjbiJQZ dre, t>0,

T3+T ratr SI=1
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U= 0—/d7'3 / d7'1/ Z ud b2, QL dr, >0, (3.2)

T3+T matr $I=1
uij“l‘g:() = Z fskwsk7 t> Oa T1,T2 € [7—700)7
s, k=1
ug|t:0 = ugo, 71 € [0, 00),
u§|t:0 = ufo, 79 € [0, 00),
—3
Ug’j\t:o:u?f, (T1,72,73) €Q",

[Uz”ﬁ:'r] = [Uﬂ'rz:'r] =0, t>0,

where

Zng =1 for all s,k, and t >0, (11,72, 73) € @3,

i=1

n
Z wzjk =1 for all s,k, and t >0, 7, 72 € [T, 00).
ij=1

In addition to (3.2), we assume that u!?, u?°, u3? satisfy the following compatibility

v 0 g
conditions:

/dT3 / dT1 / Z 30 bl QZ )‘t:odTQ,

T3+T ratr SI=1
n .

/ drs / dr / ul) (b3; Q%) =0 dra, (3.3)

T3+T ratr SI=1
uij \73:0 = Z (fskwsk)|t:0> 1, T2 € [T,00),
s, k=1

10 — 1,20 —

[wl(r)] = [u2(7)] = 0.
As follows from the foregoing, the maturation time 7 and the given functions v}, 2,
Vii, Viis 0igy big, 03, figs By B35 wi, g, wi®, ui®, ud)) as well as the unknown ones
ul, u?, uf’J must be positive-valued, otherwise they have no biological significance. In
what follows we use the harmonic mean type function

2 n —1
fij —QmUullu?(ZZ/u hl dn> , (3.4)

=1 s=1

with given positive functions m;; and hl.
Usually, for the sake of marriage, individuals of different religions do not change
their faith or choose the partner’s one, and, for offspring, parents of a pair with different



On the Coexistence of Different Religions 333

confessions choose one of the pair religions. Hence, we have the following most probable
rules:

Wi =1, W, =0 ifi#s;
Wi >0, wh >0 if s£k; Wi, =0 if s#Fk and i #s,k;

wi =0 if i,§#k wif >0, i #k; (3.5)
W =0 if s£kand i#£s, jEk i#7;
Q=10 =0 ifikts O, =0 if s£k and i # s,k

Q3. >0, Q% >0 if s#E.

By using (3.4) and (3.5), we can simplify conditions (3.2). Indeed, since

n
1,2 4 _ 1,2, 4 1,2 4
E Mk Uy ULWep, = E (mmuiukwik—i— E mskusukwsk>

s,k=1 k sF£i
= Z mlku ukw E Tt Z (mszu u w it stku ukwék)
s#£1 k#i
_ 1.2 1 1,2 1
= Z MysU; UgW; g + Mg UgU; W ) +m”u u w ;T Z msku ukwék,
s#£1 s,k#i
Zst - sk+st+ Z st’
i#s,k
n
Z boua S Z ( o + Z b?kugkgék)
s,k=1 k=1 s#£1
3 3 i
- Z bzkusz ik + Z (b?zuszgl + Z b(s]kust;k>
S#1 k#i
3 3 Ot
- bguugz + Z (b;xkuzkgzk kzusz;cz Z bskust o = 17 27
k#i k,s#i

and by (3.5), it follows that

S

1,2 4 1,2 1,2
E Mgk Uy Uf Wej, = E muu u w o+ Mg ug U Wi )—l—miiuiui, 3.6)
s,k=1 S#1

1.2 45 _ 1,2 - -
E Mgk Uy Up Wep, = Mij U Uj, 1 # 7, (3.7)
s,k=1

Z b3 udy, Q. = Z (06, uly Qi + b uy ) + biud, a=1,2. (3.8)
k=1 e
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4. The Uniconfessional Pair Model

In this section we consider the special case of (3.1)—(3.4) where all the religions forbid
the pair with different confessions of individuals, tolerate the change of religions only for
the sake of marriage, and let parents to choose a religion not necessarily their own for
their offspring. Then ui =0,ws =0, Vi = V =0,045 =0,9Qf =0if i # j, and
from (3.1)—(3.4) we obtain the following system

du} /Ot 4 Ouy /T = —v;} Zl—Ll—&—S1 t>0, 1 €Q
Oui [0t + O[O = —viui — Li+ 57, t>0, meqQ?,

3
o2 /ot + Z@u?/@m = (WP +vB to)ud, t>0, (11,7,73) € Q>

k=1
0, mm <,
L1: 1 n oo 5 2 n 0o ek 1
i 2u; > fmiSuSdTQ(Z [ ukhk di) , T > T,
s=1r k=1s=1r71
0, m<T,
L2: n oo 2 n 0o 1 4.1
i 2u? > fmsiu;dﬁ(z fufhdek) , T2 > T, “.D
s=1r k=1s=1r71
0, <,
Sl _ T1I—T oo
i f drs f (VB +o)uddr, >,
0 T3+T
0, m<T,
SQ _ T2—T oo
7Y S odm [ P toiuldn, m>T
0 T3+T
subject to the conditions
n
U= of/de / dm / Zb}u?ﬁ}dfg, t>0,
T3+T st I7
2 Of/dTg / dry / ZbQUSQZdTQ, t>0, (4.2)
T3+T st =1

-1
7'3 =0 =2 Z Mgk Ug ukwsk<ZZ/u hdek) ’

s,k=1 k=1s=1
t>0, 71,72 €[1,00),
ui =0 = ui?, 11 €[0,00),
im0 = 1Y, 1 €[0,00),
wlimo = u¥°, (11, 72,75) €Q,

[uzl“rl:‘r} = [u?“rz:‘r} =0, t>0,
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where

QL =1forall jandt >0, (11,72, 73) € @3,

ol

i
J
1

K2

3l

Z wl = 1forall s,k,andt > 0, 71, T2 € [T,00).

1=

In addltlon to (4.2), we assume that u!?, u?°, u30 satisfy the following compatibility
conditions:
:/d7'3 / dT1 / Z lez ‘t ou dTg,
0 T3+T T3+T Jj=1
/ drs / dr / > (63 Q) i=ou®dry, (4.3)
T3+T ratr =1

s,k=1 k=1 s=1

n 2 n —1
30 10,20 kO 1k
U | ry—0 = 2 E uy ug (mskw = 0(5 E /us hs|t_0d7k) ,
T
T

T, To 2 T,

4.1. The Symmetric Communities Model

In this subsection we consider the case where uniconfessional communities are symmet-
ric in the sense that the following functions are symmetric in ages 71, 75 and do not
depend on sexes, i.e.:

VE(,€) = vit, €), RE(t,€) = hi(t, ).
B3 (t, 11,2, T3) = V3 (t, 11, T2, T3) = V3 (t, T2, T1, T3),
ubo(€) = ul(€) for k= 1,2,
(11, 12, 73) = u30(12, 71, 73), Oi(t, T1, T2, T3) = 0u(t, T2, T1, T3),
while
my;(t, 71, T2, T3) = My (¢, 72, T1,T3), wzs<t,T1,T2> = wgk<t,7'2,7'1>,

bE(t, 71,72, 73) = bi(t, 1,72, 73) and Qj are unnecessarily symmetric in 7y, 7.
Then

Uf(t,ﬁ) = ui(t’§)7 Lf(t,ﬁ) = Li(tvf)’ Szk(t’g) = Sl(tvé.) fork =1,2,

w)(t, 11,79, 73) = ud(t, 70, 71, T3),
and model (4.1)—(4.3) can be written as follows

Ou;i /Ot + Ou; /O = —viu; — Li + 5, t>0, 1 €Q,

3
oul /ot + > 0udom. = —(2v} + o) ui, t>0, (11,7,7) € QP

k=1
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0, mm<r,
Li= w3 [ misusdry (3 [ ushede) ™, 7>, @.1.1)
s=17 s=1r1
0, <T,
Si = f drs [ (v} +o)uidr, m >,
T3+T
Uz|7-1 0—/(17'3 / dm / Zb Uy de’rg, t>0,
T3+T a7 J=1
o= 3 Mok sltom) unlts ) sk(z/ush dg) ,
s,k=1

t>0, T1,T2 2> T,
3 30 =3
Ui li—o = uy", (11,72,73) €Q,

uilt—o = u? for 7 >0, [ui(t,7)] =0 for t >0,

where
Q) =1forall j and t >0, (71,72, 73) € @3,

-

i=1

S wi =1, forall s,k, and t >0, 71, T2 € [T,00).
i=1

s

Of course, we must add the following compatibility conditions:

u;(0) = /dT3 / dr / > b)) l—o ui® dra,  [ud(r)] =0,
0 T3+T T3+T Jj=1
n n o0 —1
Um0 = Y udu (mowly) t—0<Z/Ughst—o df) s, TLT2 2T
s,k=1 s=1 -

4.2. The Case of Constant Vital Rates

In this subsection we analyze the symmetric communities model (4.1.1) in the case where
vi = U} = v, 0; = 0, mg, = m are some positive constants and h; = 1, wi, = W', =
1/2if s # i, wj; = 1, W, = 0if s,k # i. Despite of the logical requirement Q2 = 0
if ¢+ # j and §2 = 1 for the uniconfessional pair, we consider a more general case and

let (2% be arbitrary function satisfying the condition Z; ; = 1. Then from (4.1.1) we
obtain the following system

8ui/at+aui/a’ﬁ:7Z/UZ'7L7;+S7;, t>0, 1 €Q, “4.2.1)

3
oudfot+> " 0u}/Oom, = —(2v+o)ul, >0, (r,72,75) €QF,  (42.2)
k=1
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0, <T,
I — 0, mn<m, g _ T I
T luim, m>T, T ) (vto) f drs [ wldm, ©>7,

T3+T

Ui |y = 0—/d7’3 / dn / ZbUQdTQ, [u;(t,7)] =0, t > 0,(4.2.3)

T3+T matr J=1

m
Um0 = ) Z(Ui(t,’i’l) us(t, 72) + us(t, 1) ui(t, 72))
s=1

n -1
X (Z/ Ug df) , t>0, m,22>2T, “4.2.4)
s=1 T

Uili—o = u), 71 €[0,00),
—3
Ul = u,  (11,72,73) €Q 4.2.5)

subject to the compatibility conditions

/dT3 / dr / Zle li—oud d7a,  [uf(7)] =0, (4.2.6)

T3+T ratr J=1
n oo
u?O\m:o:%Z (11) ud(72) + 1l (1) ud (72) (Z/u dg) )
s=1 s=1
T, T2 2> T.

Our purpose is to solve problem (4.2.1)-(4.2.6). We do it by two steps. We first con-
struct the formal solution and then justify it.

Now we realize the first step. Integrating (4.2.2), (4.2.4), (4.2.5), and (4.2.1), (4.2.3),
(4.2.5), over characteristics, we find

S 30(7—1 —t, 7o —t, 73 —t)exp{—(2v+o)t}, 0<t< T3, 427
’ ud(t — 73,71 — 73,72 — 73,0) exp{—(2v + 0)13}, 0< 73 <,
and
w — ud(m —t)exp{-vt}, 0<t<n <7, 4.2.8)
e uz(t T1, )exp{ VTl}v 0 < T1 < min(th)' o
Let
T —T 0o
zi(t,7) = / drs / uf’ dra, zi(t,7) =0,
0 T3+T
2(11) = 2:(0,71) / drs / 30dr, (4.2.9)

T3+T
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for 7y > 7, and assume u} — 0 as 72 — 00.
Then from (4.2.1) with 7y > 7, (4.2.2), and (4.2.4) it follows that

Ou; Ot 4+ Ou; /O = —(v + m)u; + (v + 0)zi,
0z /Ot + 0z /0Ty = —(2V + 0) 2z; + %Uz

m — *° w t, 7o) dT
+ 5 > us(t ) Jr ultm)dn (4.2.10)

s=1 21 ffo ug(t, &) dg
Further, we define

n

Ul(t,m) Zu,tﬁ Z(t, 1) Zzztﬁ
=1
Zz? ), U°m) Z ud(m), U(t,0)= iui(t,O), 4.2.11)
=1 =1 i=1

and from (4.2.9), (4.2.8) find

Z(t,7) =0,
Ultr) = U (1) = {

Ut —t)exp{—vt}, 0<t<T

’ 4.2.12
U(t—r,0)exp{—v7}, t>T7. ( )

Now we use (4.2.10)—(4.2.12) to obtain the system

oUJot+0U/0m = —(v+m)U + (v+0)Z,

U,m)=U0°% Ut,T)=U",

0Z/ot+90Z/0m = —(2v+0) Z +mU,

Z0,m) =2 Z(t,1)=0, (4.2.13)

then the equation

AU+ 2))ot +0(U + 2)/om = —v(U + Z),
U+ 2Z)imo=U+2° (U4 2)|r=r =U",

having the following solution

U+Z=g(tmn)=
(UO(Tl—t)—l—ZO T1—t) exp{—-vt}, 0<t<m—r,

= U%m —t)exp{—vt}, 0<71—T<t<71, (4.2.14)
U(t—7,0)exp{—vm}, t=
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This allows us to rewrite system (4.2.13) as follows

oU/ot+0U/0m = —2v+m+o0)U + (v + o)y,

Uli=o = U°, Uly,=r = U*,

0Z/ot+0Z/0r = —2v+m+0)Z+my,

Zlimo=2°, Z|;,—r =0. (4.2.15)

Hence, by (4.2.12) and (4.2.14), we have

Y1 () U (11 — 1) + yu2(t) Z2°(m —t), 0<t<m—,
U={ yst,m)U%m —t), 0<m—7<t<m, (4.2.16)
7U4(71)U(t77_1a0)7 t>7—17

Y1 (£) U211 — t) +722(t) Z°(m1 —t), 0<t<m—,
Z =9 73(t,m)U%m —t), 0<7—7<t<m, (4.2.17)
724(7_1)U(t77_1’0)7 t>7_17

where

Yu1(t) = {v+ o +mexp{—(v+m+ o)t} } exp{—tv}/(v+ o +m),

v+o
t = -
%2(> v+o+m

Yu3(t, 7)) = {v+o+mexp{—(v+m+o)(r —7)}}
x exp{—tv}/(v+ o +m),
Yua(m1) = {v+ 0o +mexp{—(v+m+o0)(rn —7)}}
x exp{—vr}/(v+ o +m),
Y:1(t) = {m+ (v + o) exp{—(v + m + o)t} } exp{—tv}/(v + 0 +m),

{1 —exp{—(v+m+ o)t} } exp{—tr},

Yaa(t) = ﬁp — exp{—(v+m + o)t} } exp{—tv},
Yes(t, 1) = ﬁ{l —exp{-(v+m+o)(m1 — T)}} exp{—tv},
Yea(m1) = #{1 —exp{—-(v+m+o)(n — 7')}} exp{—v7 }.

Observe that, even though U°, Z°, and U (¢, 0) possess continuous derivatives, functions
U(t,m), Z(t,m1), and g(t, 1) are not differentiable in the direction crossing the lines
t = — 7 and t = 7. Similarly, in general case functions (4.2.7) and (4.2.8) are not
differentiable at the lines t = 13, t = — T, t =1, t =T —t,t = mandt = 7,
respectively.

Assume u?, 29 — 0 as 79 — oo. Then from Egs. (4.2.16) and (4.2.17) it follows that

sodo U, Z fort € [0,7].
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Now define
%‘(t):/uidﬁ, wi(t):/zidTh
A =ei0) = [aan, o =u0) = [ Pan,

and assume u;, z; — 0 as 71 — oo. From Eqs. (4.2.10) we get the system

dp;/dt = —(v +m)p; + (v + o )i +ui(t, 7),
d; /dt = —(2v + o) + mep;,

then the equation
d(pi + ) /dt = —v(pi + i) + ui(t, 7),
having the solution
wi +Pi = gi(t),

gi(t) = (0 +09) exp{—vt} + / exp{—v (t — )} uilé, 7) de,

which allows us to rewrite system (4.2.19) as follows

doi/dt = —(2v+m +0)p; + (v +0)gi +ui(t,7), ©(0)=¢?,
d;/dt = —(2v +m + o) +mg;, ) = 10;(0).

Hence

pi = @] exp{—(2v+m+ o)t}
t

4 / exp{—(20 +m + o) (t — w6, 7) + (v + 0) gi(€) } d,

0

W = w? exp{—(2v+m+ o)t}
4 / exp{—(2v +m + o) (t — £)} m g:(€) dé,

0

(4.2.18)

(4.2.19)

(4.2.20)
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where, by definition and (4.2.8) with 7, = 7,

mw={ﬁ+W+/ﬁmw@wmwﬂ70@<n

Tt

gﬁ%ﬁﬁ%mm%ﬂﬂ/em@%m@mmﬁt27
with
Gi(t) =S + ) + [ ud(n)dnpexp{—vt}.
{eteats [utonan)

This and (4.2.20) with (4.2.8), show that, for t < 7, ¢; and v; do not depend on
u;(t,0) and are known, while, for ¢ > 7, ¢; and 1; can be written in the form

w:@m+yj;+em{wy/mmem,>
t—1

+# / exp{—2v+m+o)(t—7—n) —vriu;(n,0)dn, (4.2.21)
0

~ m
wi:%(t)+m
t—1
x/exp{ v(t —n)H{1 —exp{—(v+m+0o)(t — 7 —n)}}ui(n,0)dn,

0

where

gi(t) = ¢l exp{—(2v +m + o)t}
+ [ exp{—(2v +m+0) (t— &)}
/
x{uf(r = &) exp{—v &} + (v + 0)gi(§) } dE

t

+@+U)/emﬂ—@V+m+ﬂﬁﬁ—O}%@ﬂm

T

i(t) = Y exp{—(2v +m + o) t}
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m /exp{_(zy +m+0)(t—&)}gi()de

+m / exp{—(2v +m +0) (t — £)} §:(€) d&.

Now define

a= (2(y—|—a))_1{u+a—m+ (v+0)? +m2)1/2}, a€(1/2,1),
@ =V+(U+V)(1—Oé)

H() m/QSDz Z@z

and consider system (4.2.10) from which and by (4.2.8), (4.2.9) we get the equation
8(aui + Zl)/at + a(aul -+ zi)/aﬁ = —q1 (aui -+ Zz) -+ UK/Z'
subject to the following conditions

(aui +Zi)‘t:0 = au? +Z?,

u(r —t)exp{—vt}, 0<t<T,

(u; + 2i)|r=r = a { wi(t — 7,0)exp{—vr}, t>T.

Hence
au; +z; = Gi(t,Tl), (4222)
with

Bin(t) ud (1 — 1) + Bia(t) 2 (11 — ) + Bis (U (11 — 1)
+5z4()ZO(T1—t) 0<t<m -,

Gi = Bis(t, 1) ud(m1 —t) + Big(t, 1) U%(11 — 1), (4.2.23)
0<’7’177’<t<’7'17

Bir(T1) wi(t — 71,0) + Big(t, ) U(t — 71,0), t =11,

where
Bi(t) = aexp{—aqit}, Bia(t) = exp{—aqit},

Bis(t) = / exp{—q1(t — y) }xi(y)vu1 (y)dy,
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Bia(t) = /t exp{—q1(t — y) }ri(y)vu2(y)dy,

Bis(t, T1)O= aetp{—vt — (@ —v)(r = 1)},

Batr) = [ ep{-a(t - )bl nalny+n - Ody,

Bir(m) = at;{{ﬁw —ai(n =)},

Batr) = [ et - p)r o+ n — Ody,
i,

Combining (4.2.10), and (4.2.22), we derive the equation
Ou; /Ot + 0u; JOTy = —qui + W+ 0)Gyy, g=v+m+a(v+o),
which supplemented with the conditions

uW(r —t)exp{—vt}, 0<t<T,

7

) — 0 o =
Uili=o =iy tilri=r {ui(t—tO)eXp{—ur}, t>T,

has the following solution

pir(t) ud (1 — t) + pia(t) 20 (11 — t) + piz(t) U (11 — 1)
+pi4(t)ZO(7'17t), OgthlfT,

wi =< pis(t,m) ud(m — ) + pis(t, 1) U (11 — t),
0<m —7<t<m,

pir(T1) ui(t — 71,0) + pig(t, 1) U(t — 71,0), t =71,
where

t

pir (1) = exp{—qt} + (v + o) / exp{—q(t — y)}ur (v)dy,

pislt) = (v + 0) / exp{—a(t — 1)} Bua(y)dy, s=2.3.4,
0
pis(t, 1) =exp{—qt — (¢ —v)(m1 — 7)}
+Ww+to) / exp{—a(t — 1)} Bis(y,y + 71 — D)y,

t+7—71
t

pis(t, 1) = (v +0) / exp{—q(t —y)}Bis(y, y + 11 — t)dy,
t+7—T1

343

(4.2.24)
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T

pir(11) = exp{—v7 —q(11 — 7)} + (v + 0) / exp{—q(m1 — y)}Bir(y)dy,

pis(t,m) = (v +0) / exp{—q(t — y)} Bis(y, y + 11 — t)dy.
t+7—71
Now we can consider condition (4.2.3). Using (4.2.7), we obtain

t o

ul(t,()) :/dTg / d7'1 / ijU?Q;dTg

0 T3+T T3+T Jj=1
9] 9]

+ / drs / dry / > b uiQ) dry

t T3+T T3+7T Jj=1

_ / exp{— (20 + 0)(t — p)} Hi(t p) dp + fi(1), 4.2.25)

x/d,o / / Z 20061, p1) (0,9 |(t,e4tmt,p1-+6) A,
0 p1+T p1+T J=1
Hi(t7ﬂ):/dﬁ/z Dttt —prttra—pt—p) U5 (s 1, T2, 0)d T2,
T T oJ=1

0 < p < t, with u3(t, 71, 72,0) defined by (4.2.4) and (4.2.24) or,

Hi(t, p) = Z/dﬁ/ZbQ

s, k= 1I

t+T12—p,t— p)u (valaTQaO)dT%

0 < p < min(t, 7), with Iy = [1,7 + p|, Iz = [T + p, >0), and

Hi(t, p) = Z/dﬁ/ZbQ

s, k= 1I

t+T12—p,t— p)u (valaTQaO)dT%

tzp>m, with I; = [T7p]? I = [pap+7_}7 I3 = [p+T,OO)
Now we examine Eqs. (4.2.25), (4.2.4), (4.2.24), (4.2.23), (4.2.21), (4.2.20), (4.2.16)
going along the ¢ axis by the step 7.



On the Coexistence of Different Religions 345

Let t € [0,7]. Since, by (4.2.16), , and (4.2.20), U(¢,71) and ¢;(t), 1(t) (and,
hence, £;(t)) are known, G;(t, 1) is also known by (4.2.23). Then, using (4.2.24), ,,
we find w;(t, 1), after then, by (4.2.4), we construct u}|.,—o, and, by (4.2.25), obtain
ui(t,0). Finally, from (4.2.11) we find U(t,0).

Let t € (7,27]. From Eq. (4.2.16), we obtain U (¢, 71), then, by (4.2.21), we find
i and ;. Now, by virtue of (4.2.23), we can construct G;(t, 71 ), then, using (4.2.24),
obtain u; (¢, 71 ), after then, by (4.2.4), construct u3 |, —o, and, by (4.2.25), we get u;(t,0).
Finally, by (4.2.11), we find U (t,0).

Repeating this argument we can construct the formal solution of problem (4.2.1)—
(4.2.6) for any finite ¢.

It remains to justify the formal analysis. Assume that:

(H4.1) b;, Q; € C*([0,00) x @3) are positive,
(H4.2) u? e C(]0,00)) N LY((0,00)) is positive,

(H43) u3° e CY(Q’) N LY(Q?) is positive,

H44) [ ’%U?O(’ﬁ, Ta, Tg)‘ dm, s = 1,3 converges uniformly with respect to
all T1, T3,

(H.4.5) u?, u?o satisfy compatibility conditions (4.2.6).
Then, for any finite 7" > 0, Eqgs. (4.2.7), (4.2.8), (4.2.16), (4.2.20)— (4.2.25) show that:

w;(t,m) € C°([0,T] x [0,00)) N C*([0,T] x ([0,00) \ {r,t,t +7})) and
ui(t,-), Ouy(t,-) /ot € L1(0,00), (4.2.26)
zi(t, 1) € C°([0,T] x [1,00)) N C*([0,T] x ([r,00) \ {t,t+7})) and

zi(t, ), 0z(t,-)/0t € L'(0,00), (4.2.27)

wd{tm ) € CO(0.7] x Q) 1 CH(0.7] x (Ir.00) \ {11+ 7))

X ([T oo) \ {t,t + 7'}) ((0, min(r, — 7,72 — 7))\ {t})) and
ui(t,-), Qui(t,-)/ot € L'(Q?), (4.2.28)
i, ¥ € CO([0,T])) N C((0,T)). (4.2.29)

All partial derivatives of u; and u} have finite jumps discontinuity at the planes 7 =
t,t+7andm =t t+7, 7 =tt+7T, 73 =t respectively, while u; and u? are
continuous because of the hypothesis (H.4.5). Hypotheses (H.4.2) and (H.4.3) ensure the
extinction of u;, 2;, and u? at infinity for any finite ¢.

Now we have to justify derivation of Eq. (4.2.10),. Using (H.4.2), we have

/at] (2 —t)dmy = / Tg—thg—O

t+7 t+7



346 V. Skakauskas

On the other hand thrfT 0(7’2 —t)dr = 7 f u9(x)dz = 0. Hence

9 0 0 [0 0
5 / u;(Tg — t)dmy = —u; (1) + / g (1o — t)dTo. (4.2.30)
t+7 t+7

Then, by virtue of (4.2.26),

oo oo

0 0
En / Uj(t7T37T2*7'3)d7'2:§/Uj(t*Tg,Tg*Tg)dTg
T3+T t+71
t+7
m f Uj(t_7—377—2_7-3)d7-27 t<7’7
+ T3+7T
9 ¢ t+7
m{ f Uj(t—7—377—2—7_3)d7-2+ f Uj(t_73772_7-3)d7-2}77-<t7
T3+T t
0
Zu]‘<t—7'3,t+7'—7'3)+a Uj<t—7'3,7'2—7'3>d7'2
t+71
47 8
+ / auj(t—73>7'2—7'3)d7'2- (4.2.31)
T3+7T
. 4 . ~ ~
Leting u;(t,72) = 3 picily(rs = ) with @y (r2) = ulr). Wa(r) = =§(r2),

W3(2) = U(7a), 4,(72) = Z°(72) and using (4.2.24), (4.2.30), we obtain

8 o0
a/ﬂj(lf—Tg,Tg—Tg)dTQ
t+7
9 o [
{ / )dT2atij +pj5& / U?S(Tg t)dTQ}
s=1 N4 t4r
4 oo
Z{ / )dTQatp],s +p],5{_ 1 / a dTQ}}
s=1 Lir Tt

wi(t — 13,70 — m3)dT2 — U;i(t — T3, + T — T3).
ot
t+71



On the Coexistence of Different Religions 347

This together with (4.2.31) yields

a T o
a/Uj(thg,,TQ*Tg,)dTQ: / EUj(t*Tg,Tngg)dTg,
T3+T T3+T

and, similarly,

o0
0
— uj(t — 713,70 — 73)dTm2
87’3 J( ’ )
T3+T
= —u;(t — 73,7 / 87 — 73,72 — 73)dT2
T3+T
— T3 7’2—7’3 dT2+ — T3,To — T3)dTa.
/ 87 ’ 8 ’ )
T3+T T3+T

Then for 73 < ¢, by (4.2.7),, it follows that

o T o 7 o 7
P / udry + o uldry + A / uddry
T3+T T3+T T3+T
0 0
/ {at : 5+ pr u? + 6—7_3u§’}d72. (4.2.32)
T3+T

Similarly, by using hypotheses (H.4.3), (H.4.4), we can obtain the same equality for { <
73. It is easy to see that each term in the left hand side of Eq. (4.2.32), being a function of
variable (¢, 71, 73), belong to C((0, 7] x ((7,00) \ {t,t +7}) x ((0, min(ry — 7,72 —
7)1\ {t})), and has a bounded jump discontinuity at the lines 7, = ¢, t + 7, 73 = t.
We also observe that

t
(1) / —uz —73,71—73)+U(t — 13,71 77’3),‘%}2’(t77’3)}
0

x exp{—(2v +o)r3}dr3

/ dTg / 7'17757'2 t,Tg*t)dTg

T3+T

xexp{—(2v +o)t}, t<m—T,

m
Zi(t,'rl) = / {Eui(t*’rg,’rl7T3)+U(t77'3,7'177’3)/@;@77’3)}
0

x exp{—(Q2v+o)rs}drs, t>m —T.
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Let0 <t <7 — 7. Then

0

0
azi—&-—z mu; /2 — Uk;

0

8t</d7’3/ 3d7’2+ / dT3 / u?dﬁ)

T3+T t T3+T

oo

T1—T
+i</d73 / uid72+ / drs / u?dﬁ)?ﬂui/ZUm—
(97'1

t

T3+T T3+T

( / 3d7_2 + i u?dTg) drs
o

T3+T T3+T

-
( Bd”) v ( 7 ufd@)
-/

T3=0

T3+T

P o 7 o 7
(a / u§d72+8_7_1 / U?d7'2+8—7_3 / U?d’l‘g)d’rg.

T3+T T3+T T3+T

This together with (4.2.32) show that

drs / (gu?JriTu?'-Jr 0 f’Jraiu )dT2
1 T3

Similarly, we can prove this formula for max(7,t) < 7 <t+7and 7 < 7; < t. This
ends the proof of the derivation of Eqs. (4.2.10),. As a result we have proved

Theorem. Assume hypotheses (H.4.1)-(H.4.5) hold and let m, v, and o be some positive
constants. Then, for any T > 0, problem (4.2.1)—(4.2.5) has a unique positive solution
satisfying (4.2.26)—(4.2.29).

4.3. The Longtime Behavior of p; and 1;

In this subsection we obtain the upper estimate of ¢; and 1; determined by (4.2.18)—
(4.2.20) and (4.2.25) with bounded b, and in the case of constant b and Q} = 1, @} = 0
if j # ¢ demonstrate the asymptotic behavior of ; and 1); as time goes to infinity.

We first consider a more general case of vital parameters. Assume hs = 1 and let

Vi =, mek, wiy, by, 0, Q; be some positive constants. Then from (4.1.1), , 5 4, anal-
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ogously to (4.2.19), we derive the formal system

Vi =~ + o)+ Y mawippson/ Y Psy
s=1

s, k=1
@i = wilt,7) — s ( Y i) S ws) + (i + o3 (“3.1)
s=1 s=1

ud(r —t)exp{—vit}, 0<t<T,
ui(t,7) = > ijé.wj(t —7)exp{—viT}, Tt
j=1

where the prime indicates differentiation. Assume ¢, ¥? > 0 and let 0 < ul(71) €

C([0, 7]). Then conditions of the existence and uniqueness theorem are satisfied for this
system. Hence, Eqs. (4.3.1) have a local solution which, as it is easy to see, is positive. If
we replace the nonlinear terms in (4.3.1); and (4.3.1), by 0 and ; > m,s, respectivly,

we obtain a linear minorant of system (4.3.1). Analogously, replacing these terms by

> mskw?, px and 0, respectively, we obtain a linear majorant of (4.3.1). Hence, for any
s,k
finite time ¢, system (4.3.1) has a positive solution.

Now we consider two special cases of system (4.3.1). Assume m;; = m, then

m § MskWep, PsPk = E WekPs Pk
s,k s,k

= wip? +2) whoior+ Y Wi ok,
k#i s,k#i

Hence, in the case where w!, = 0if s,k # 4, 2w}, = 2w}, = 1if k # i, and w}; = 1,

we have Y~ w!, 0 or = ;i Y k. If, in addition, Q) = 0 when i # j, and ] = 1, then
s,k k

Egs. (4.3.1) become

U = —(2ui + o) + my;,
o =ui(t,7) — (i + m)g; + (vi + 04) i, (4.3.2)
0(r _ . <
ws(t,7) = u (1 —t)exp{—v;t}, 0<t<T
bithi(t — ) exp{—vi7}, T <UL

)

In the other case when b; = b, v; = v, 0; = 0, m;; = m and wl;, Q’ are arbitrary
constants from (4.3.1), for p = >~ @;, ¥ = > 1, we derive the system
5 5

77[’/ = 7(21/4» O')?,Z) + mey,
o = Zui(t,r) —(v+m)e+ (v+ o), (4.3.3)
UO(r)exp{~tv}, U%(1) = 2 ud(r), t<,
ui(t, 7) = i
; (&) {7,[1(15 —1)bexp{—Tv}, t=T.
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Since the solution of system (4.3.1) is positive, ¢; < ¢ and ¥; < 1.

Eqgs. (4.3.3) are a particular case of (4.3.2). Thus, it remains to investigate system
(4.3.2). Tt is linear and can be easily solved for ¢t € (kt, (k+ 1)7], Kk =0,1,... Now we
obtain the upper estimate for its solution. From (4.3.2) we find

(pi + i) = wi(t,7) — vi(pi +5), (0i + ©3)e=0 = @) + ¥Y.

Hence
t
@i + i = (@) +97) exp{—tv;} + /Uz‘(ﬁﬁ) exp{—v;(t — §)}d§
0
if uf € C([0,7]), and, by (4.3.2),,

pi+ i = (¢?+w9+ / U?(I)dx) exp{—tvi}, te€[0,7],

T—1
T t—T1
o1+ = (sa? so+ [+ [0 exp{xui}dx)
0 0
x exp{—tv;}, t>=T. (43.4)

Obviously, ¢;, 1; are nonnegative. Hence ¢;, ¥; < ¢; + 1, and from (4.3.4) we derive
the inequalities

T

¥ < ciexp{—tysy, ¢ =) + Y + /u?(x)dx, t € [0, 7],
0

; < exp{—tui}{ci + b; /wz(x) exp{xui}dx}
0
<exp{—tvi} c;(1 + b;7), te(1,27]
Then, by induction, the estimate
vi, ¥i < ciexp{—ty;}(1+ bﬂ')k, te (kr,(k+1)7], k=0,1,....
immediately follows, or more roughly

G = ciexp{—t(v; — 7 In(1 + 7b;)} < ¢; exp{—t(v; — b;)}, (4.3.5)
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and

exp{—t(v; — b;)} ifT —0,

q; —

exp{—ty;} ifT — 0.

Now we turn our attention to the asymptotic behavior of ¢; and 1; satisfying
Eqgs. (4.3.2). Because of the estimate (4.3.5) there exists the Laplace transforms @;(\)
and v; () of ¢; and 1);, respectively. Applying this transform to Egs. (4.3.2), we obtain

Gi = ©:(N/6i(N), i = Ti(N) /6 (),

where
67,()\) fz()\) — mbl exp{fT(l/Z- + )\)},
fz()\) = )\2 + )\(31/2 +m + 0'7;) + I/Z'(QI/Z' +o0; + m),
[(A) =GN+ 2vi + 04) + 90 (vi + 05 + b exp{—T(A + 13)}),

@,
FI(N) =) + [ul(r = t)exp{—(vi + N)t}d,

0
U (A) = PPN+ v +m) + me?(N).
A graphical analysis shows that ¢; has a unique real root \;9o > —v; such that
signjp = sign{mb; exp{—711} —1£;(0)}, and all complex roots occur in conjugate pairs.
We want now to find conditions under which the real part of all complex roots
Xik, k= 1,2,... is smaller then )\;5. To do this, we make the change of variable
A= Xio + A\, A = £ 4+ /=11, obtaining

6i(N) = A2 4+ Xd; + bi(1 — exp{—7A}), (4.3.6)

with a; = 2X\;0 + 3v; + m + oy, b; = mb; exp{—7(v; + \io)}. Setting £ = 0, from
(4.3.6) we get the curve

bi =n?/(1 —cosTn), a; =—nsinTn/(1 — cosTn),
™ € I = [7(1 + 2k), 2w(1 + k)],

k=0,1,...,onwhich &\ = £ = 0VEk. Moreover, dBi/dn, da;/dn > 0forTn € I.
Hence, this curve increases with 7 increasing and, as it is easy to see, becomes unbounded
as Ty — 2m(1 + k).

Differentiating ;(\) = 0 w.r.t. b;, we obtain

dX\/dbil¢, =0 = (exp{—mnv/—-1} — 1)/ (2nv/—1 + &, + 7b; exp{—mnv/—1}).

Hence

Sign(dfik/dgi) &ix=0
= sign{(cos 77 — 1)(& + 7b; cos 1) — sin7n(2n — Th; sin 1)}
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= sign{b;(—sinn/n + 7 cos ) (cos 71 — 1) — sin 71(2n — by sin 1)}
= sign{bi[rsin® 7 + (cos Ty — 1)(—sin7n/n + 7 cos )] — 2nsinn}
= sign{bs[r — 7 cos T — (sinTn/n)(cos Ty — 1)] — 2nsin 77}

= sign{bi(1 — cos7n)(1 +sin7n/n) — 2nsintn} =1 for 71 € I).

Thus, we get a sequence of domains Dy, = {(&;,b;) : @; € (0,00), b; € (0, bix(@;))}
k=0,1,...in which RA;; < 0.Hence &, <0in D = [ Dx.

k=0
But
—a;/n = cot(tn/2), bi=(n*+a7)/2. 4.3.7)

A graphical analysis of (4.3.7), shows, that, for a fixed 7a;, there exists a unique root
e = uk(7a;) € Ij. This together with (4.3.7), show that D, C Dy Vk. Hence
D = Dy.

Since ®;(A) and ¥;(\) are analytic functions we can estimate the inverse Laplace
transform by using the method of rectangle contour integral, obtaining

Soi ~ QD?S déf ((I)z ()\20)/62()\20)) exp{t)\io},
i ~ @® o (‘Iji()\w)/é;()\m)) exp{tAio}, (4.3.8)

where the prime denotes differentiation. Clearly, the asymptotic values of ¢, and ¢); are
positive. It is easy to check that the pair ¢, 1° is the explicit solution of Eq. (4.3.2) for
te (0, OO) pI‘OVidCd that ’U,?(T1) = (bz\Ijz()\zO)/éi ()\20)) eXp{—Tl ()\20 + Vi>}> T € [0, T]
and m®;(Ai0) = (Mo + 2v; + 04) Wi (Nio)-

Observe that if v;, b;, and o; do not depend on ¢, then so do §; and \;g, but not ¥; and
®;. Assume b = const, Q! = 1, and Q% = 0if j # 4. Then, by (4.2.3), u;(t,0) = by (2).
Hence, by (4.2.8),

ud(r —t)exp{—tv}, 0 <t < 7,
b (t — T) exp{—vT},

and formulas (4.3.8), in particular case, exhibit asymptotics for ¢; and 1); satisfying
Eqgs. (4.2.19) and (4.3.9).

ui(t, ) = { 4.3.9)

5. The Model of the Forbidden Change of Religions

In this section we present a model of religions not tolerating any confession change, but
letting parents to choose a religion not necessarily one of their ones for their offspring.
We put ws¥ = 1and w?, = 0ifi # s, j # k into (3.1)~(3.4) to obtain the following

system for uj, u3, uf; :

8u%/8t+8u%/8ﬁ = 71/2»1 uzl —Lg +Si1, t>0, 7 €Qt,
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Oui 0t + 0ui [0, = —viui — L+ §7, t>0,m€Q? (5.1)

3
8u?j/8t+28ug’j/8m:—( —l—u + 04j) 3j, t>0, (11,72,73) € Q3

k=1
0, mn<r,
Ll _ n oo 2 n oo 1
T 2wl Y [ msuddn (X Y [ ubRkdn) T, o>
s=1r k=1s=1r71
0, <,
L2 — n oo 2 n oo 1
i 202 Y [ mguldr (X2 [ ubbbdn) T, m>T
s=1r7 k=1s=1r
O, < 7',
1 _ T1—T
Si o f dT3 f Z(Vu +Ulé>u d7-27 1 > T,
T3+T S=
0, Ty < T,
2 _ T2—T
Si = f dr3 f Zl(u“—ka“)u dr, T >T
T3+T S

subject to the following conditions

oo o0

UHTI:O:/dTS / drm / Z ud; by V. dra, >0,
0 T3+T T3+T s,J=1
oo oo
u? TFO:/dTg / dr / Z ul b2 QL dry,  t>0, (5.2)
0 T3+T T3+T s,J=1
2 n 1
”\Td 0 = 2mju; u? ZZ/u hkdrk , t>0, 1,7 €[r,00),
k=1 s=1
ulli—o = u®, 11 €[0,00),

u?|t:0 = ’U,?O, T2 € [07 OO),
—3
u?j‘t:(} = u?jO’ (717T2>T3> € Q ’
[uzl‘nzv'} = [u?‘mzr} =0, t>0,
where

ZQ;k =1 for all s,k, and t >0, (11, 72,73) € @3.

i=1

In addition to (5.2) we assume that u;°, u7°, u3? satisfy the following compatibility con-

7 7

/ d7'3 / dT1 / 32 (bi] Qij)‘tzo dTQ,
1

T3+T st ST

ditions:
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/dTg / dn/ ul) (b2 )= d7a, (5.3)
1

T3+T Tatr SIT
oo

2 n -1
o = 2ot (3 / Olcadn) L s
k=1 s=1
[u;(7)] = [ui’(7)] = 0.
5.1. The Symmetric Communities Model

In this subsection we examine the case where communities are symmetric in the sense
that the following demographic functions are symmetric in ages 71, 72 and religions, and
do not depend on sexes, i.e.:

Vit €) = vilt,€), i (t,€) = hi(t,6),
ij(t77'177'277'3) =vy(t, 71,72, m3) = vji(t, 72, 71, 73),
Tij (ta71v7_277—3) = a-ji(ta7_277—177—3)a mij(thlaTQ) = mji(t77—277—1)a

Ufo(@ = u(£), U?JQ(7'177'27T3) = u??(7'277'177'3)7

while b¥ (1,2, T3) = b” (t, 11,72, 73) and Qi are unnecessary symmetric in 7y, 7o.
Then u; (t &) = wi(t,€), u (t,Tl,Tg,Tg) = u (t To,T1,T3), and from (5.1)—(5.3) we
obtain the system

Ou;i /0t + Ou; /O = —viu; — Li + 5, t>0, 11 €Q,

3
Oud; /Ot + > 0u /om, = — (2w + oij) ufy, >0, (11,72, 73) € Q(5.1.1)

k=1
0, <,
L' — n oo n oo 1
’ u; Y [ misusdr (X [ ushgd) T, T >,
s=17 s=1r1
0, <,
S' o T1—T oo n
v f d7_3 f Z (Vis + Jis)ugs d7_27 T > T,
0 T34+7 s=1

with the conditions

Ug|ry = o—/dTg / dﬁ/ Z usjbsz dry, t>0,

T3+T matr SI=1
n oo
Ui |0 = maju(t, 71 )u;(t, 2 (Z/ush dﬁ) st >0, 1,72 >€ [1,00),
s=1

Uili—o = u, 71 €[0,00), (5.1.2)
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3 30 73
uij‘t:() = u” 5 (7—177-277-3) S Q 9
[ui‘n:‘r] =0, ¢t>0,
where

ZQik =1 for all s,k, and t >0, (11, 72,73) E@B.

i=1

In addition to (5.1.2) we assume that u?, ug’jo satisfy the following compatibility condi-
tions:

/dT3 / dT1/ Z 0 (bsj QL) |1=0 d72, (5.1.3)

T3+T ratr SI=1

-1

n
W) |ru—0 = mijli=o U?(ﬁ)ug(TQ)(Z/ u® hgli—o df) . TL T2 =T,
s=17

5.2. The Case of Constant Vital Rates

In this subsection we solve system (5.1.1)—(5.1.3) with hy, = 1, arbitrary functions
bij, Qij, and v; = v;; = v, 0;; = o being some positive constants. Then from (5.1.1)-

(5.1.3) we derive the system:
6ui/at—|—8ui/aﬁZ—Vui—Li—l-Si, t>0,1€Q,

3
ou; ot + Z@ug’j/am =—2u+o)ul, t>0, (11,72,73) €Q® (5.2.1)

17

k=1
O, T <T,
L. — 0, n<r, g — =T
T mu, n>T TP ) o) f dTg{ Zu dry, T > T,
T3+T S=
subject to the conditions

o0 o0 oo n

u¢|n:0:/d73 / dry / Z uij bsj Qg;dra, ¢ >0,
0 T3+T T3+T s,J=1

n -1

Ufilra=mo = mug(t, 1) uj(t, 72) (Z/ U df) , >0, 1,73 € [1,00),
s=1 -

Uil=0 = u, 7 €[0,00), (5.2.2)

—3
u?j‘t:():u?j(')7 (11, 72,73) €Q,
[ui‘n:‘r] =0, ¢t>0,
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where

ZQik =1 for all s,k, and t >0, (71,72, 73) 663,

/ a7 / dn / Uy (bsy ) le=0 2, [u (7)) =0,

T3+T st $I=1
n -1
ug’]o\rg:o = mu?(ﬁ)u?(ﬁ)(Z/ u? dﬁ) , T, T2 € [1,00),
s=1 -

We first construct the formal solution of this system. From (5.2.1), for 1 > 7, we
obtain the following expression

0 — — <t <
(t,7) = (1 —t)exp{—tr}, 0<t< s (5.2.3)
u;(t —7m1,0)exp{—vm}, 71 < min(t,7).
Letting
T1—T T1—T
zi(t,ﬁ) = / d7'3 / Zuldeg, ZO 7'1) / dT3 / Zu dTQ,
0 T341 J J=1 0 T3+T J=1

and integrating Eq. (5.1.2), for 71 > 7, we derive the following system

Ou; /Ot + Ou; JOT = —(v + m)u; + (v + o)z,
azl/at + 6zi/871 = 7(21/ + CT) Zi +muy, (5.2.4)

with the conditions

Zi(O7T1) :Zzoa Zi(taT) :Oa
{u?(r —t)exp{—tr}, 0<t<T,
Uj

i(t —7,0)exp{—v7}, 7T<t.

ui((),ﬁ) = UO

7

ui(t,7) = uj(t) =

Clearly,
O(ui + 2;) /0t + O(ui + 2;) /011 = —v(u; + 2;),
(ui + zi)|i=0 = u§ + 27, (Ui + 2i)|r=r = u;.
Hence
i+ 2z = gi(t, 1)
(Wd(r1 —t) 4+ 22(m — 1)) exp{—vt}, 0<t<m—T,

0
= q ud(m —t)exp{—vt}, 0<7 —7<t<T, (5.2.5)
ui(t —m,0)exp{—vn}, t=mn.
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This allows us to rewrite system (5.2.4) as follows

Ou; /Ot 4+ Ou;011 = —(2v + m+ o)u; + (v + 0)gi,

Uilt=0 = U?, Ui|ry=r = U;'ky

0z; /Ot + 0z, /011 = —(2v +m+0) z; + m g,

Zili—o =7 ziln=r =0. (5.2.6)

System (5.2.6) has the following solution

pzl(t)ug(ﬁ*t)+l)zz() N —t), 0<t<n—r,
u; = 4 ps(t,m)ud(m —t), 0<7n —7<t<T, (5.2.7)
p24(T1)u ( 7_1’0)7 t> T1 > T,

pis(t) u (Tlft)erzG() M —t), 0<t<m—1,
zi = pir(t,m ) Ym—t), 0<m—7<t<m, (5.2.8)
plS(Tl) ( T],O), t>1 2 T,

)

pir(t) = v+ o +mexp{—(v+m+o)t}) exp{—tv}/(v+ o +m),
() = T (1= exp{~(v + o + m)t}) exp{~tv},
pis(t,n) ={v+o+mexp{—(m1 —7)(v+ o +m)}exp{—tv}/(v+ o +m),
pis(r) ={v+o+mexp{—(nn —7)(v + o+ m)}exp{—mv}/(v + o+ m),
( m
(
(

pis(t) = o (1 —exp{=(v + o+ m)t}) exp{~tv},

pic(t) ={m+ (v +o)exp{—(v+m+o)t}}exp{—tv}/(v+ o +m),
pirlt.m) = e (1= exp {~(n = T)(v + 0 +m)}) exp{~t},
pis(T1) = ﬁ (1 —exp{—(11 —7)(¥v+ 0 +m)}) exp{—v71}.

Integrating (5.2.1), with condition (5.2.2),, we find

{ uf(m—t, 12— t,73 — ) exp{—(2v + 0)t}, 0<t< T, (5.2.9)

ud(t — 73,71 — 73,72 — 73,0) exp{—(2v + 0)13}, 0< T3 <L

Then from (5.2.2); we obtain

i(t,0) /d73 / dry / Zblel]ul]dTQ

T3+T st bI=1

+ / drs / dr / ZleQl]ul]dTg
i T3+T
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t

= [ exp{-(2v+ )t~ )} Eult. ) dp + e, (5.2.10)

0

where

fi(t) = exp{—(2v + 0) 1}

/dp1 / df/ Zul] fnm blel])‘(t£+tn+tp1+t)d777

pitr  pitr BI=1

Hi(t, p) = /dTl/ Z D1 )|t — ot 72—t —p) ULy (5 T, T2, 0)d T,
l,j=1

0 < p < t, with uf;(t, 71, 7,0) defined by (5.2.2), or.

Hi(t, p) = Z/dﬁ/z by QU

s, k= lI l,j=1

t+To—p,t— p)ulj (P, T1, 72, O)dTQ’

0 < p < min(t,7), with Iy = [1,7 + p|, Iz = [T + p, 00) and

H(t P Z /dTl/ Z leQlJ ‘(ttJr'rl pit+To—p,t— p)UlJ(P77'177'27 >d7'27
s, k= 1[ I l,j=1

tzp>7withlh =[r,p], I =p,p+7], I3 =[p+T7,00).

Now we examine Egs. (5.2.7)—(5.2.10) going along the ¢ axis by the step 7.

Lett € [0,7]. Egs. (5.2.3),, (5.2.7), 5, and (5.2.8), , determine u; and 2; for 0 <
t<m, 7'1 € (0,00) and ¢t < 71, 71 > T, respectively. Then from (5.2.2), and (5.2.10)
we find u?;|7,—0 and u;(t,0) for t < 7. After that from Eq. (5.2.9), we obtain uJ; for
T3 <t< T3+ 7.

Lett € (7,27]. By (5.2.3),, we can find u; for m < ¢t < 7 + 7, i € [0,7]. Then
Egs. (5.2.7), and (5.2.8), determine u; and ziformy <t <71 +7, 71 > 7. After that
from (5.2.2), and (5.2.10) we construct u3;|-,—o and u;(t,0) for 7 < ¢ < 27. Finally,
from Eq. (5.2.9), we find uw formg + 7 < t < 73+ 27

Repeating this argument we can construct the formal solution of problem (5.2.1),
(5.2.2) for any finite time ¢.

It remains to justify the formal analysis. Assume that:

(H5.1) by, Q5 € C1([0,00) x @3)) are positive,

(H.5.2) u? € C(]0,00)) N LY((0,00)) is positive,

(H53) uf) e CY(@") N LY(Q?) is positive,

H54) [ \%u?f (11,72, 73)|dT2, s = 1,3 converges uniformly with respect to

allﬁ, T3,
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(H.5.5) u), ul) satisfy compatibility conditions (5.2.2); .

%

Then Egs. (5.2.3), (5.2.7)—(5.2.14) and (5.2.2)27778 show that:

wi(t, ) € CO([O,T] X [0,00)) ﬂCl([O,T] X ([0,00) \ {T,t,t—l—T})) and
(

u;(t,-), Ouy(t, ) /ot € L*(0,00), (5.2.11)
Zi(t,m) € C°([0,T] x [r,00)) NC*([0,T] x ([r,00) \ {t,t +7})) and
Zi(t,-), 0Z;(t,-)/0t € L*(0, 00),

u?j(t,Tl,Tz,Tg) e C%([0,T] x @3) NC([0,T] x ([r,00) \ {t, t + T})

X ([r,00) \ {t,t +7}) x ((0, min(ry — 7,72 —7)] \ {t})) and
ugi(t,-), Quds(t,-) /ot € LHQP). (5.2.12)

Further justification of the derivation of Eq. (5.2.4), is similar to that of Eq. (4.2.10),, and
we omit it. As a result of the above consideration, we have

Theorem. Assume hypotheses (H.5.1)-(H.5.5) hold and let m,, v, and o be some positive
constants. Then, for any finite T > 0, problem (5.2.1)~(5.2.2), _4 has a unique positive
solution satisfying (5.2.11), (5.2.12).

5.3. The Asymptotic Analysis

In this subsection we examine the longtime behavior of the total number of single
individuals and pairs of each religion for problem (5.2.1), (5.2.2) in the case where
QL =1,Q,, =0ifi # s, k, and both Q3, = QF,_ = 1/2 and either Q, =1, Q% =0
orQs, =0,0F =1ifs #k.

Assume v;, v;j = Vj;, 045 = 0ji, M;j = mj; be positive and b;;, Q%, be arbitrary
nonnegative constants. Then u;; = u;;. Letting

goi:/uidﬁ, ’(/Jij:wji:/dTg, / dT1 / ’U,?deQ,

T 0 T3+T T3+T

from (5.1.1), (5.1.2) we derive the following formal nonlinear system for ;, ;5 :

O = wilt, ) —vigi — 0 Y misps (Y 0s) T+ D (Vis + 0is) s,
s=1 s=1 s=1

Uy = — (25 + 0ij) + mapi; (Y es) !, (5.3.1)

s=1

w(r —t)exp{—tr;}, 0<t<r
_ n .
uhm) = 3 Qly bathai(t — 1) exp{-mii}, t>T,
s,k=1
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where the prime indicates differentiation. Assume ¢, 19, > 0 and let 0 < u)(71) €
C([0,7]). By the argument applied to system (4.3.1) we can prove the existence of a
unique positive solution of Egs. (5.3.1) for any finite ¢. Using the formula

S Qbatbar = Qbisthis + 3 (Qbin + U)o+ Y Wybartbar, (532)

s, k=1 k#i s, k#i

we analyze two particular cases of this system.

Letyij =V = V,045 = 0, M5 = M, bij = b, Q;:z = 1, Qék = 01fs,k 7é 7.
Assume also: Q%, = QF = 1/2if s # k, and either Q%, = 1, Q% = 0,5 # k, or
Q3. =0, Q’;k = 1if s # k. Then, for ; and ¢; = >_ 45, from (5.3.1), (5.3.2) we

j=1
obtain

¢ = wi(t,7) — (v +m)p; + (v + )i,

Vi = —(2v + o) +mp;, (5.3.3)
4 Ul (r —t)exp{—tr}, 0<t<T,

uilt 7) = { bi(t — 7)exp{—Tv}, t=T.

In the other case where v;; = v; = v, 0;j = 0, bj; = b, m;; = m, and Q7 is
arbitrary, for ¢ = @i, 1 = ) 9);, we obtain
i i

¢ = uit,r) = (v mlp + (v + )0,

V' =—(2v+0)¢ +my, (5.3.4)
Zui(tﬂ') _ { Zu?(r —t) exp{—tv}, <t<T,

0
bip(t — 1) exp{—Trv}, t=T.
Clearly, ¢; < ¢, ¥; < 1. System (5.3.3) is a special case of (4.3.2), and system (5.3.4)
is the same as (4.3.3), whose longtime behavior we have considered in 4.3.

6. Discussion

In this paper, we derived a general deterministic dynamics model for the interacting so-
ciologically structured human communities. It is based on the Hoppensteadt-Staroverov-
Hadeler pair formation model and describes dynamics of the interacting religions that
tolerate both uniconfessional pairs and those with different religions. Two special models
such as the uniconfessional pair model and that of the forbidden change of religions are
investigated. In the case of constant vital functions, solutions of these two models are
constructed, and the longtime behavior of the total numbers of single adults and pairs is
obtained.
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In the case where v; = v} = v, b;, 0;, m;; = m are positive constants and w’, = 0

if s,k # i, wl), =wl, =1/2ifk # i, w};, = 1,9; = 0if i # j, Q! = 1 the total
numbers of the single adults ¢, and pairs v; of the ¢th religion in the uniconfessional pair
model (4.3.2) evolve independently of those of the other religions. The exponent A;g of
the longtime behavior (4.3.8) depends only on the parameters of the ¢th religion. Hence,
some of the religions may extinct or tend to the steady state, while the other ones may
grow.

The exponent \g of the largetime behavior of ¢; and v; in the model of the forbidden
change of religions (5.3.3) with the constant v;; = v; = v, 05 = 0, m;; =m, b;; = b
and Q, = 1, QL = 0if s,k # 4, Q3, = QF, = 1/2if s # k is the same for all the
religions. Hence, all the religions extinct or grow with the same rate.

The total numbers of the single adults ¢ = i ; and pairs ¥ = i 1); in the uni-

i=1 i=1
confessional pair model (4.3.3) with constant b; = b, v} = v; = v, mi; = m, 0; =
o, wh, Q; are the same as those in the model (5.3.4) for the forbidden change of reli-
gions with constant v;; = v; = v, 05 = 0, byj = b, my; = m, Q2.
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Apie skirtingu religiju koegzistencija

Vladas SKAKAUSKAS

Pasitlytas bendras pory formavimo modelis saveikaujanciose Zmoniy bendrijose, iskaitant indi-
vidu amZiu, lyti ir religing priklausomybe¢. Modelis apraso religiju, toleruojanciy vienos bei ivairiu
konfesiju poras, dinamika. Sukonstruotas modelio sprendinys ir gauta jo asimptotika dviem specia-
liais atvejais: pirmuoju atveju modelis araso vienos konfesijos pory dinamika, o antruoju — toleruoja
skirtingu konfesiju poras, bet draudzia bet koki religijos pakeitima.



