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Abstract. In the previous paper (Pupeikis, 1998), the problem of recursive estimation of the state
of linear dynamic systems, described by an autoregressive model (AR), in the presence of time-
varying outliers in observations to be processed has been considered. An approach to the robust
recursive state estimation has been obtained and proved by estimating the real chemical process
(Box and Jenkins, 1970). The aim of the given paper is the development of the abovementioned
approach for the robust recursive state estimation of an autoregressive-moving average (ARMA)
process in a case of additive noises with patchy outliers. The results of numerical simulation and
the state estimation of the AR model (Figs. 1-4) and the real chemical process, described by the
ARMA model, which is chosen from the same book of Box and Jenkins (Figs. 5-8) are given.
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1. Statement of the Problem

It is known (Schick and Mitter, 1994) that some time various recursive robust techniques
turn out to be efficient in the presence of rare and isolated outliers. On the other hand, it
is established that always there arise special problems when the outliers occur in batches.
In such a case, a generalized problem of the model of outliers which are varying in time
could be solved according to Pupeikis and Huber (1997); Pupeikis (1998). Therefore, we
apply here an approach to optimizing the state estimation of a dynamic process and the
generalized model of time varying outliers in observations to be processed for solving the
abovementioned problem.

Assume that we consider the linear discrete-time process of order n with single input
p;, and single output xj, described by the autoregressive moving average (ARMA) model
of the form

=W ) Vk=0,1,..., ()
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where x, and p, denote the unobserved values of sequences {x, } and {1, }, respectively,
pi ~ N(0,07),

W(g ) = % @)
is a system transfer function,
A(g~ha) = zn: aiq”", 3)
i=1
B(g ';b) = i big~", 4)
i=1
are polynomials,
ol = (@), o =(a1,...,an), b' = (b1,...,by) (5)

are parameters of polynomials (3), (4), ¢~ !

Th—n = Jfkq_n-
Suppose that {x } is observed under additive noise Zy, i.e.,

is the backward shift operator defined by

Up = Tk + 2k, (6)

where uy, is observed value of output Uy, 2, denotes the unobserved value of the sequence
{21}, which is the sequence of independent identically distributed variables with an “e-
contaminated” distribution of the form

p(zr) = (1 — ex)N(0,07) + N (0,07), (7)

and the variance

o2 =(1- ek)ag + erpo?, (8)

p(z1) is a probability density distribution of an noise Z, moreover, oc<0,,0<e, <1
is the unknown fraction of “contamination” varying in a time.

It is supposed that the roots of A(q~';a) and B(q~!;b) are outside the unit circle of
the ¢~ ! plane. The true orders n of polynomials (3), (4) and the true values of parameters
(5) are known.

The aim of the given paper is a optimization of the robust recursive estimation of
states z1, 2, ..., 2N of the ARMA process (1)—(8) in the presence of patchy outliers in
observations u1, ug, . . ., un of an output Uy.
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2. Recursive Optimization of a State Estimation

The ARMA model can be rewritten as the stochastic state-space model in the form

X1 = AXp + hptpg1, (€))

Uk ZCTXk—‘rdT’wk—‘er, (10)
where

Xi = (Th, Tho1, -+, Thon1) (11)

is the n x 1 state vector,

ap a2 27
1 0 ... 0

A= : : : (12)
0 1 0

is the n X n matrix pg1 is value of the sequence {pu } at time moment & + 1,

h=c=(1,0,...,0)T, (13)
d=(b1,ba,....bn)", (14)
W = (Wo—1, Bk—2, -+ s lk—n) " (15)

are the n x 1 vectors.
So, we have the following structure:

Tr41 a Qs ... Gp T 1
Tk 1 0 ... O Tk—1 0
) =|. . . . ) + Hk+1, (16)
Theni2 o 1 ... 0 Thoni1 0
Tk Hk—1
Tk—1 Hi—2
ugp =1[10...0] + [b1 b2 ... by) . + k. 17)
Th—n+1 Hk—n
Assume that N observations w1, us,...,un are obtained and a bank of the state
estimates 71(1),...,Zn(1),71(2),...,ZNn(2),...,Z1(L), ..., TN (L) are calculated by
processing uj, ua, . . ., un by means of a bank of robust parallel L Kalman filters

29 (k+1) = AZ9 (k) + k(k + D) {exa ()}
for j=1,2,...,L and k=0,1,...,N—1.  (I8)
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Here

(i ~ N o~ ~ T .

x(])<k+1>: ($k+1<]>,$k(])7...,S(fk;_n+2<]>) for J :1727"'7L (19)
is the state estimate at time moment k& + 1,

=) (s A . ~ T .

29 (k) = (xk(j),xk,l(]),...,xk,nJrl(j)) for j=1,2,...,L 20)

is the state estimate at time moment &, k(k) is a time-varying filter gain, which is obtained
using the respective formulas (Schick and Mitter, 1994) and is the same one for all the L
filter,

7Aj, if6k+1(j) < 7Aj
Vjieri1(d) = { exr1(d), if—A; <eryr(j) <A for j=1,2,...,LQ1)

Aj, if6k+1(j) > Aj
is the special function, which is used to transform the residual ey (j) Vj = 1,2,...,L
defined by
ex(d) =up — T 2(j) —dTwy for j=1,2,..., L. (22)

The filters in the bank (18) are different because of the threshold A; Vj =1,2,..., L in
(21) only, which has a different value A; < Ay < ... < Ay for each Kalman filter.

In order to select a function to be minimized in the problem of a optimization of the
state estimation it is important to determine a relation between the oft used but unknown
filtering error and the characteristics, which are known beforehand or could be easily
calculated. Further such a relation between the filtering error (to be more precise, the
average square error of prediction of the state) and the variance of reconstructed input zix
will be used according to Pupeikis (1998).

The problem to be solved now is at each time moment % from a bank of L current state
estimates, generated by a bank of the L Kalman filter (18)—(22) to choose an estimate that
guarantees the minimal current filtering error.

The current values of variance (O’Z(i)) fori = 1,2,...,L, Kk = 0,1,... at a time
moment k + 1 are obtained by the equation

1 1
2 2 2 .
(Uﬂ(i))k-i-l = (1 - E) (Uu(i))k + %Mk+1(7’)
fori =1,2,...,L, k=0,1,... (23)
using their values (Ui(i)>k fori =1,2,...at a time moment k and the values of recon-

structed inputs 41 (7) foré = 1,2, ... at a time moment &k + 1.
Then, we can rewrite (23) in such a form

1 1 , .
(Ui(i))kﬂ = (1 - E) (Ui(i))k + E(M%-&-l + 2441 A pe1 (7) + AM%—HO))
for i=1,2,..., k=0,1,... (24)
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if pi41(?) Vi =1,2,...1n (23) is replaced by
/J/k-i-l(i) = HMk+1 +A/’”€+1(7’) for i= 1727"'7L7 k:0717-~-7 (25)

where pig1 is the value of input at a time moment k + 1.

On the other hand,
1 (8) =W g 5 a)Tpqa (i) for i=1,2,...,L, k=0,1,..., (26)
or the same

:u‘k+1(i) = Hk+1 +Wﬁl(q71;a)ck+1(i) for = 172a"'aLa k:0a177(27)

as

Toi1(i) = Topr + Copr (i) for i=1,2,...,L, k=0,1,... (28)
is where (11 (4) = Cey1(2,A;) for i =1,2,...,L, k=0,1,..., moreover,

|Ch1 (0)| < [wpqr| for i=1,2,...,L, k=0,1,..., (29)

and (x (i) ~ N(0, ag(i)) fori =1,2,..., L. Then, using (25) and (27) it follows that
Aprr (i) =W Hg 5 a) G () for i=1,2,..., L, k=0,1,... (30)
and correspondingly

(a1 = Fr1 (D) = (W(a™50) (unsr — s (i)

= W(g™5a)(=Aurs (i) = 211 (0)
for i=1,2,...,L, k=0,1,.... (31)

A current deviation at a time moment k + 1 between the value of input and that of a
reconstructed input, generated by the [-th filter, is

|Apea ()] =0, k=0,1,..., (32)

when (r1(l) = 0Vk = 0,1,...,ie., as Tp4+1(l) = zk41 Yk = 0,1,... and hence
Hk+1 (l) = HEk+1 Vk = Oa 17 ce

Theorem 1. Assume that

‘§k+1(z)’ = ‘xk+1 +Ck+1’ P ‘xk+1‘ fO}" i = 172a"'aLa k= Oa17"'7 (33)
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while

Te(1) £ T0(2) £ ... £50(L — 1) £ 3K(L), fork=1,2,...,

(03(1))k #+ (03(2))/& #* ... % (Ji(L—l))k #+ (Ji(L))k for k=1,2,...

and in the bank of current state estimates (34) there exists Ty (1) = xy, for k
that equality (32) is valid. Then

(ﬁmhﬂ<ﬂﬁmhﬂ for j=1,2,....L—1,k=0,1,...,

and
(@rs1 — a1 (D) < (2141 — T (7))
for j=1,2,....L—1,k=0,1,...,
if
@ﬁﬁoz@i®%=*~:(ﬁ@4ﬂwzwﬁm%:&
Herec > 0.

Proof. Let us assume that (11 (i) = 8;x41 fori =1,2,...,L, k=0,1,..
k+ 1iteration 6; = 6;(k+1;A;)Vi=1,2,...,L, ; >0fori=1,2,...,L
6y = 0, and moreover zp1 #0Vk =0,1,....

Then, from (33) it follows that

|Zh1(0)| = g1 + Sizrr1| = |whs1]
for ¢=1,2,...,L, k=0,1,...,

and

Aps1(i) = 6W g™ @) @pgr = Sifinsa
for i =1,2,...,L, k=0,1,....

Thus, we can rewrite equation (24) in such a form
2 — (1 1 2 Lo 14 68)2
(Uu(i))kﬂ Tz (Uu(i))k + E“kﬂ( +6i)
for ¢=1,2,...,L, k=0,1,...,
while the current square filtering error (31) is
(@h1 — Frpr(8))” = 627, for i=1,2,...,L, k=0,1,...,

and forany 6; > 07 =1,2,...,L —1(36) and (37) are valid.

(34)
;39

=0,1,...

(36)

(37)

(3%)

., Where on

— 1, while

(39)

(40)

(41)

(42)
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REMARK 1. The minimal variance (ai(l))kﬂ Vk = 0,1,... guarantees a minimal cur-
rent filtering error (42) which is equal to zero therefore, that in (42) 6; = 0 corresponds to
the optimal current state estimate Ty11(l) = xx+1 Vk = 0,1,. ... On the other hand, by
increasing 6; j = 1,2,..., L — 1 increases the current variance (41) and current filtering
error (42), respectively. Hence, it is possible to choose an optimal current state estimate
ifo; >0forj=1,2,...,Lin (39).

Theorem 2. Assume that

[ (i \“\$k+1-%4k+1 )| < fers]
for i=1,2,..., L k=0,1,..., (43)
while
Fe(1) #3452 # ... £ T(L — 1) #T(L) for k=1,2,..., (44)
(Or)e # () # - # () # (Fuw)y for k=12,..., 45

and in the bank of current state estimates (44) there exists such Ty(l) = xzy for k =
0,1, ... that equality (32) is valid. Then

(Ui(l))kﬂ > (Ui(j))kJrl Jor j=12,....,L -1, k=0,1,..., (46)
and
(l’k+1 - §k+1 (l))2 < ($k+1 - §k+1(j))2
forj=1,2,...,L—1,k=0,1,..., (47)
if
(@) = (@hz)o = = (Fh—1))o = (ur))y = (48)
Here ¢ > 0.

Proof. Suppose that C41(i) = 8z fori = 1,2,..., L, k =0,1,..., where §; =
6i(k+1;A,)Vi=1,2,...,L, 6; <0fori =1,2,..., L—1, while §, = 0 and moreover
Thi1 £O0VE=0,1,. ..

It follows from (43) that

|Zks1 ()| = |zrs1 + Siznsr| < |aggr| for i=1,2,...,L, k=0,1,..., (49)
and

Apgyr (i) = W g™ a)wgr = Sipurya
for i=1,2,...,L, k=0,1,.... (50)
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Thus, one can rewrite the equation (24) in a form (41) too, while a current filtering
error is of the form (42) and forany 6; <0, 7 =1,2,..., L — 1 (46) and (47) are valid.

REMARK 2. In such a case, the current variance (ai(l))kH Vk = 0,1, ..., which corre-
sponds to the current optimal state estimate Zx1(l) Vk = 0,1, ... will not be minimal.
Hence, it is impossible to choose the optimal current state estimate using inequalityes (36)
and (37) because decreased the current variance (41) and increased the current filtering
error, (42), respectively. On the other hand, when inequality (43) is satisfied, e.g., when
during recursive calculations all the observations are damaged by the all Kalman filters
(except one filter which generates the optimal state estimate), using relatively too small
thresholds A; Vi = 1,2,..., L — 1 in Huber’s 9-function (21), then it is possible also
to choose the optimal current state estimate, which corresponds to the maximal value of
current variance (24) and to the minimal value of current filtering error (42), respectively.

The respective L estimates of the variance ai are obtained by the formula of the form

M=
=
=

|
=
=
e

0_2 =1

w(1) N )
o2 > (1i(2) — 1(2)

l‘(2) 1 =1

: = N_1 : ; (5D
o2 N _ 2
) S (ui(L = 1)~ B(L — 1)
Onry /N =
> (L)~ B(L))

using, correspondingly, the L reconstructed values pg(j) V5 = 1,...,L and k =

1,2,...,N.Here i(1), ..., (L) are the means of reconstructed inputs, respectively.
2

If the variance o "

., 1s minimal, i.e.
(4) >

ooy <Ongy Vi=1,2,...,L—1, (52)
then the vector Zn (1) = (Z1(1), Z2(l), . .., Zn (1)) % of estimates of the states z1, xa, . . .,

x is an optimal one. The abovementioned equations let us to choose the optimal state
estimates after processing all observations uy, . . . uy only. In order to choose at each time
moment k the current optimal state estimate, which would guarantee the current minimal
value of reconstructed input and current minimal square filtering error, respectively, at
these time moments, it is necessary to rewrite formula (51) in the recursive form.
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3. Simulation Results

The unobserved noiseless sequence Xy, (Fig. 1, entire line) is described by AR(1) model
of the form

zp = 0.85xp_1 + pg, k

1,100. (53)

Then the output Uy, to be observed in the presence of patchy outliers (Fig. 1, entire-dotted
line) is

ur = x + 25, k =1,100, 54)

where ug, zj are the values of an output Uy and a noise Zj, respectively, at a time mo-
ment k, Zj is a sequence of independent identically distributed variables with an “c-
contaminated” distribution of the form (7) and the variance (8).

The sequence (54) is used for estimation of the values z;, i = 1, 100, of the process
X In this case, for an additive noise Z;,

{0, if ¢ >e,
Rl —

vgo,, if(<e (53)

holds, where v, (i are independent Gaussian variables with zero means and variances 1.
Here ¢ = 0.2.

{
100 i

0.0

Output

1
)
8

-10.0 3

-20.0 L
[ 20 40 80 8o 100

Observations

Fig. 1. Two time series in an absence (entire line) and a presence (entire-dotted line) of patchy outliers.
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4.00 |

2.00 |

OQutput

0.00

-2.00 |

0 20 40 60 80 100

Observations

Fig. 2. Noiseless time series and its estimate, which is obtained using only one Kalman filter.

For the state estimation by processing Uy = (u1, ..., u100)" the bank of the parallel
Kalman filters (18)—(22) is used, which can be rewritten for the AR(1) process (53) with
the a priori known parameter a; = 0.85 as

FD(k+1) = 17D (k) + k(k + 1), (uk+1 - a1§<j>(k)) (56)
for j=1,...,L, Vk = 1,100,
where
Kkl = Ori1(02 + dry1) " (57)
Pri1 = aipk + 0, (58)
Prt1 = Orr1(l — Kry1), (59
Aj, if epr1 < *Aj,
VYjleps1) = < ens1, if —Aj<epy1 <4Aj,  for j=1,L, (60)

Aj, if €k41 > Aj,

moreover, A1 = 1; Ay = 1.5; Az = 2; Ay = 2.5; A5 = 2.75; A¢ = 3; A7 = 3.5;
Ag =2000; L =8andpy = 0.1;07 = 1;02 =1; T = 0Vj = 1.8.

In Figs. 2, 3, noiseless and really unobserved output (53) (entire line) and its two
estimates (dotted lines) are presented. In Fig. 2 the first estimate is obtained using only
one Kalman filter with A = 2.5 in (60), while the second estimate in Fig. 3 is obtained
using a bank of Kalman filters by optimizing the state estimation itself. In Fig. 4 the
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Fig. 3. Noiseless time series and its estimate, which is obtained using a bank of Kalman filters.
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Fig. 4. Operation of the Kalman filters by processing observations with patchy outliers.
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operation of the Kalman filters in time for the second estimate, respectively, is presented.
From the simulation and state estimation results, presented in Figs. 2, 3, it follows, that
the accuracy of state estimate, obtained using the bank of Kalman filters by optimizing
the estimation itself, is higher as compared to the accuracy of such estimates based on
constant A. In the presence of patchy outliers the adaptive technique chooses 5 Kalman
filters (Fig. 4) at different time moments.

4. Recursive State Estimation of a Chemical Process

The noiseless sequence xy, is the time-series A from Box and Jenkins ( 1970), which is
described by the ARMA model of the form

oM =145+ 0922, + pp — 0.58uk-1, k =T,197, 61)

or by the model of the form
2N = 0922, 4 — 0.58u,_1, k= T,197, (62)

if the free term of sequence xy, is eliminated.
Here xl(cA), féA) are the values of the abovementioned sequence at a time moment k.
Then the output Uy, to be observed in the presence of outliers (Fig. 5) is

aMN =z 45, k=T107, (63)

where ﬂ](CA), 2y, are the values of output Uy, and noise Zj, k = 1,197, respectively, at a
time moment k; Zj, is a sequence of independent identically distributed variables with an
e-contaminated distribution of the form (7) with variance (8).

The sequence ﬂiA), k = 1,197, from (63) is used for the state estimation of the

ARMA process (61) in a case of a priori known parameters a; = 0.92, by = —0.58. In
this case, for an additive noise Zx, k = 1, 197, the equality of the form is valid
0, if ¢ > ey,
f— . 64
Zk { 10y, if (x < eg, 64)

where vy, (j, are independent Gaussian variables with zero means and variances 1; ¢y, is
a time varying “contamination” fraction of the form

0.1 fork=1,2,...,100,
er =14 0.2 fork =101,102,...,150, (65)
0.05 fork = 151,152, ...,197.

By processing ﬁ,gA) = (ﬂgA), Cey ﬂgg‘g)T the bank of parallel Kalman filter (18)—(22)
is used for the state estimation. Moreover,
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I\AAA

Observations

Fig. 5. The output of the chemical process (62) in the presence of patchy outliers.
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Fig. 6. Noiseless time series A and its estimate (dotted line), which is obtained using a bank of Kalman filters
(18)—(22).
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Fig. 7. Operation of the Kalman filters (18)—(22) by processing observations of the chemical process (62) with

time-varying and patchy outliers.
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Fig. 8. Noiseless time series A and its estimate (dotted line), which is obtained using only one Kalman filter

with A = 0.75 in (21).
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A; = 0.75, Ay = 0.8, A3 = 09, Ay =1, A5 = 1.2, Ag = 1.4, A7 = 1.6,
Ag = 18, Ag = 2, Al() = 2000 and Po = 01, O’i = 1; O’g = 1; :T\()(l) =0Vi = m,
L =101n (18)—(22).

In Fig. 6, a noiseless and really unobserved output (62) and its estimate are presented.
The estimate (dotted line) is obtained using the bank of Kalman filters (18)—(22) by op-
timizing the state estimation itself. In Fig. 7, the operation of Kalman filters in time for
such a current state estimate is presented. The results presented in Fig. 7 show that, in
such a case, at different time moments the adaptive technique chooses seven Kalman fil-
ters with different thresholds A in (21). Fig. 8 shows us the unobserved output (62) and
the estimate (dotted line), which is obtained using only one Kalman filter with the con-
stant A = 0.75 in (21). From the simulation and the state estimation results, presented
in Figs. 5-8 it follows that the accuracy of the state estimates, obtained using the bank
of Kalman filters by recursive optimizing of the estimation itself, is higher as compared
to the accuracy of such estimates based on the constant A = 0.75 (Fig. 8). It could be
mentioned that the results averaged by 20 experiments in the presence of time varying
outliers including the patchy outliers are given in (Pupeikis and Huber, 1997).

5. Conclusions

The classical robust Hubers theory of estimation of a location parameter uses stochastic
models with time-homogeneous contamination of outliers (Huber, 1964; 1981). However,
if the various robust recursive algorithms turn out to be efficient in the presence of rare
and isolated outliers, then always there arise special problems in the presence of patchy
outliers. In such a case, it is important to solve the generalized problem of the model of
outliers, which are varying in time. Therefore, in our work, a recursive state estimation
approach with an optimization of the estimation itself is applied. In theory (Theorems 1—
2), it is based on a simple but important relation between the variance of a reconstructed
input of the process and that of the filtering error as well as on the fact that both variables
take their minimum at the same place. In practice, our approach is realized by means of a
bank of parallel Kalman filters (18)—(22), consisting of simple recursive equations, which
differ one from another by threshold A in Hubers -function (21) only. At each recursive
step a current state estimate, which guarantees the minimal filtering error, is chosen from
the respective bank of current state estimates by means of optimization technique, using
equations (51) and condition (52). The results of numerical simulation (Figs. 1-4) and
the state estimation using a practical chemical time-series (Figs. 5-8), described by (61),
(63), prove the efficiency of the model of time varying outliers and usefulness of the
proposed recursive approach for the state estimation in the presence of patchy outliers in
observations to be processed.
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Rekurentinis dinaminiu procesu buvio ivertinimo optimizavimas,
esant nestacionariam dideliu impulsu srautui stebéjimuose

Rimantas PUPEIKIS

Straipsnyje nagrinéjamas proceso, aprasomo autoregresijos — slenkancio vidurkio (ARMA)
modeliu (1)—(8), biisenu ivertinimo uzdavinys, taikant lygiagreciu Kalmano filtry banka. Irodytos
teoremos teigia, kad esant pakankamai bendroms salygoms mazéjant filtravimo paklaidy reikSméms
atitinkamai maz¢ja atkurty i¢jimy dispersiju reik§més, kurias nesunku suskaiciuoti rekurentiskai.



