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Abstract. We discuss an age-sex-structured population dynamics deterministic model taking into
account random mating of sexes, females’ pregnancy and its dispersal in whole space. This model
can be derived from the previous one (Skakauskas, 1995) describing migration mechanism by the
general linear elliptic operator of second order and includes the male, single (nonfertilized) female
and fertilized female subclasses. Using the method of the fundamental solution for the uniformly
parabolic second-order differential operator with bounded Holder continuous coefficients we prove
the existence and uniqueness theorem for the classic solution of the Cauchy problem for this model.
In the case where dispersal moduli of fertilized females are not depending on age of the mated male
we analyze population growth and decay.
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1. Introduction

In the paper (Skakauskas, 1994) we have developed a general deterministic model for
an age-sex-structured population dynamics taking into account random mating of sexes
without formation of permanent male-female couples, female’s pregnancy, possible de-
struction of the fetus (abortion), and female’s sterility periods after abortion and delivery.
The population is divided into five components: one male and four female, the latter
four being the single (nonfertilized) female, fertilized female, female from sterility pe-
riod after abortion, and female from sterility one following delivery. Each sex has three
age-grades: pre-reproductive, reproductive, and post-reproductive. It is assumed that for
each sex the commencement of each grade as well as the duration of the gestation and
female’s sterility periods are independent of individuals or time. Latter, in (Skakauskas,
1995), we generalized this model for the spatially dispersing population in whole space.
Spatial dispersal mechanism in this model is described by an integral operator.

In the present paper we simplify the model in (Skakauskas, 1995) by neglecting abor-
tion and female’s sterility periods, replace the integral describing operator migration by
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the general linear elliptic differential one of second order and prove classical solvabil-
ity of the initial problem for this model. The special case of the present model for the
population dispersing in the whole space, where all vital rates of fertilized female are
independent of age of mated partner, has been considered in (Skakauskas, 1997), and the
existence and uniqueness theorems for the steady (i.e., time independent) and nonstation-
ary cases have been proved.

This paper is organized as follows. In Section 3 we formulate the problem, Section 4
represents main hypotheses and results. In Section 5 we recall some classical results
concerning unique solvability of the Cauchy problem for the linear differential parabolic
operator of second order with parameter. Section 6 is devoted to proving the solvability
theorem. In Sections 7 and 8 in the case where dispersal moduli of fertilized females are
independent of age of mated males, we obtain upper estimates for population growth and
extinction.

2. Notations

We follow the notations used in (Skakauskas, 1995):
T1, T2, T3: the ages of male, female, and embryo, respectively;

t: time;
E™: Euclidean space (habitat of population) of dimension m;
x = (1,22, ...,ZTmy): the spatial position in E™;

up(x,t,1): the age-space density of males at age 71, location x and time ¢;

us(x, t, 72): the age-space density of single (nonfertilized) females at age 7o, location
x and time ¢;

us(x,t, 71,72, 73): the age-space density of fertilized females at age 72, position x
and time ¢ whose embryo is at age 73 and that were fertilized by males at age 7y;

p(z,t, 1, 72): the density of probability to become fertilized for a female from the
male-female pair formed of male at age 7; and female at age 79, at location x and time ¢;

vi(z,t, 1) (resp. va(x, t, 72)): the death rate of males at age 71 (resp. single females
at age 7), position x and time ¢;

vs(x,t, 1,72, 73): the death rate of fertilized females at age 7o, position = and time ¢
whose embryo is at age 73 and that were fertilized by males at age 771 ;

X (ug)(x,t, 72): the single female gain rate by the females which have had a delivery
at age 7o, position z and time ¢;

Y (u1)(x,t, 72)us: the single female loss due to conception at age 72, location = and
time ¢;

o1 = (r11,m12], 0 < 711 < T2 < oo: the female sexual activity interval, 71 =
[T11, T12];

o3 = (0,T], 0 < T < oo: the female gestation interval, 73 = [0, T;

02(73) = (721 + 73, T22 + 73], 0 < 721 < T2 < 00, T2(73) = [T21 + T3, T22 + T35

02(0), 02(T): the female fertilization and reproductivity intervals, respectively;

n1(x, t): the spatial density of males with ages from o1;
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by(z,t, 1, 72) and ba(x,t, 71, T2): the average numbers of male and female offspring,
respectively, produced at time ¢ at the position z by a fertilized female of characteristics
(11,72,T);

ud(z, 1), ud(z, m2), u3(x, 71, T2, 73): the initial distributions;

o =01 X O'Q(T),Eial XE2(T)7 do :dTldTg;

0 __ 1 _ 2 _ 3 _ 4 __

Ty —O, Ty = T21, Ty —Il’llIl(TQl +T,T22), To —maX(Tgl +T,T22), To —7'22+T,
5 __ .

Ty = OQ;

I=(0,00), T =0,00), Is = (r3,00), Iy = (15, 757"], s =0,3;
I = (O,t*}, T* = [O,t*], t* < 00,
4
Ql = {<$>t771> c EFmx ] x ]}7 QQ = {(Sﬁ’,t,Tg) cEm x T x (I\ 917_25>};

Q3 = {(l’,t,Tl,Tg,Tg) € E™ x I X 01 X 09(13) X 03};
Qi =Qy,=E"xIxI, Q;=FE"x1x07, x02(13) X T3;
[uz] ;] : the jump of function us at the plane 7 = Tg ;

T2 :T2 ]

Dy =8/0t +8/071, Dy = 80t + 8/972, D3 = Dy + 0/07s;

D, = \/551, Dy = \/5152, D3 = \/353;

ZNDZ-, 1 = 1, 2, 3: the directional derivative in the positive direction of characteristics of
the operator ﬁl

ag;(x,t, ), af(x,t,m), k = 1,2, a;
I,m (

(I7ta7_177—277—3)7 a?(x’t77—1a7_2a7_3)7 7’?] =
1, m: the space dispersal moduli of males (kK =

1), single females (k = 2), and fer-
tilized females;

Li(z,t,7) = Y ali0%/0xidx; + Y _afd/0w; — v(x,t,m), k=1,2,
i,j=1 i=1

Ly(z,t,m1,72,73) = Z a};0%/0x;0x; + Za?@/@xi —v3(z,t, 1,72, T3).

i,j=1 i=1
CUE™ x Jy x ... x Jy), Js = (Js1,Js2), Js1 < Js2 < o0o: the Banach space of
bounded continuous in E™ x J; X ... X J, functions f(z,&1,&2,...,&s);

C*0--0(Em x J; x ... x J,): the Banach space of functions f(x,&1,&a,...,&s)
belonging to C°(E™ x J; x ... x J;), which are Holder continuousin (E™ x Jy X ... X J)
with exponent o € (0, 1) in 2 uniformly with respect to ({1, s, ..., &), i.e., having the
finite Holder seminorm with respect to = (see [2]).

Co/2:50/2(B™ % J x ... x J,): the Banach space of functions f(z, &1, &, ..., &)
belonging to CO(E™ x Jy X ... X Js), which are Holder continuos in (E™ x J; X ... x J;)
with exponent o € (0,1) in x and /2 in &, k = 1, s, i.e., having the finite Holder
seminorm with respect to z, &y, . . ., &s.

CL0--0(F™ x J; x ... x J,): the Banach space of functions f(x,&1,&a,...,&s)
such that 3f /0z; € CO(E™ x Jy x ... x Jg), i =1,m.
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For more details concerning population densities and vital rates we refer the reader to
(Skakauskas, 1995).
3. Problem Formulation

The model to be discussed in this paper consists of the following nonlinear system of
integrodifferential equations for uy, us, us,

(D1 — Li)u1 =0 inQq, (D

(Do — La)uz = X (u3) —u2Y (u1) in Qa, 2
0, 2 & 02(0),

Yiu)={ (3)
nj fol puy dry, np = fol uy dry, T2 € 02(0),
0> T2 ¢ 02<T>7

X(uz) = 4)
fol U3‘7—3:T dr, T € UQ(T),

(D3 — L3)uz =0 in Qs ®)

which supplemented with the conditions

Ugli—o = ul, k=1,2 inE™ xI,

uglt—o = ug in E™ x 01 X 02(73) X 03, (6)

uk\Tk:() = / ka3|.,-3:T dO’, k= 1,2 in B x I, (7)

U3|T3:0 = pulug/nl in B x I x o1 X 0’2(0), (8)

fuslryerg] =0, s=T4 inE™x 1, ©

describes evolution of the population with dispersal in whole space. In addition we as-

sume that the initial distributions u?, u3, u satisfy the following compatibility conditions

Uplr=0 = / ble=ouglry—rdo, k=1,2 inE™,
US| rs=0 = p\tzou?ug// uddr  in E™ x 01 x 02(0). (10)
o1

As it follows from the foregoing, given functions vy, va, v3,p, b1, be, uf, u9, u} and
the unknown ones u1, us, ug must be positive-valued, otherwise they have no biological
significance. Our purpose is to find u1, u2, us.
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Observe that replacing Ly ug, kK = 1,2 and L3 us in (1)—(10) by

/mQk($7t77k>f)uk(f>t77k)df_Uk<x>t77'k)/ (&t mh, ) dE,  k=1,2,

m

and
/ Q3(xat77—1a7_277—37f)u3(€7ta7_177—2a7_3)d€

_U3($7t,7'177'2,7'3>/ q3(£7t77_177-2>7—37x)d§7

m

respectively, with given nonnegative ¢;, g2, g3 we obtain a model analyzed in
(Skakauskas, 1995).

4. Hypotheses and Main Results
Unless otherwise stated, the assumptions listed in this section hold throughout the paper:

(Hy) plx,t,71,7) € CLOOO(E™ x T x 71 x 72(0)) is a nonnegative function with a
compact support in x (Supp p(-, t, 71, 72)) and such that
pt=1/2 € COO00(E™ x [0,¢] x 71 x 72(0)) for any small ¢ > 0;

(Ha) by(z,t,71,70) € CO(E™ x I x Gy x 79(T)), k = 1,2 are nonnegative functions;

(H3) vi(z,t,7%) € CO0Q,), k= 1,2, v3(z,t, 71,72, 73) € C0000(Q.) are
nonnegative functions;

(Hy) afj (z,t, 1) € CH/22/2(Q,), af(z,t,m) € C"’"O’O(@klk =1,2,
i,j = 1,mand a;(x,t,11,72,73) € Coe/2a/2.0/2:0/2(Q), a3 (x,t, 7172, T3) €
C*0.0.00(Q,), i = 1, m are such that operators L, Ly, L3 are uniformly elliptic
(see Garoni and Menaldi, 1992; Ladyzhenskaya et al., 1967),

(Hs) ul(z,m1) € CO(E™ x 1) is positive and u3(x, 72) € C°(E™ x I),

u(x, 11,72, 73) € CO(E™ x 71 X 02(73) X G3) are nonnegative functions
verifying (10).

Now we list theorems for solvability of model (1)—(10), population growth and its
decay which will be proved in Sections 6 and 7.

Theorem 1. Under the hypotheses (H1)—(Hs) problem (1)—(10) has for t € T a unique
nonnegative classic solution (see Garoni and Menaldi, 1992; Ladyzhenskayaet al., 1967)
such that u; € CO(E™ x T" x 1), ug € CO(E™ x T x 1), us € CO(E™ xT X7 x

52(7'3) X 53).
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Let us introduce the following notions

b= max{ / sup by dm, / sup  bs dTQ},
02(T) EmxTx5, 02(T) EmxTxo1

p=  sup j2
EmxIxo1x02(0)
~_ 0 0 . 0 d
U = max sup ui, Sup Usg ¢, U3 = sup ’U/3‘-,—3:T T1.
Em XT Em,XT EmXEZ(T) o1
;2 = inf vy,

Em’XTX(TQUTg)
Q3= {(z,t, 71,72, 73): £ € E™, 0 <t <73, 71 €01, T2 € 02(73), T3 € 03},
Q% = {(z,t,71,72,73): © € E™, t > 13, 71 € 01, T2 € 02(73), T3 € 03}.

Theorem 2. Let (Hy)—(Hs) hold, assume that a3, o}, i,j = 1,m are independent of T,
and let vy > 0.
Then

us in Q3x,

(1) fal ugdry < e
D sup uz(y,t — 73,0 —7T3) in Q5 for t—m3 el
yeEm

(i) up <6y*u fort € (sT,(s+ 1)T]N[0,t*], z € E™, 7, € T,
with s = 0,1,..., k = 1,2, and v = max(bp, 1, p/to), 6 = max(bis/t, 1,73 /uvs)
(or more roughly u;, < 6u~y*/T).

Define

q :/I;ﬂg/ﬂ, U= min(illf vi, inf 1/2),
1 Qs

wo={(z,t,§): x€ E™, 0<t<¢ Eely,
ws={(z,t,§): z € E™, (s—1)1p <t—E<s7h, t<tY, e},

s=1,2....

Theorem 3. Assume the hypotheses of Theorem 2 hold and let < q< min(1, DA),
v > 0. Then:

~

us3 in Q3*7
(1) fal ugdr <

PSupyepm U2(y,t — 73,72 — 73) in Q3 for t — 73 € T,

(i) max { sup u1, sup UQ} < ug®.
Ws

Ws
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COROLLARY 1. Let assumptions of Theorem 3 hold. If ¢ < 1, then population vanishes
as ¢ increases.

5. Some Properties of Parabolic Operators of Second Order

In this section we collect some classical results concerning the solvability and uniqueness
of the Cauchy problem for the linear differential parabolic operator of second order (see
Garoni and Menaldi, 1992; Ladyzhenskaya et al., 1967).

Lemma 1. Let

A(w,t,8) = 0)ot — > b0 /0wmi0x; — Y b:d/dx; + by
=1

ij=1

be a uniformly parabolic operator depending on a parameter 3 € J = [(1, 52, 1 <
B2 < oo with coefficients satisfying the following conditions

bij(x,t, B) € CO20E™ x T % J), i,j=1,m,
bi(x,t,8) € COUE™ x T x J), i=0,m,
and assume that
0 <u’(x,B) € CO(E™ x J),
0< fla,t,8) € COOOE™ xT xJ), 0<a<l,
Then problem
Au=f inE™xT xJ,
u(z,0,8) =u® in E™ x J (11)

has a unique positive in E™ X T" x J classic solution (see Garoni and Menaldi, 1992)

u(et.) = [Tt 0000, ) dy

t
s [ [ vt ) o (12)
0 m
where T'(x,t;y, T; B) is the fundamental solution of the operator A(z,t, 3).

Lemma 2 (The comparison principle (see Friedman, 1968)). Assume b, by, f', f" and
u®, w0 verify 0 < by < b, 0 < f' < f” and uw < w in Em x T x T and
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E™ x J, respectively. Then the corresponding solutions of problem (11) are such that
0<u < u'.

REMARK 1. Letu, A(z,t, 3) and its coefficients be as in Lemma 1. Then the conclusion
of Lemma 1 holds true for f verifying

flat.8) € CUE™ xT xT), |f(x,t,8) — f(y,t,B)| < st |z —y|*
with k a constant and constant y € (0, 1).

The proof is the same as that of Lemma 1 in (Garoni and Menaldi, 1992) and based
on the estimate

’/ F(x,ty, 73 8)f(y, 7, 8) dy| < ka(t — 1)~ =207
for ' = 0°T/0x;0x;, OU/0t,

which can be established by using the following inequality given in (Garoni and Menaldi,
1992; Ladyzhenskaya et al., 1967)

’ / F(z —y,y,t,7,0) dy| < s (t —7)" 37/
for F' = 82F0/8$1‘8$j, (9F0/(9t,

where x; is a constant and Iy signifies the parametrix

FO(l’ —-y,y,t,T, ﬁ) = {[47T(t . T)]m/Q (detB(y77))1/2}71
x exp{ — {4t -t Z BY(y, 1) (zi — yi)(z; — yj)}7

B means the matrix with elements b;;(z, t, ), B~! its inverse with elements B%.
We can also prove the estimate

|| ATty 0) — T b7 60} (9,6, 0) dy
§n1|xfx’|(t77')71/2 (13)

for f € CO(E™ x T" x .J), where £ is a constant.

REMARK 2. Under the hypotheses of Remark 1, u € CY(E™ x T x J).
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The proof is based on the estimate
ID(z, t;y,7:8") = T, t;y, 73 8))
<ec(t —T)7m/? exp{—Clz —y*/(t— 1)} (14)

for every e > 0 and sufficiently small | 3" — 3’|, where ¢ and C' are two positive constants.
This estimate can be proved by parametrix method, used in (Ladyzhenskayaet al., 1967)
for construction of I'(z, t; y, 7; 3), as follows. According to Ladyzhenskaya et al. (1967)
we have

[(z,t;y,7;08) = To(z —y,y,t,7,B)

/ A / Tolz = £,6,6, X R(E Xy, 73 0) de,

t
R(z, t;&,7;6) + / dA - K(z,t;y, M B)R(y, \; €, 75 8) dy
K(z,t;¢,7;8) =0,

m 82
i,j=1

{ Zb xZ, ﬂ 8/8x2+bo(x ﬁ)}FO(xfy’tha)‘?ﬁ)v

K (@, ty,7:0)] < c(t =)~ exp {~Cla —y*/(t = 7)}
|R(x, ;6,7 B)] < e(t — 1)~ "2 R exp {~Clw — 2/ (t = )},
Uz, 66,75 8)] < e(t —7)"" 2 exp {~Cla = &/(t = 1)}
Letting
9(z.&,t,7,8",8) = R(z, t;§,7;8") — R(z, 1€, 73 ),

we obtain
t
oz, 6t,7,08". ) + / in [ Kty x 890, 60T, 87, 5)dy
T E™

17
+/ dA/m(K@t;y,A;ﬁ”)—K(%t;y?/\;ﬁ’))R(y,A;f,T;ﬁ’)dy
+K(z, ;6,7 8") = K(x, ;6,7 0') =
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which by
To(z —y,y,t,7,6") = Tolz —y,y,t,7, 5]
<ere(t — 7)™ exp {~Clz —y[*/(t — 1)}
and
K (2, t;y, )\ 87) — K(x, 69, A 6|
et =N exp {~Cla —y?/(t = N}

yields

l9(z, &, 8,7, 8", 8')] < ere(t — )" 2 exp {~Cla — €] /(t - 7)}

for every 1 > 0 and sufficiently small |3” — (’|. Combining these estimates proves
(14) which, by (12) and due to continuity of u for fixed value of parameter, enables us to
estimate difference u(x”,t", 8") —u(z’, ¢/, 8") +u(z’,¢', ") — u(a’,¢', 5’). This ends
the proof of Remark 2.

6. Proof of Theorem 1

Now we are in position to prove Theorem 1. We limit ourselves to the case of multiple
deliveries including overlapping between successive generations, i.e., T' < Tog — Ta1,
7'22 =191+ T, 7'§ = T92. The opposite case can be considered by similar argument.

Set

Q1 =Q:uQ™,
4 P
melxlzsL:JOQi, Qi =FE"xIxIy=Q:, UQ¥, k=04,
Qs = QIUQ™,
where

Ql={(z,t,m): € E™, 0<t <, 7 €T},

QY ={(z,t,m): x € E™, t >1, 7 €1},

Qk* {IEtTQZIEEm,O<t<TQ*T§,TQEIk},
(

,TQ:xEEm7t>7—277—2k7 TQEIk},
3
Qx —{

Q% = {(z,t,71,72,73): x € E™, t > 713, 71 € 01, T2 € 02(73), T3 € 03} .

t,71,72,73): £ € E™ 0 <t < 13, 71 €01, T2 € 02(73), T3 €03},
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Let 71 = t 4+ m; and 72 = t + 72 be characteristics of the operators 131 and ﬁg,
respectively, and assume that 7o = ¢t + 13, 73 = ¢ + 14 mean the characteristics of Ds.
Here 71, 2, 113, 4 denote parameters of the characteristics. Letting

L1<$>t7t+771> :L1*<$7t7771)7 ul(x7t7t+771) :u1*<$7t7771) in Qalu
Li(z, 71 —m,m) = Li(z,71,—m),
ul(xa’rl*nl77—1) :uik(a%Tlainl) ian*,
LQ(I’,t,t + 772) = LQ*(I',t,ﬂg), Ug({E,t,t + 772) = UQ*(I',t,ﬂQ),

4,
Y(xat7t+772) :Y*(xat7772)7 X(xat7t+n2) :X*(x7ta772) n kL_JOQk*a

Loz, 72 = m2,72) = L3(2, 72, =m2),  u2(@, 72 — 2, 72) = u3(@, 72, —12),
Y(z, 72 —n2,12) =Y (2,72, —12),
X(x, 72 —n2,72) = X" (2,72,—12) in kéoQi*,
La(z,t,m1,t +m3,t +na) = Lz« (2, t, 71,13, 74),
ug(z, t, 71, t+m3,t +na) = use (2, 8,71, m3,04)  in Q2
L3(z, 73 — 4, 71,73 + 13 — M1, 73) = L3(2, 73, T1, —N4, M3 — Na),
us(z, 73 — N4, 71, T3 + 13 — Na, 73) = ub(2, T3, 71, —Na, M3 — Ma) 0 Q7
Low=1Lo,—Y, Li=L5-Y"

and taking (1)—(10) on the respective characteristics we obtain:

(0/0t — Li)ure =0in - Q,  wuii(z,0,m) = ui(z,m),
(0/0r — Li)uf =0 inQ™, wuj(z,0,—m1) = ui(z,—m,0),

~ . 4
(0/0t — Loy )ugs = X, in kL:JO Q3. u2.(z,0,m2) = u(x,m2),
(8/072 — L)uy = X* in Q7 o as)
u;(x77—£€77772):u2(x?7_2k*772a7_2k)7 k:0a4a
(6/81& — Lg*)u;),* =0 in Qi’,
’LL3*(SC,0,7'1,’I']3,774) = Ug<$77'17773>774>7
(0/013 — Ly)uy =0 in Q3
ug (2,0, 71, —n4, M3 — 1) = us(x, =M, 71, M3 — N4, 0).

By virtue of (H3)—(Hs), operators L., L}, k = 1,2,3 and initial distributions
U1 (x,0,m1), uw(x,0,m2), us«(x,0,71,7n3,7n4) satisfy all the conditions of Remark 1.
If Vi, Y*, ui(z,—n1,0), ua(x, 78 — 02, 78), us(x, —n4, 71,13 — 14,0), and X,, X*
are known and satisfy all the conditions of Remark 1, then system (15) degenerates into
separate problems for w1, uj, U« U3, Us«, U3, respectively, of type (11).

Denoting by

Lz, ty,&m), Tz, 739,86 —m),
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D@ tiy, &), TR (2, m239,6 — 1),
D@, 6y, & mms,ma), T2 (2, 7339, & 71, —1a, M3 — 14)
the fundamental solutions of operators
d/0t — Ly, 8/0m — L%, 0/t — La., /0y — L5,
0/0t — Lss, 0/013 — L}

in QL, Q', Q3F,, Q7*, Q3, Q>*, respectively, from (15), applying general formula (12)
0 U+, uy, k = 1,2, 3, we obtain the system

ul*(:mt,m):/ TL(z, t;y,0;m)uf(y,m)dy  in Q},

’U’){(x77—17_771) = / Fl*(x77—1;y70;_771)u1(y7 _n1>0)dy in Q1*7

m

s (2, ,72) :/ T2, (.t y, 05m2)ud (y, 12)dy

t
+ / de [ T2(x.ty, 6 ) X (v Em)dy in Q2.
0 E™

(1,72, —112) = / T2 (2, 723 4y 78—z, & — 12,78y

m

+ / de [ T2 (@i & ) X (.6 —mp)dy  in QF,

k 3
3 Em

m

u3*($7t77'177737774)=/ L3 (@, t;y, 0571, m3, ma)ul (y, 71, m3,ma)dy  in Q2

*
u3 (2, T3, T1, =14, 73 — 14)

= / I (2, 7339, 0571, =04, 13 — ma)us(y, —na, 71,m3 — M1, 0)dy  in Q°*,

which by (4), (6)—(8) can be written as follows
ul(x7t77-1) :/ Fi<$>t§y70§7'1—t>u(f<y771 _t)dy in Qi? (16)
ul(xat77—1) :/ Fl*({E,Tl;y,O;t7T1)U1(y,t77'170)dy in Ql*a (17)

U2($,t772):/ L3 (2, 5y, 0510 — us(y, 72 — t) dy  in Q7,,

k=0,1,4, (18)
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ug(x,t,70) = / T2 (2, t;9,0; 72 — ud(y, 70 — t) dy

t
+/ df dyri*(%t;y’f;ﬁ—t)/ ’U,3(y7f,7'1,£+7'2—t,T)dT1 (19)
0 Em™ o1

inQi,, k=23,

U2(x,t,Tz):/ ¥ (2, 723y, 755t — T)ua(y, 76 +t — 72, 75) dy (20)

inQ, k=014,
_ 2k . k. k k
UQ(SC,t,TQ) _/ Fk (x77—2ay77—2at_7-2>u2<y77—2 +t_7—277—2>dy

+/ dé dyl'2* (z, 723y, &t — T2)
‘1'2’€ Em™

X/ u3<y7€+t_7—277-17£7T)d71 in Qi*7 k:273> (21)

m

U3($,t,7'1,7'2,7'3> :/ Fi(x7t;y70;7-177-2_t77-3_t>

x ud(y, T, 72 —t, 73— t)dy in Q2 (22)

3% . .
ug(sr:,t,Tl,Tg,Tg):/ I (z,73;y,0; 71, t — T3, T2 — T3)

m

x uz(y,t — 73,771,720 — 73,0)dy in Q**, (23)
us(x, t, 7, 72,0) = p(z,t, 71, 72)ur (2, t, 71 )us(z, t,72) /01 (2, t),
ny = / wr dr, (24)
ul(fE,t,O):/b1U3($,t,T1,TQ,T)dO', (25)
uz(x,t,0) :/bQ’U,g(SL‘,t,Tl,TQ,T) do. (26)

We must add to (20) and (21) the continuity condition [u|,,_.+] =0, k = 1.4.

Now we will prove that (16)—(26) represent the solution of (1)—(10). Consider system
(16)—(26) going along the axis ¢ by step 7. Since L1, Los in QF, U Q3, and L, satisfy
the conditions of Remark 1, functions (16), (18) for £ = 0 and (22) express positive u1,
ug and ug in QL, Q3, U QF, and Q3, respectively. Hence, by virtue of (H;) we observe
that 71 [suppa p(-t,71,7) = 71 and

p(:c,t,Tl,Tg)ul(x,t,Tl)/nl(x,t) S CO (Em X [0,7’11] X o1 X 52(0)),
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where 71 is a positive constant, while from (22) by (13) it follows that
|U3($,t,7’1’7'2,7'3) 7U3(y,t,7'1,7'2,7'3)‘ < I{1|l’7y|t71/2 in Qia (27)

with x1 a constant.

Let t € [0,7] and assume w; = E™ x [0,T] x I. By means of (25), (26), (H>)
and due to the continuity of uz (see Remark 1) we obtain continuos us(x,t,0) and
us(x,t,0) V(x,t) € E™ x [0,T]. Now from (17) and (20) for k = 0 we get contin-
uos u; and ug in Q'* N w; and QF* N wy, respectively. Then by (Hy) it follows that

Y(z,t,m2) € CY(E™ x [0,T] x 72(0)),

1
‘Y(SL‘, t7 TQ) - Y(y7 t7 7—2)‘ = ’ / (.’17 - y) : VZY(27 t7 TQ>|Z:?J+’Y(I*?¥) dfy
0

< |z -yl sup V.Y (x,t,72)|,
E™x(0,T]x02(0)

where V, and (z — y) - V, mean the gradient operator and scalar product, respectively.
Since

V.Y (x,t,72)] <nyt

/ (U1pr +pvacul) dm

-2
+7l1 \Vxn1|/ pu1 dTl,
o1
we have:

-1
nj < K2

/ u1Vypdrm
o1

by (H;) and because

N1 |suppa p(- t,r1,m2) = 12

and
nfl/ p|Veur| dm +nf2\vxn1|/ pu1dTy gng/ pt71/2d7'1 < Ko
g1 o1 g1

by (H;) and boundedness of u; and because of the estimates

ni |suppap(<,t,7’1,7-2) Z na,

t=12 t<n

< kgt 2 fort T
1, tE(ﬁ,T]} Ka ort € (0,7,

Vaul| | o, < Fa {

where ko, k3, k4 and Np are some positive constants. The estimate for |V u;| follows
from (16), (17) and is based on the estimates (see Garoni and Menaldi, 1992; Ladyzhen-



Age-Sex-Space-Structured Population Dynamic Model 379

skaya et al., 1967)

VT (2, 7159, 0; =) | < erp "2 exp (~Cla —yl/m}

VT, by, 05m)| < et~ "2 exp {—Cla — yl/t},

c and C' being some positive constants.

Thus |Y (z,t,72) — Y(y,t,72)| < k|x — y| with k a constant. Hence Y (z, ¢, 72)
is Lipshitz continuous with respect to z in E™ X [0,T] x 72(0) (le.,Y € C(E™ x
[0,7] x 72(0)), and (Hy) shows that Ly, and L} satisfy all the conditions of Remark 1
in (Q1, UQ3,) Nwi and (Q3* U Q3) N wy, respectively. Therefore we can construct
Ir?,,13,, T, I'3*. Then (18) and (20) for k = 1 yield uz in (Q3, U Q}*) Nwi, while
from (19) and (21) by (22), (27) we get uz in (Q3, UQ3,) Nwy and (Q3* U Q%) Nwy,
respectively. Eq. (20) for k& = 4 gives ug in Q3* Nw;.

Lett € (T,2T) and assume wo = E™ x [T, 2T x I. Knowing u; and us for t € [0, T
by (24), (Hy) and because n1[suppa p(.,t,r1,7) = 71 We get continuous uz(,t, 71, T2, 0)
for t € (73,T], then by (23) obtain us(x,t,m1,72,73) for t € (73,73 + T]. Observe
that, by Remark 1, |V, us|,—7| for ¢ > T is bounded. From (25), (26), by using (Hs)
and known continuous us|,,—7 we get continuous u1|,,—¢ and us|,,—o too. Then by
virtue of (17) with known w1|,,—¢ and (20) with known us|,,—o we obtain u; and us
in Ql* N wo, Qg* N wa, respectively. Now we can construct Y*, Y, and, by the same
arguments as before, prove that Z; and Lo, satisfy the conditions of Remark 1. Thus we
can obtain I'?*, I'3* and I'3, (if 702 — 721 > 27T'), which allows us by (20) for k = 1, (21)
for k = 2, (19) for k = 2, (21) for k = 3, (20) for k = 4, and (18) for k = 4 to construct

4
Ug in ( U1 Q¥ U Qg*) N wy.
P
Proceeding our reasoning we obtain u1, us and ug for ¢t € [2T',¢*]. Restrictions (10)

ensure the continuity of u, ug, us across the lines t = 7, t = 7o, t = 73, respectively.
So Theorem 1 is proved.

COROLLARY 2. Under the hypotheses (H3)—(Hs) for £ = 1, 2, there exists continuous

uy and uy satisfying problem (1)~(10) in Q1 and Q3,, respectively. If infv, > 0 and
k

ud(z, ) — 0as 7, — oo, k = 1,2, then so does ug(x,t, ) for t < min(r,72),

xz e B

The proof of Corollary follows from the maximum principle (see Friedman, 1968;
Garoni and Menaldi, 1992; Ladyzhenskaya et al., 1967).
7. Population Growth and Decay

In this section we consider the case where dispersal moduli af‘j and a?, i,j = 1,m are
not depending on age 7; of the mated male, and prove Theorem 2 and Theorem 3.
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Proof of Theorem 2

Set Ly(w,t,72,73) = »_ a%0?/0x:0z; + »_al0/0u;.

i,j=1 i=1

Let I's, (z, t; y, & s, n4) ( resp. L% (2, 7359, & — 14, 13 — n4)) be the fundamental so-
lution of operator 9/0t — L, in Q2( resp. /073 — L3, in Q*). Then classic solution

of the problem

(8/815 - zg)ﬂg =0 in Qg,
Usli—o = uJ in E™ x a1 x 02(73) X 03,

Ug|r=0 = us(z,t,71,72,0) in E™ x I x g1 X 02(0)
with given suitable u$ and uz(z,t, 71, 72,0) = pujuz/n; reads

fEmfi(x’t;yaO;,]h*taT?)it)
xud(y, 71,72 —t, 73 —t)dy in Q3,
ug(x,t, 7,72, 73) =
fEm FB*(I7T3;y7O;t — 73,72 — 7_3)
xug(y,t — 73,71, 72 — 73,0)dy  in Q3*,

and by Lemma 2 verifies uz < u3 in Q3. Hence by (22)—(24),

/ uz dmy g/ dyfi(l’,t;y,O;Tgft,Tgft)/ ug(y,Tl,Tgft,Tgft)dTl
o1 m o1

in Q3,
/ uzdr < / dny*(x,Tg;y,O;t — T3,T3 — T3)
o m
X /J (pu1u2/n1)|(y7t773,71,72773) dri  in Q%*,
1
and since
/ D3 (2, by, &m0 — t,73 — t)dy < 1,

/ f3*(x,73;y,§;t — 713,72 —13)dy < 1,

we have

a3 in Q3
usdm << 7 : 3 T*
/ 30T1 S p sup ue(y,t — 73,72 —73) in Q)fort—713€l .
o1

yepm™

(28)
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So assertion (i) is proved.

It remains to prove assertion (ii). We establish inequality (ii) going along the axis ¢ by
the step T'.

Let ¢ € [0, T]. From (25), (26), by (28); with 73 = T we conclude that

Up|r—o < b3 < 61U, k=1,2 inE™ x[0,T], (29)

then from (16)—(21), by (28), (29) and the maximum principle that

up < 6u for (w,t,m) € E™ x[0,T] x I, (30)
and finally that
/uggﬁéﬂ fore € E™, t € (13,73 +T), 72 € 02(73), T3 € 03. 31)

Lett € (T,2T). Estimate (31) with 73 = T and (25), (26) yield
Up|rp—o < bPOT < 6T, k=1,2 inE™ x (T,2T). (32)
Then from (18)—(21) by using (32), (31) and the maximum principle we get
ug < y6u in E™ x (T,2T] x I, (33)

which together with (28) yields,
/ Ungl gﬁ’yéﬂ in B x (T3,7'3+2T] X02(7'3) X 03. (34)

Proceeding our argument we prove (ii) for us, while this one for u; follows from the
maximum principle. More rough estimate u, < 6uy*/” in Q,, k = 1,2 immediately
follows. So Theorem 2 is proved.

Proof of Theorem 3

We consider the case 751 > 7. One can analyze the opposite case in the similar way. The
assertion (i) is the same as that in Theorem 2. Therefore we have to prove the statement

(i).
Let ¢ € [0, T]. As in the proof of Theorem 2, we obtain
/ wslry—r dry <G5 in E™ x [0,7T] x 0a(T),

Up|7o—0 < blis = qu fort € [0, T,
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uz < qu in E™ x [0,T] x [0,¢),
Uu2 < ﬂmax(l,ﬂg/(ﬁﬂ))
< amax(1,q/(0)) <@ in E™ x [0,T] x [t, 00). (35)

Lett € (T,2T)]. From (i) and (35) it follows that
/ U3|7—3:T dTl < f)ﬂ in B™ x (T, QT} X O’Q(T), (36)
o1

which together with (25) and (26) gives
Up| =0 < bpU < qii for t € (T,2T).
Hence, by (18)-(21), (36) and because of 73 > 2T,

uy < qi in E™ x (T,2T] x [0,1),
<

uy < max (@, @p/v) < amax(1,q/bv) <@ in E™ x (T,2T] x [t, 00).

In a similar way we obtain

/ U3|ry=r dT1 < Pu in E™ x [0,75] x 0o(T), (37)
o1
in E™ x [0,72] x [0, 1),
wcal mET 00 .
1 in E™ x [0,73] x [t, 00).
Let t € (72, 74]. From (25), (26), by (i), one can write
U] =0 < ﬁ/ sup by sup ua(y,t — T, 70 —T)dra,
o2(T) T1€01  yEE™
and taking into account (38) get
7_4
t 2
Uk |7, =0 <ﬁ(qﬂ/ sup brdro —l—ﬂ/ sup bkd7'2>.
T2 T1€01 T1€07
Hence
Up| om0 < PUb < qii in E™ x (13,73], k=1,2) (39)

From (20), by (38), (39), it follows that

us < qu  in E™ x (TS,TSL} X [0,722]. (40)
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Egs. (19) (in the case 75 > 277) and (21), estimates (i) with 73 = T, (38), (40), and the
maximum principle show that

A{ q in E™ x (13,78 x [0,1),

U2 KU
1 in E™ x (72, 75] x [t,00).

Let t € (3, 275]. Reasoning as above we obtain

~

N N P 4 0 4
Uk|r=0 < Pbqu < ¢“u  in E™ X (15, 275],

and

¢ in E™ x (13,275] x [0,t — 73),
up U4 g in B™ x (14, 215] X [t — 73, 1),
1

in E™ x (13, 275] % [t, 00).

Continuing our argument we prove the assertion (ii) for us, then, from (16), (17) and
the maximum principle, statement (ii) follows for ;. This ends the proof.

8. One More Estimate for u; and us Growth.

In this section we obtain upper estimates for u;, us and fal ug dm; based on the popu-
lation intrinsic growth rate Ag. Under the hypotheses of Theorem 2 by the comparison
principle we can prove that w1, us and fal us dry possess majorants U (t, 1), U(t, 12)
and Us(t, 72, T3), respectively, satisfying the following problem

<D1 —Vl*)Ul =0 inIxI,

0, 72 ¢&02(0),
Dy — 19, ) Uy = —U-
( 2 Vo ) 2 2 {p*7 = 0_2(0>

0, T & oo(T), . 4
+ inl x(I\ U715,
{U3|73—T7 T € 02(T) ( \5:1 5)

(D3 —v3.)Us =0 in I x 09(73) X 03,
Ul‘tZO = U?7 UQ‘t:O = US, U3‘t:0 = Ug,
Uiln=o :/ biUs|ry=r dm2, Us|r=0 :/ b5U3| ry=1 d72,
2(T) o2(T)
Uslry—0 = p*Us, [Us|ry=rg] =0, s=1714,
where:

k(1) = inf v, Vak(T2) = inf Vo,

(z,t)EE™XT (z,t)eEmxT
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V3*<7-277—3) = inf _ Vs,
(z,t,71)EE™XIXT

U10(7'1>: sup ul, UQO(TQ): sup ug, Ug(TQ,Tg,): sup / ugdﬁ,
o1

rzeE™ zeEm™ rzeE™
* *
bl(Tg) = sup _ bl, b2(T2) = sup _ bQ,
(z,t,71)EE™ XIXT1 (z,t,71)EE™ XIXT1
. *
pa(T2) = inf _ p, pi(m)= sup P
(z,t, 1) EE™ XI X7y (z,t,11)EE™ XTI xT1

In (Skakauskas, 1997) we have constructed the following largetime (max (71, 72) < t)
asymptotic behavior of Uy, Us and Us:

U1~ evespalt—m) = [ one (i),
0
Uz ~ ca fo(me) exp{Xo(t — 1)},

T3
U3NC2P*(T2—T3)f2(T2—7'3)€XP{)\0(t—7'2)—/ V3 (n+ 10 — 73,1m) dn},
0

where cj, co are two positive constants, Ag is a unique real root of the characteristic
equation

/ o B T)g(n) o) (A = 1

and f2(72) satisfies the following equation

(d )fng 0, 7 ¢&02(0),

- — V2x
Px, To € 02(0)

dTQ
0, 72 & 02(T), f2(0) =1, [fo(rd)] =0, i = 1,4,
g(m) fo(re = T), 7o € 0o(T), [f2(rd)] =0, i=2,3

. N T
with g(12) = p*(r2 = T) exp { — [ vs«(n+ 72 —T,n)dn}.
Clearly, u1, ue vanish as ¢ increases and Ay < 0.
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Vieno migruojancios populiacijos amziaus ir ly¢iu struktiiros
dinamikos modelio matematiné analizé, iskaitant atsitiktini
kryZminimasi ir pateliu néStuma

Vladas SKAKAUSKAS

Tiriamas vieno migruojancios populiacijos amZiaus ir lyCiu strukttros dinamikos modelio
klasikinis iSspendZiamumas. Populiacija sudaro patinéliai, neapvaisintos ir apvaisintos patelés. Re-
produktyvieji intervalai ir néStumo trukmé laikomi fiksuotais, o kryZminimosi sistema, nesudarant
pastoviuju vedybiniy poru, yra atsitiktiné. Individu migracijos mechanizmas apraSomas bendruoju
tiesiniu tolygiai elipsiniy 2-osios eilés operatoriumi daugiamatéje erdvéje. Irodytas klasikinio
sprendinio egzistavimas ir vienatis.



