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1. Introduction and Preliminaries

Let E be the class of functions of the form
fR) =2+ anz", (1.1)
n=2

which are regular and univalent in the open unit disk U = {z: |z| < 1}. Let S(A, B)
represent the class of functions f(z) € E satisfying the inequality

‘ (2f'(2)/f(2) — 1
A= B(zf'(2)/f(2))

where -1 < B< A<1l,and -1 < B <0.

Also, a function f(z) € FE is in the class K (A, B), if and only if zf'(z) € S(A, B).
One may refer to Srivastava and Shigeyoshi Owa (1992) for aforecited definitions and
other related details. The Wright’s generalized hypergeometric function (Srivastava and

’<1 (zeU), (1.2)
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Manocha, 1984) is defined by

Cw] =g [ A O Ay
P\Ilq[} quq{(’ul’A),.. (Manq) :|

0 P q ~1n
:Z{HF +An} ,uJ—I—Bn} =, (1.3)
n!
n=0 \i=1 j=1
where the coefficients A; (¢ = 1,...,p)and B; (j = 1,...,q) are positive real numbers
such that
q P

1+ B;j—=> A; >0
j=1 i=1

The function -, ¥,[z] reduces to the generalized hypergeometric function , F,[z] when
Ai=10G=1,...,pjand B; =1(j =1,...,q) in (1.3).
An integral operator J, ( f) is defined by Bernardi (1969)

nn =22 [ewa (> (14

A generalization of (1.4) was introduced in (Jung ef al., 1993) and is defined by

z a—1
¢3f<z>:<“+7>3/0 <1—3> O @) dt, (o >0,7>0). (1.5

¥ 27 z

The linear operator Té“(a,c) studied by Raina (1997) (which is a generalization of
Carlson—Shaffer’s linear operator (Carlson and Shaffer, 1984)) defined by means of the
usual convolution * as

Té(a,0)f(2) = 05(a,c;2) * f(2)  (f € E), (1.6)
where
['(c) (a,4), (1,1)
i) = oy

The operator L(a, ¢) is defined by Carlson and Shaffer (1984)
L(a,¢)f(z) = 01 (a,¢) x f(z) = T} (a,¢) f(2). (1.7)
It is easy to verify that the functions K (A, B) and S(A, B) are connected by the relation
K(A,B) =T} (1,2)S(A, B). (1.8)

In this paper we present various results involving the Wright’s generalized hypergeomet-
ric function and study some interesting characterization properties associated with certain
subclasses of analytic functions. Special cases of our results are also pointed out.
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2. Characterization Properties
We first state the following results due to Raina (1996), which shall be used in the sequel.

Lemma 1. Let the Wright’s generalized hypergeometric function , ¥ 42| defined by (1.3)
satisfy the condition

| (Nis Ai)ps
z2p ¥ { Bj)1,q;z ) A_B
is Ai)1,p; z] 1+ |B|

(zel), Q2.1

Jor —-1<B<A<1, -1<B<O0. Then zA,V,[z] € S(A, B), where

A= {f[m»}_l{f[lrw}. 02

Lemma 2. Let the Wright'’s generalized hypergeometric function , ¥ ,|z] defined by (1.3)
satisfy the condition 2.1) for z € U, and —1 < B< A< 1, =1 < B<0. Then

(A Ai)1,ps (1, 1);

(1, Bj)1.q» (2, 1); Z] € K(4, B), 2.3)

2Ap11¥gi {

where A is given by (2.2).

Lemma 3. Let f(z) be defined by (1.1), satisfy the condition

(A= B)(2+ A+ A2
(1+|B)(1 + A)2:

2f'(2) 2f"(2)
f(2) f'(2)

for fixed constants A, B and h, such that —1 < B < A <1, -1 < B <0, h > 0. Then
f(z) € S(A, B).

(z€U), 24

Now we establish the following results depicting the characterization properties of the
function , ¥, [z] defined by (1.3).

Lemma 4. Let the Wright'’s generalized hypergeometric function , ¥ ,|z] defined by (1.3)
satisfy the condition

Logr | Qi A
quq{(u )1%} <(A—B)(2+A+A2)

S [()\Z,A)lp, Z] (1+[B)(1+ A)?
(.uja

)1 qs

(z € U), 2.5)
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for -1< B<A<L1, -1 < B<O0. Then

(N +A1,A) s (1,1);

va+1\Ifq+1 |:< 1 +B ) q7( 71)72’:| € S(A, B), (26)

where

:{ﬁF(AH—A }_ {f[ (1 + Bj } 2.7

i=1
Proof. Consider the function P(z) defined by
z)={-pPyle] —AT'} V.

It follows then that P(z) € E and satisfies

)| |mYlE| (A-BerAra)
= z .

P'(2) p¥ql2] (1+[B)(1+A)

Using Lemma 3, it follows then that P(z) € S(A, B).
That is
/ p(t) dt € K(A,B)
0 t

=V / tH{ W[t — A dt € K(A, B)
0

e TH1L, 2V 2y Wt {(A +A“A> (L 1); z} € K(A,B).

( M + ) ,q7( 71)7

Applying the inverse operator T (2, 1) on both sides, then by virtue of the relation (1.8),
we arrive at the desired result of Lemma 4.

Lemma 5. Let f(2) be defined by (1.1), and f(z) € S(A, B). Then
o5 f(2) € S(A,B), for a>0,7v>—1. (2.8)
Proof. Let f(z) € S(A, B). Then

(f'(2)/f(2) —
A= B(2f'(2)/f(2))

It then follows that

<1

Z{n—l (A-Bn)}a, < (A- B). (2.9)
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We have from (1.1) and (1.5) that
S f(2) =2+ Za(n)anz" (z€U),
n=2

where

0'(71) _ (1 +'7)n—1

Trat s (n>2). (2.10)

In order to show that ¢S f(2) € S(A, B), it is sufficient to show that (in view of (1.2))

Kdi 7 <Z>) / (¢$f<z>)] .

<1.
A= | (s o50) /(05|
That is
i{(n—l)—(A—Bn)}ana(n)<A—B. 2.11)

We observe that for & > 0, 7 > —1, the function o(n) is a decreasing function of
n (n > 2), and it follows that

0<o(n) <o(2) <1 (2.12)
The assertion (2.11) follows easily from (2.9) and (2.12), and the proof is complete.
Lemma 6. Let f(z) be defined by (1.1), and f(z) € K(A, B). Then
¢35 f(2) € K(A,B), for a>0, v>—1. (2.13)

Proof. Let f(z) € K(A,B), then zf'(z) € S(A, B). Using Lemma 5, we have then
#5(2f'(2)) € S(A, B). Itis easy to verify that

2 (65(2)) = 65 (=7'(2)

— = (651(2) € S(A, B)
= ¢5f(z) € K(A, B),

which proves Lemma 6.
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3. Further Characterization Properties

Our characterization theorem for a class of Wright’s generalized hypergeometric func-
tions is contained in the following.

Theorem 1. Let the Wright’s generalized hypergeometric function ,V,(z] defined by
(1.3) satisfy the condition (2.1) for z € U. Then

()‘75’ Ai)lapv (7 + 17 1)7

2A1 - p1 U z| € S(A,B 3.1
vVt B (a1, 1); (4, B) (3.1
Jora >0, v > —1, where
AT +a+7)
A=Y 32
! I'(1+7) G2

and A is given by (2.2).

Proof. In view of Lemma 1, we have z A ,U,[z] € S(A, B). Then, we find that

¢ (2 A, W,[2]) = A <O‘+7> < /0 <1 - 3>alﬂp\pq[t} dt.

vy 27 z

Evaluating the integral (by using the definition (1.3)), we obtain

sz (2 8p¥g[2]) = 2 A1 pr1¥qia

<)\7,7A2>1,p7(fy+171>a P
(Mj>Bj)17q7<'7+a+171); 7

where A, is given by (3.2). Applying Lemma 5 to z A, ¥, [z], we arrive at once to the
assertion (3.1) of Theorem 1.

REMARK 1. If A =1 — 2p, and B = —1, then the class of functions

represents the class of functions in E which are starlike of order p (0 < p < 1). By
setting the parameters in (1.3) as

A=106G=1,....p), Bj=1(=1,...,q), (3.4)
and noting that

(A1), (A, 1); B
¥y (G, 1) (10 1): z | = ApFylz], (3.5)
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where A is given by (2.2), then by virtue of the specializations (3.3) with (p = 0), (3.4),
(3.5) and o = 1, Theorem 1 corresponds to the known result (Srivastava and Owa, 1985,
p- 200, Theorem 1).

For v = 0, a = 1, Theorem 1 gives the following result.

COROLLARY 1. Let the Wright's generalized hypergeometric function , VU ;[ z] defined by
(1.3) satisfy the condition (2.1) for z € U. Then

()‘i7A75)1’P7 (L 1)1

YN 2| e s, B), 3.6
vttt B (9,1): 1 (4, B) (3.6)

where A is given by (2.2).
Next we prove the following.

Theorem 2. Let the Wright's generalized hypergeometric function ,V,(z] defined by
(1.3) satisfy the condition (2.1) for z € U. Then

()\i7Ai)1 p7<’7+171)7(171)7
z A1 - \\ ’ z| € K(A,B), 3.7
voeVer | B (a7 | € KA
for a >0, v > —1, where Ay is given by (3.2).
Proof. In view of Lemma 2, we have
<)\i7Ai>1 p7<171>a
z A +1\IJ 1 ’ z| € K(A, B)
i " (.ujaBj)lyqv(271);

Then
o5 {2 Apr1¥ai

at+vy\ a [* £\t .
=A v ) ; 1—; 17 o1V gpa[t]dE.

Evaluating the integral (by using the definition (1.3), we obtain

}

()\i7Ai)1,p7<’7+171)7(171); 5
(Mj7Bj>1,q><'7+a+171>7<271>; 7

()\i7 Ai)l,p7 (17 1)7 P

¢a 2Ap 11Vt
K PR (1, B)1g, (2,1);

=z A p+2‘Ifq+2
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where A; is given by (3.2).

()‘757"475)17?7 (L 1)1

Applying Lemma 6 to 2 A p41Wgyg
! ! (:u‘jaBj)lyqv(271);

z] , we are lead to the as-

sertion (3.7) of Theorem 2.
For v =1, a = 1, Theorem 2 gives the following result.

COROLLARY 2. Let the Wright's generalized hypergeometric function , ¥V ;2] defined by
(1.3) satisfies the condition (2.1) for z € U. Then

()\i>A7l)1,p7 (17 1>a P

€ K(A, B), 3.8
(Mj7Bj>1,q7<371>; ( ) ( )

z Ap+1\Ifq+1

where A is given by (2.2).

REMARK 2. In view of the parametric substitutions (3.4), and the fact that for A = 1—2p
and B = —1, the class of functions

represents the class of all convex functions f(z) € E, of order p (0 < p < 1), then Corol-
lary 2 on using (3.5) and (3.9) (with p = 0) corresponds to the known result (Srivastava
and Owa, 1985, p. 201).

Finally, we prove the following characterization theorem.

Theorem 3. Let the Wright's generalized hypergeometric function ,V,(z] defined by
(1.3) satisfy the condition (2.5) for z € U. Then

()‘Z + Aia Ai)va (’Y + 17 1)v (17 1)7

€ S(A,B), (3.10)
() + By, By)1gn (v + a0+ 1,1, (2, 1); (4, B)

2Vp pra¥ota

fora >0, v > —1, where

VI +a+7)

Vi = N (3.11)

and V is given by (2.7).

Proof. In view of Lemma 4, we have

1)

; A B).
J%z € S(A, B)

)\i +A7,7Az ) 17
ZV‘p+1\Ijq+1 ( )LP ((

(1 + By, Bj)1,qs
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Then we find that

(J+ >,q7(>1)§

a+v\ a [? ! N
:V v 2;_'7 o 1*; t p+1q]q+1[t}dt.

Evaluating the integral (by using the definition (1.3)), we obtain

o5 {Z Vopr1¥ep1

(s +A,,A)1p,(1 1); Z”

Qsz {Z vp+1\pq+1

(N -l-AZ,A) e (1,1); s
( i+ B ) ,q7( 71)5

—zv . \Ij ()\i+Ai7Ai)17P><’7+171>7<171>; 5
S R 4 B Bg, (Y a+1,1),(2,1); 7 |

where V is given by (3.11).

Applying Lemma 5 to the function 2V ;11 W, 41

(N —&—A“A) s (1,1); 1 we
(1j + Bj, Bj)1,q: (2,1);

get the assertion (3.10) of Theorem 3.

ForA;=1(i=1,...,p),Bj=1(j =1,...,q) in Theorem 3, and using (2.7) and
(3.5), we have the following result.

COROLLARY 3. Let the generalized hypergeometric function , F, | 2] satisfy the condition

zpFy 2]
pFé (2]

< A—-B
1+ |B|

(z € U). (3.12)

Then

Zp+2Fq+2[)\1+17"'a)‘p+17’y+1 1; ,U/1+1 7,[Lq+1,’}/+0£+1,272}
€ S(A,B). (3.13)

The special case of Corollary 3 (when o@ = 0; and the class of functions S(A, B)
reduces to S*(0) by taking A = 1, B = —1) corresponds to the known result (Srivastava
and Owa, 1985, p. 199).

4. Concluding Remarks

Due to the generality of the class of functions ., ¥,[z], the results obtained in Sections
2-3 can be applied to various special functions, including the functions like the Bessel-
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Maitland and Mittag-Leffler functions. By noting the relationships

T ] e
v (B, ); 7 nZ:OF(ﬁJrom) =277 Eap(2), 4.1
and
oo Zn
o {mz} - z;; WG om0 “2)

where E, 3(z) and J}' denote the Mittag-Leffler and Bessel-Maitland functions, respec-
tively, the results presented in Section 2 (Lemmas 4—6), and those in Section 3 (Theorems
1-3) can be applied to these functions defined by (4.1) and (4.2) above. These conse-
quences of Lemmas 4—6 and Theorems 1-3 being straightforward, further results in this
regard are hence omitted.
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Raito (Wright’s) apibendrintuju hipergeometriniu funkciju, turinciu
analiziniu funkciju poklasius, kai kuriu charakteristiku klausimu
Ravinder Krishna RAINA, Tej Singh NAHAR

Nagrinéjamos Raito (Wright’s) apibendrintosios hipergeometrinés funkcijos. Irodomos kai
kuriy ju charakteristiky savybés. ApibréZiamos atskiros analiziniu funkciju klasés, sudarancios
nagrinéjamy hipergeometriniy funkcijy poklasius.



