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Abstract. This paper addresses the application of convergence rules of gradient-
type discrete algorithms to discrete adaptive control algorithms for linear time-invariant
systems, which are based on Lyapunov's - like functions, in order to improve the
transient performances based on fast adaptation. In particular, the adaptation covergence
is increased as a generalized or filtered error increases through the application of Armijo
rule for regulating the decrease of each Lyapunov’s-like function on which the particular
adaptation algorithm is based. The proposed scheme can be implemented with minor
modifications in systems subject to unmodelled dynamics if some weak knowledge on
such a dynamics is available consisting of upper-bounds of the dimension and norm of
the unmodelled parameter vector.
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1. Introduction. Many discrete adaptive algorithms have been derived dur-
ing the last twenty years to be used in identification and adaptive control prob-
lems. The proof of stability and, more recently, the analysis of robustness
has been a common pre-requirement in order to accept a given algorithm as a
potential “a priori” useful one. The work on the topic has been exhaustively
developed (see, for instance, Chalam (1987); Sastry and Bodson, (1989). A
common gap in the theory has been the almost absence of a real investigation
of the transient performances associated with the algorithms and the way of
improving them. Some attempts were made in De la Sen (1984) concerning
the on-line sub-optimization of the free parameters of the adaptive algorithms
by using a optimization model parametrized according to “a priori” paramet-
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rical estimates, previous measures of the regressor and their predictions. The
computing and time costs of such an optimization method can be adapted to
the computing possibilities and real-time requirements by selecting the plan-
ning horizon sizes and the number of iterations. The use of adaptive sampling
for discrete-time and hybrid controllers was proposed in De la Sen (1984), De
la Sen (1985), De la Sen (1986). The sampling period was chosen with very
simple up-dating rules while the plant becomes time-varying since sampling is
not constant. The stability was guaranteed by making the sampling period to
converge to a limit. Finally, the “a priori” parametrical estimation was modified
“a posteriori” in Minambres and De la Sen (1986) according to the well-known
Steffensen’s method from Numerical Analysis to achieve a fast convergence to
the limit of the parameter vector the method being only applicable if such a limit
exists. The problem is recovered in this paper with an alternative solution in the
sense that the adaptation rate is governed by the filtered/generalized adaptive
scheme s error sequence and the adaptation rate of the Lyapunov’s-like function
used to prove stability is modified with that of such an error, the adaptation step
size being selected by Armijo rule (Bertsekas, 1982). The scheme’s stability is
guaranteed by respecting the stability domains of the free-design parameters of
the adaptation algorithm. The paper is organized as follows. Section 2 presents
the main ideas on a basic algorithm developed in Lozano (1982) and then used
in De la Sen (1984), De la Sen (1985), De la Sen (1986). The choice of this
algorithm is due to the fact that it possesses two-free design parameters and a
time-decreasing adaptation gain but the method can be applied to any updating
algorithm having free-design parameters. Section 3 is devoted to the extension
of the preceding ideas to more general algorithms and to the case of presence
of unmodelled dynamics.

2. Basic scheme

2.1. Discrete plant and base algorithm. Consider a linear and time-
invariant inversely stable plant whose filtered output yf” = C, (¢~ 1)y = 67 ¢(t)
with C(g~!) being a strictly Hurwitzian polynomial in the time-delay operator
¢! and y,;, t > 0 being the plant output sequence, § is the plant parameter
vector related to the filtered output, {¢;, ¢ >} is the regressor vector consisting
of a finite plant input/output sequence according to known upper-bounds of the
plant poles and zeros and d > 0 is the known plant delay (or relative order).
The adaptive control objective is that ¥ — yMF(t — oo) with bounded



M. De la Sen 201

{l|vel}, t > 0} so that yMF = C,(¢~!)yM and yM being the filtered output of
any explicit or implicit reference model. If # is unknown, the next parameter
estimation scheme was proposed in Lozano (1982); De la Sen (1984):

T _a Frpi_qv
0; =641 + —————
ERRRR Y S
T
- Pt—dPi-d (1)
Fopi = XR|I - ————]
I et e aFe,

B0 =6o; Fo=FT >0,

where )¢, £(0,1] and ¢;€(0,00), all ¢ > 0 are the forgetting factor and an
updated gain which are free-design parameters within their admissibility con-
straints required for parameter convergence and closed-loop stability, Lozano
(1982); De la Sen (1984); De la Sen (1985) and 1{ = 67 ,p;_4 = yF —
@T_lsog..d, and 5, =0 - 5, are the ‘a priori’ adaptation (or generalized) error
and the parametrical error at the ¢-th sample, respectively. Direct calculations
with Egs. 1 yield the next relationships:

) = O,Tgp,_d = Ef + (et’z-‘d - 0tT)$9t—d

F z : Pi—aFiv;_qv; 0
=& - — = ptV;; 9
! i=t—dt1 G + ‘f’?-dFiS"i—d 5 (2)

pr = ci(ce + ¢$—dFt¢t-d)’

where ef = yf — yMF = Cr(¢7V)er = Cr(g™ )y — yM) is the filtered
tracking error and v{ is the “a posteriori” adaptation error at the ¢-th sample.
The stability of the algorithm (1) was investigated in Lozano (1982), De la Sen
(1984) from the use of the Lyapunov’s — like sequence V; = @T F,;’l’é, (t=0)
whose gradient with respect to 1’9: is VV; = t'+115, (t 2 0). From (1), the
parametrical error evolves as follows:

b; = 67:-1 + ap_1di-g;
oy = (e + pi-aFrpe_d) ™ (3)
dio1 = —‘Ft¢t—dU$

with o; being a positive step size parameter and d, is a descent direction since

A\ VVeey = dl F7 0 = —(])? <0 (4)
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Note that VV;_; = 0 <> dy_, = 0 since F; 0;_; = 0 <> 6;_; = 0
from the existence of F,~!. Note that (3), and equivalently (1), is an algorithm
of generalized gradient method type (Bertsekas, 1982).

2.2. Selection of the free-design parameters according to Armijo rule.
The convergence of {V;, ¢ > 0} to a limit V < oo which ensures the scheme’s
stability can be governed and then made faster by increasing the modulus of
the one-step increment AV;_; = V; — V;_; (t > 0) according to the “a priori”
generalized error. One gets from (4) by using the Armijo rule:

|AVica| = —AViey = Viey = Vi 2 0™ s|d]_ VV;y | = o™ 50
(5)
But, one gets directly from (1) — (2) that

o~ A g2 e~
AVisy =V = Vi = MOTF 10, + c—:uf — 0% F7'0,-,. (6.a)

Since

At‘l”tr—dg;—lvf _ Atl}fv? _ AtCtU?2
¢+ <P1T_.4Ft90t—d ¢+ SOtT_dFtSOt—d (Ct + (,p'tr_nggot_d)z ’

MOT 78, = BT F'1<§t - et ) el
vt =17t - ¢+ <P;T_dFt<Pt—-d (et + SO,T_dFtSOt-d)Z
5T p-1(7 Fipt—avf Mk
= M6/ F7 021 — = - . 6.b
It ( =t Ct +<P;r_dFt<Pt—d) ¢t (6.0)
The substitution of (6.b) into (6.a) yields
/\w?,
—AVioy = |AViey| = (1= A)Ve1 + ()

e+l gFrpr-a’

The Armijo rule is applied as follows. Fix scalars 5,3 and ¢ with s > 0,
Be(0,1) and o£(0,1/2) with oy = B™s in ( 3 ) where m; is the first
nonnegative integer for which

|AVi_a| > 0f™15|VVEL dioy| = 01 |VVE  di g (8)
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which using (4) and (7) through (2) and (3) yields
|AVecr] = (1= Ae)Vacr + AeB™e-1 500
> af™ 150 = (A — DVicr € (A — 0)8™ 1500, (9)
which is guaranteed if

At —1 Vt 1

-1 > — 8(/\¢ —0‘) (10)

in view of the stability constraints of the algorithm since V; > 0 (¢ > 0). After
some direct calculations, Eq. 10 can be guaranteed by the choice

2
a.sﬂm'-'lvo —_— ‘/t—l
sBme=10)* — Vg

At > (11)

which is guaranteed with stability of the scheme for any known bounded V >
Vo2V, alt20,if

(12)

Two necessary conditions for coherency of (12) are

1) spmnf > Vo,
@) osp™l 2 5™ — T

Note that g™-! < 1 so that In(8™¢-*) < 0. Thus, Condition 2 is equiv-
alent to (1 — o)sf™-* > V, or, 1/8™-t £ s(1 — a)v/Vy => my_; <

Ihfﬂ[ In (S(IV o')u) for any sample ¢ such that v?° < v, v being a prede-
0

fined positive constant with lower-bound

% which guarantees that the
upper-bound of m,_; is nonnegative. Similarly, Condition 1 is equivalent to
my.1 € Al ﬂl ( )foranytsamplesuchthatu, v. Since ¢ < 1,

ln(%) In (VO)—Iln(1—6)| (%—:):
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and the solution for all ¢ with v?2 < v satisfies for any v > Vo

[s(1-0)]
1 s(l1-o)
1< — . 1
mtl\llnﬁlln( 7 ) (13)
When v? < v and, since v — 0 as ¢t — oo, Eq. 13, and thus Eq. 12, are
impossible to accomplish with. Therefore, the global strategy is:
(a) For all ¢ > 0 such that v?2 > v, choose \; from (12) and then ¢; such

T
that t Fi7} is bounded, e, tr Pk < MM + A 2202 < i = wpy?
3

) Pi_aPr-at T

(1= M)te(F5 )
0o€(0,tr F; ') being a small positive constant.

(b) For all ¢ > 0 such that v?° < v, fix ¢; £ (0, 0) and then

oroo > ¢ = A leading to a bounded trace of F,';ll with

/\1 = T .
tl'Fo_l + Pi-dPt-d
Ct
The scheme’s stability holds since ¢; ¢ (0, 00) and
trFo_l - 0'0
Ay = T ’
trFo'l + Pr_d¥ft—d
¢t

(Lozano, 1982 ;De la Sen, 1984; De la Sen, 1985a; De la Sen, 1985b; De la
Sen, 1986).

Proposition 1. Fix v > V;/[s(1 — )] for some known Vo > Vy' (For
instance, if 6 € B(6g,r) with B(f,r) being a closed ball centered at 6y and
of radius v, with 8y and r known, then choose V = Sup(||0—§|]§3)||F{1||E)
and fix also scalars s > 0, o¢(0,1/2) and B¢(0,1). Define T = {t € Z§ =
Z* U {0} : t < t;,some arbitrary finitet;} and T = Z} — T. If the pair
(At, ¢t) is chosen according to the rule:

a) my_y,,0%
sﬁ t-19) -_— VO . (14 a)
. 1 s(l1-o)
mh:Mm{zezg'; z:l]nﬁ'ln(( Vo) )}7
)y T
ct = tP1-abi-at o1, 05, 20, (14.b)

(I=-2)e(Fgh)
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ifteT.
b) Fix an arbitrary c; £ (0, co) and then fix

(rFy' = oy
Ct —1 T
atrFo " + 9 _gpia

t =

;7 O € [O,U'Fo-l), (15)

if teT. Thus, AV;_; < —o'.s';@"“-'v?2 <0forallteT, and

o At‘-l

Vo= Vol 2 3 osB™ 1" + =3 T—Viey
teT s tET t— 0o
> asu}:ﬁ"‘"’ + %Z -:\\—t—_—iV,_l [Armijo rule],
teT eT !

AVie; € 0if teT. Also, wF7' S wFy! = M allt > 0 and v) —
0, Y -0, ef -0, &, — 0as ¢t — oo with uniformly bounded sequence
{llseell, ¢ > 0}

Proposition 1 establishes that the algorithm convergence over T is governed
the Armijo rule with ), depending on the integers m(.). However, if A; is made
to converge to unity (or fixed to unity) over T. This is seen as follows. Use
(10) into the last term of ( 9.a) to yield

A1
|AV, | = (1= M)Veor + Mpmisl 2 :((/\: — o'; Vi-1,
which is guaranteed if /\,ﬁ""-'sv?2 > (/\t -1+ 7 1))70, or
S(At - )

SzAt(At - 0') S Vo
v = Do +3(u =) > Fr-s o,

(16)

Assume \; =1 — pv,oz, t € T some p < v~!. Thus, (16) can be rewritten

as ——
S2At(0’ - /\1) < pVo

c+s(A—0) M1’
which holds for the integer m;_, such that

(17)

1 #1-pf)o+pf — 1)
Bm-1 Z pVo(o + s(1 — o — p1f?))
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or, equivalently, for ¢ ¢ T with

1 s2
— Mi + .
my_1 = Mm{st0 1z s——l ] (ln [p_Vo]
(1 =pvf’)(o +pf° —1)
1 , 18
+n o-+s(1_o-_.pv?2) )} ( )

whose right-hand-side is always positive for sufficiently small p since v?2 is
bounded from the stability proof of Lozano (1982), the first relation in (9) still
holds for a nonnegative integer m,.; subject to (18) and the following result
follows.

Proposition 2. The Armijjo rule is applied over all Z} provided that
1- . . .
p<v-l< s_(___a_)_ is sufficiently small (what can be guaranteed for given
0

Vo and o for sufficiently small s ) if (M, c;) are chosen as in (16) forte T
and the choice of (15) is changed to A, = 1—pv?” and ¢, is chosen according
‘to (14.b for t € T. The stability results of Proposition 1 still hold.

Note that \; — 1 as t — oo under Proposition 2 over T and the integers
B™=1 are not used directly to update ); but they are proved to exist guaran-
teeing the fulfillment of the first relationship of (9).

REMARK 1. An alternative way of selecting parameters over T can be
made by rearranging (16) to yield s2);(c — A;)g™t-* < pVo[o + s(As — 7))
what leads to

— sofme-1 M+ pVoo(l —s) S

— )2 PVO
p(At) - At + dﬂm‘_l t 32'3m._1 z

0, (19)

since p();) is a convex function, the inequality (19) is

A =0+ (sf™-1)1 [\/(pvo — 50Bm+-1)2 4+ 4po(s — 1)V — pvo] . (20)

Ifs=1and p < v! < 1§Uthen(20)reduc&sto,\t>0. As a

0
result, there is a closed ball B(1, r,) some r, > 0 such that there are solutions
At € (0, 1] computed from (20) for all seB(1, r,).

Thus, the following result follows.
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Proposition 3. The rule of choice of A, fort¢ T of Proposition 2 can be
changed to (20) for p < v™! < s(_lv_—-_o'l and seB(1,r;) some rs > 0 such
0

that X; €(0, 1).

An alternative design can be implemented since

T
~ “r 1 o4
Vo [Veer = (OF 101-0) /B F hetar_s < x%];_lg)'vt-l,
min t

which is used for obtaining an upper-bound of the right-hand-side of (11) not

being larger than unity by guaranteeing that

1 sv°°
< T —T="

Bt = (14 i gpt-a = Amin(Fi))Vo

This leads to the subsequent result:

Proposition 4. Proposition 1 holds with the changes

[088™ 2 07_4p,_a = Mmin(Fy )]V
spme-1vd® — Vg

/\t ? ’ t E T;
with

1 sv?

z g In —ivr [
Bl [1 4+ ¢T_ 40,4 — Amia( F; 1)]V0}

My = Min{zezg' :

and ‘
'\min(Ft—l) <1+ ‘P;‘r—d‘Pt—d

being guaranteed if tr Fy! = M < 1.

The condition tr F;! < 1 holds automatically in practice since tr Fy ! is
nominally fixed by the designer to n10~¢, « > 6, with n being the order of
F,y.

3. Modified algorithms

3.1 Basic ideas. A modified algorithm is now proposed by using the
Lyapunov-like function:

~ -~ -~ 2
Vi = 07 F330: + gl (21)
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with Fo = F{ > 0 and ¢, > 0 for all t > 0. Note that (21) weights both
the parametrical and tracking errors. One gets from (21) the next gradient with
respect to 8,

VWeer = F7 0oy + 2000, _y6hac1s (22)

since ef.; = §T¢,. An alternative modified algorithm can be obtained by
using the generalized error as follows
~, -~ 2
Vi = otTFt_-i-llof + q:+1”€ ) (23)
leading to
vV = Ft:-llot +2¢,00 0, g (24)

The algorithms derived from the above Lyapunov’s-like functions could be
induced in a more general one as proposed in the next section.

3.2. The general modified algorithm. Consider
_ s
‘/t = H?Ft--}-llgt + th‘H-"i Utz—i(p)y t ? 0: (25)
i=0

with g(.y > 0 being scalars and v;(p) = 5,7¢t_ p- Note that such a definition is
applicable to all errors of Section 2 since

v =v(d-1) = 5tT‘pt-d+1;
k= vd) =67 p,_g (26)

€f =v,_4(0) = atqld‘)"t—d-
The gradient of V; with respect to 9', is from (25)

Vi = Ftti-llot + 2qt+1vt(1’)$°t_p
-1 ~
= [Fi + 20010090, ] s (27)

Direct calculus yields
’ _ _ L
AVier =Ve = Vier = 6T FR3 0 + 107 (p) + ) g1 vi-(p)
i=1

n
— 8L, F 0y — qi]_y(p) - 2 9e-i v_;_1(P)- (28)

i=1
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The descendent gradient-type algorithm generalized from (1) is now

171 = 5:-1 + at—lzt—l;

= dioy if VVio #0; - -1, = ‘
b1 = {0 otherwise; FRi=sMFT+ R (29)
with Fy being positive definite with o), d(.) and F{, to be defined later for
all t € Z¢ such that VV,_; = [F! + 2qt<pt_p_1<,og'_p_1]0t_1 # 0. The
substitution of (2) into (28) yields

AV =¢1t+lvt2(P) - qt-uvtz—u—l(p) + 517;1E_10;—11
+ a*—l[“f-ld;r—l + 20:7;1]Ft111dt—1
+ (At - 1)5,'1;11'-‘;151—1- (30)

It is suitable that V; < V;—; < Vj, allt > Osothat —AV;_; = |AV;_4| 2 0
in (30), or,

Q4107 (p) + 5:7;1ﬁt_1‘§;—1 + a?—ld’tr—lFt:}ld‘-l
< ‘It—uv?—u-z(P) - 2at"16tT-1Ft11].dt—1 +(1- /\¢)0£1Ft_10,_1(31)

Assume that ry > ||0] is known so that |5,T_1F,111d,_1| < ]lFt’;lldt_ln(rg+
1e=1]]) and 6T, F3hdey < ||F7Y|(re + [6:-1]])? from the triangle’s in-
equality. Thus, (31) holds if

qt+1U?(P) + atz—ld?—lpt;-lldt—l < ‘1:-,;'-’?—;4—1(1’)
—(ro + H?'HH)[2at-1HFt1‘1d:-1I|+ (ro + 1181l 1IF7HI]
+ (1= A) FRi 6o (32)

Choose a;_; as follows

> 2 F—
_ q=uVi—um1(p) = (ro + 116e-a )11 F I

_ ~ ’ (33)
2||Fiide-1ll(ro + 116:-1l])

Qi1

so that (32) becomes simplified as follows

qt+1”t2(1’) + atz—ld’tT—IFt:-lldi—l <(1- ’\t)gtqllpt—lgf—l' (34)
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On the other hand,
VT dioy = =5 [F7 4 20,0, 107 ,_1]8eo1 <O (35)

is guaranteed for di_1 = M1 (F;" + 20,0, _p_ 197 p_1)fe-1 With My_y =
MT | > 0 being a symmetric matrix of bounded entries. In view of the choice
of (33), the implementability of the adaptation rule (29) requires d;_; to be
measurable. Choose M;_; = Fip,_ qgo,T_qFt > 0, all integers ¢ > 0 which
lead to

di—y = F5¢t_q¢$_qu—1 + 2¢1¢Ft¢,_q¢?_qFt<Pt-p-190?.,,_151-1 (36.a)
= Ft()at_]vf"l(q) + 2qt¢t—q¢g‘—qFt<P¢_p_1U1—1(p) (36b)
which is measurable from input-output data and updated values of F{.) as well

as it guarantees that (35) holds. In order to apply the Armijo rule, one has from
34)-(35)

|AVioa] 2(1 = A)8L  F 0y — of 14l Fiidie1 — 4,419 (P)
20'13"“_1 lVVt’I-‘-ldf—ll = aﬂmi_lsatq—‘l [Ft—l + 2qt‘f’1_p—1¢/tr—p—l]
X thpt—q(P?—qFt [Ft—l + 2qt9’t—p—1¢tT—p—1] Bf"l' (37)

To simplify the notation, define the auxiliary matrix related to the expres-
sions in (36.a) and (37)

At—l =Ft‘;0t_qso'tr_q [I + 2thtsat—p—1(P/tT—p-—1]a (383)
Bi-) =[I + 2qt¢t—p—l¢$—p—1F‘]
X ‘pt—qﬁ";‘r—q [I + 2th19°t-p—1‘P"tr—p—1]’ (38.a)

so thatd;_; = A;_160;_; and the rigth-hand-side of (37) is 0 8™~ 1567 , By_1 x
0:—1. Thus, Eq. 37 can be compactly rewritten as
53:_13:_15:_.1
‘gvtlet_lgt-l

(o dT_ Fidici + qr41v7(p)).  (39)

l—At ? =6t = o‘ﬁm"‘s

0T \F 0



M. De la Sen 301

The fulfiliment of (39) is guaranteed by looking for an upper-bound of 3,
of §; as follows

5t =Amax(F}) [aﬂ"‘"‘s/\m(Bt_l )

2
at—ldtT—ldi—l

+ B |
—pll*=—21. 40
AP L el (40)

[16:-111%

But ||6:]1%/118:-1/1% < 2(1+0¢-1)Amax(AT_ A;— 1) which used in (40) ensures
1= 26,26 if

af—ld?—ldt—l
/\min(Ft+1)

- 2aenallpep P+ e da(AT 1 Ac0) | (41)

At 1 = Anax(F3) [U,Bm“‘s/\m(Bt_l) +

Note from (33) and (40 ) that

~ 2, N 2
af df_ d:, < (q-uvi 1 (P) = (ro + [10e-1l) “N1FT M) Moax(Fr 1)

Amia(Fir) = 4(ro + 1Fe=11) Main(Fi1)
, / Y y
- lf\iax(Ft+1)(‘It—nvt2—u-1(P) - (’"9 + |l9z-1||) || F; 1”)
4 (7'9 + Hot—lu)2’\min(Ft+1)

A problem which could occur is that F(.) could be a divergent matrix se-
quence, since ), in (41) can be negative and thus f,‘l > —)\tFt'l in order to
achieve nonnegative definiteness of F}, and then the problem is not well posed
as ¢ — oo Therefore, the algorithm should be commuted to that of Section 2
after a finite time as time increases. The algorithm to be applied is as follows:

Step 0: Fix a finite t; > 0

Step 1: Apply the algorithm (29) which is equivalent to 0 = 0y —
;_1ds_y over te[0,¢;] N Z subject to the choice of ;—; and d;_; in (33) and
(36), respectively with ), subject to (41), with s > 0, o¢(0,1/2), Be(0,1)
and F;71 > -\ FL ‘

Step 2: Foreacht > ¢, +1¢, i =1,2,...,u, fix ¢; = 0 and repeat Step 1.

Step 3: When all the y last ¢; have been zeroed and oy = (¢; + ¢7_ 4 X

Fiyp,_g)~1, choose Fl= ?%_ 4T 4 with the algorithm becoming the basic
t
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one (1) of Section 2 with the only change ¢, _; — ¢,_,. Thus, apply any of
Propositions 1 to 4 with the change p — ¢ to implement the adaptive algorithm.

REMARK 2. Note from Step 2 of the above algorithm that a “quasi-Armijo”
updating rule is applied since m.) is not necessarily the smaller nonnegative
integer according to the theoretical Armijo rule since A.) can be negative. Note
also that the stability is guaranteed since we switch to the basic algorithm in
finite time while respecting from that time the stability constraints of Lozano
(1982) for the free-design parameters.

REMARK 3. The general algorithm of Section 3.2 can be extended slightly
by considering any of the following Lyapunov-like functions

v
_ AT p-1
Vo= Y 0T FR
i=0

v u
Vi= Y 0 P+ )0, (0 e ,)" (43.b)
=0

=0

"
O + zqt_;(etq—‘l-i%_p_i)z, (43.a)

i=0

Note that (25) is a particular case of (43.b). Note that the real difference
between (43.a) - (43.b) is that the last available regressor weighs the contribution
of 6, to V; in (43.b ) as it can be seen by expanding the corresponding second
right-hand-side terms which yield when u = v:

p~—1
Vi=6TF 160, + Z 0r ([Fh+ q,-,-‘:ot_p-i‘:"xT-p-i] Br—i1
i=0
+ qt—yet{]—ﬂsot—p—p‘PtT—p—pat—l—uy (443)
m
Vi= Zot{i[Ft;-ll—i + qt-i?’t-p-i%T-p-i]et—i, (44b)
i=0

for (43.a) and (43.b), respectively.
3.3. Robustness issues in the presence of unmodelled dynamics
AssuMPTION 1. It can exist linear unmodelled dynamics in the plant
parametrized by an unknown constant w = ||¢/|| with §' = (9.7, 9/T)T ¢ RP'+¢
of unknown dimensionalities p’ and ¢’ but with known upper-bounds 4, >
[16'll, 7 > p’ and 7 > ¢', P and 7 being nonnegative integers. Also, for the
parameter vector of the modelled part, a nonnegative constant §, is known
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such that either ||6o|| > 8, + |6]] or ||80|] > ||6]| - 8. for the initial parameter
estimates.

Under Assumption 1, the plant parameter vector is § = (7,60'T)7. The
parameter estimation is based on the modelled part of the plant so that the
parametrical error is 8(t) = (67 (t),8T)T. Direct calculus with 4 = v in
(43.a) yields after the replacement §(t) — 5(t):

AVi = Vi1 = Vi= AV + g4, (45)
where

AVto = 9tTF¢;-119t - 9t’{uFt:-11-u9t—u + ‘115?—150:-;990’{—;;92—1

2 2
- qi—p(ez‘-p—ysot—p—y) ) (46.3)
gr = qt(alT‘P;—p(Pt,T—pal + 2017;190t—p¢£p9,)
- qt—u(a’T¢;—p—u¢:zp—uol + 20£1¢t—p—y9’;T—p—pol)’ (46b)

where V; is defined in (43.2) with z(t), AVP = V%, — V2, with V{? being
now (44.a), is the increment of V; from the ¢-th sampling instant by modifying
5, — 67,+1 (ie., the increment AV; = Viy; — V; when ¢ = 0, and g, is
the contribution to AV, due to #' (ie., g+ = 0 if &/ = 0). The regressor ¢},
associated with the unmodelled dynamics , is built at the current sample by
adding new components of preceding inputs and outputs to ¢, according to the
upper-bounds 7 and g. If the Lyapunov’s-like function (43.b) is used then (45)
remains valid by replacing 8:—1 — 0, in (46). The parameter-adaptive law is

. = Oi-1 + as_1dey (47)

with d;_; to be determined such that d7_,VV;_; < 0 for all ¢ > 0 with
VW1 = F,“IO,_.I from inspection of (46) since g;_; does not depend on
6;—1. Note that VV;_; takes the same form when (47) is derived from the
Lyapunov’s — like function (43.b). Choose

o1 = 1 4Poy_Frpr-ap? b1, P=PT >0, (48)

which implies that d7_,VV;_, = —¢T_,Po, (87 1¢,_,)? < 0 and leads, by
proceeding recursively in (47), to

gt—j' = At—j(ﬂ)é;—}u

Ft—j+1 = ’\t-l(/l)At—j(”)Ft—uy .7= 172""1/'l$ (49)
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by applying a similar adaptation rule for the adaptation gain, where

[

Ai-j(p) = H (I - ar-iPei];
eri(w) = TT s e
i=j

5 ._,T . T
Py = ‘Pt+1—d-iP‘P:H—d—iFt+1-z¢z+1-d-i‘Pt+1—d—iv

for j = 0,1,..., m, which substituted in (45) - (46) yields

AV, =8, [AT () FiA(p) — FRio, + 0 A1 (1)@ 21— pAr-1 (1)
- qt—usot—p—p‘P'tT—p-H]al‘I‘
+ 07 (0,0t pilp — G yPrp P p] &
+ 207 AT (1) [0e0t-p0 T p = €4y P p P p] @
=- (0, 0T)QM@L,.07T)";
Q(t) =Block[Q;j; i,j = 1,2], (50)

where

Qll(t) =Ft:-11—“ + qg-,‘¢t—p—pfp’tr—p—‘l - AtT'(”)Ft:-llAt(”)

- qu;T—1(”)¢t—p¢?—pAt—l(”)i (51.a)
Qu2(t) =QF1(t) = AT_, (1) (40 uPt-p-u T p—p — 11,2/ Z ] (51.0)
Q22(t) =44 P p P pe — PP T =t — . (51.c)

By inspection of (51), Q(t) = QT(t) > 0 if Qi(t) > 0 (i = 1,2) and
Block Diag (Q;1,@22) > @ — Block Diag(Q;1,@22). The analysis is split
into three parts, namely:

(@ @Qu1(t) =2 0. This condition is guaranteed from (51.c) if 0 < ¢; <

(CAN I R T
(b) the use of the above constraint for g, in (51.a) together with (49.b) yields

Oy yPtp—y # 0 from (2),  (52.a)

Q,,(t) ifge =0 (this always occurs if
Qui(t) = { _
Qll(t) if -q-l ¢ 01
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@u(t) =Ft—-i-11—y - '\t(l‘)AT(ﬂ)F{;llAt(l‘)

=[I- /\:/\1-1(ﬂ)A":T(ﬂ)] Fttl-ll—;n (52.b)
Tt = [5023,,904_,,%_,9_,&5’_,,_,,
‘Pﬁp—u‘P;—p—n

= A?_l(u)%_,,so?_pAv—x(u)] : (52.¢)

Note from the first identity in (52.b) that Qu,(t) > 0 if F3}_, >
/\t(p)AT(/,t)F{;ll (#)A¢(p) which is guaranteed from the second identity of
(52.0) if Ar < A2 (1) Amin(A; T (1)) and Q(¢) > 0 if @, (t) > 0 and

gr <(PF_ Acm1 (AT (1) @e—p) ™ Pmin(Fi3i-,)
- /\t/\t—l(ﬂ))\max (At(/‘)) AW(E:-II—u))’

since Amax (A7 (1)@, 0T, A1(1) = 0T A1 ()AL (1), -

(¢) Note from (50) and (51.b) - (51.c) that 6’7 Q45()8' +26/T ,Q12(1)8' > 0
if dos(Aio1(0) < Arin(@na()dam(@n(t)) and then [AV] >
6T ,Qu1(t)F;-, with AV, < 0 forall ¢ > 0.

p=191_aFep_pi_aPpi_a

ct-1+ P1_aF1pr_ a1 aPPi_a .
being some positive scalars. It follows from (50) that A,(u)}(I — at—1Pi—1)
A,_1(p) has spectral radius less than 1/2 if ||] — a;—1 P;—1|| and ||Ag()]|2 <
1/2 and ||I — at—1 Pi_1]]2 < 1 for all t > 0 to guarantee ||A;(u)||2 < 1 for
all ¢ > 0. Direct calculus yields that ||A;(p)]] < 1if ¢; = p; =0, i =
0,1,...,d — 1, and c4—1 < (2p4-1 — D)ot Fapopd Ppo; ¢: < (2pi—1 —
Dol i1 P10y _ap 191 ay1 PPi-as1, all t > d. The above partial results
obtained in (a) to (c) can be summarized in the following proposition.

Now, choose with o = with p¢) and ¢,

Proposition 5. Assume that the updating algorithm (49) is implemented
with

dim1 = —pF_ sPpr—aFrpr-apt- dbi-1;
at-1 = (pro19r- gPor—apl_iFrpr_a)/(cio1 + @1_ 4 Ppe_api_aFepr-a),

with P = PT > 0. Thus, V; and ||§¢|] are uniformly bounded and converge
asymptotically to finite limits.
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Note that |d7._; VVi—1| = ¢T_sPp,_ 4B 10,_0)* < 207 aPo,_4(I09 1 +
821} _4lI%) since (B, pr—a)? < 2(J00° | +64 [l _4lI?)- Direct calculus with
(50) yields

|AVi =8, 0T)QWBL ., 07T =6 ,Qu1(t)8r—s

+ 29;T_,,Q12(t)0' + 07 Qua(t)0’

> |AV?| + Dmin(Q22(£))8 — 2Amax(Q22(t))810L,  (53)
where

|AV2} =67 ,Qu1(8)Be—u > Mmin(AT_,(0)Q11(t)A,—,(0))]16F |I?
> A2 (Aeu(0)Amin( Qui (1)), (54)

where 8, < ||fo|| exists from the last part of Assumptions 1. Since, from (51),
A2i(Aicy) 2 are1; Amin(Q11(2)) > by with

2
at-1 =(1 - at—IS"]T-dP‘Pj-dSDJ’!‘-dFj‘Pj-d) Qi35

t—1
a1 = H (1 - aj‘P’]I‘+1—dP‘Pj+l—d¢_?+1—d
) i=0
FJ'+1‘Pj+1—d) (55.2)
bt—l - 1 - /\t—l ’\m‘(At(/‘))
Mmax(Frat—p) 0 dmin(Fra1-n(p))
— 01— dAL_1 (1) Pr g ‘ (55.b)

From (54) - (55), it follows that AV,° < 0 with
1
Amax(Ft41-p4)

] - %‘Pg‘—dAtz—l(”)‘pt—d

IAV?| 2[(1 = af_19T_aPo;_gp]_aFip;_a)*ai_1] [
Amax(As¢())
— A0y, Cmas\ AR/
1o l/\min(Ft+l-u)
m() 2
2200508™ -1 {_aPp,_4([VP* + 6, |1ph—all?). (56)
Similarly, one has for a; = af + Aad; A = A] + AX); 0 = 0 + Acy;
my = m? + Am{ and AV; > 0 is guaranteed if (56) holds and, furthermore,
Amax(A¢ (1))
Amin(Fra1-p(p))
m$ Am§ Am1 T
22071 [oy50(BA™ — 1) + (50A0 + 0yAs + AcAs)FA™ ol Py, 4

2 ’ -~
x (v * + 04 ller—all®) + 24, It 11762 (8 + 6.) (57)

Aaf[Aa +2(ag — D]a;_y — AAX 1(p)
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which holds since Anax(@22(¢)) < 2qt_“<p§T_p_u<,p;_P_” from ( 51.c ) and

the choice of g, in the part (a) of the proof. Note that (57) always holds if
¢, =Ac=Am =0 forall ¢ > 0. Thus, (57) holds if
0< 94— < max(O,q,l_“),

A= (Aa,AN: a <7 h<1) forall 30,

6y = {Max{Aa[Aa +2(a0 — 1)]d,_,

Amax o °
- )\?A/\?z\:q(/l)m(é%);ﬁ} — 28™-1 [as0 (BA™F — 1)
1

+ (s0Ac + 0As + AcAs) 351 —. (58)
}2I|s0i-p+u|1201 (6, +6.)

Now, the following result follows.

Proposition 6. Assume that Assumption 1 hold and choose the se-
quence {q:, t > 0} so that Condition (c) and (58) are satisfied simul-
taneously. Assume also that (A?,a?) are chosen so that (56) holds for
some so€(0,1/2), s >0, m?, being a positive integer. Then, Proposition
1 holds provided that q; does not converge to zero ast — oo. If q; con-
verges to zero as t — oo then all the results of Proposition 1 hold except
for the uniform boundedness of {||¢:, t 2 0||}.

The proof follows as in Proposition 1.

Note that the fact that §, is a known upper-bound of a(t) is not a key
fact to ensure the boundedness of V; and then that of g(t) since §, can be
fixed sufficiently large and then proving the uniform boundedness of V;_;. It
follows that the parametrical error 5(t) cannot diverge from the definition of
V; in (43.a) and the uniform boundedness of that function. Note also that
Proposition 6 follows with minor modifications if the updating algorithm is
derived from the Lyapunov’s-like function ( 43.b).
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ADAPTYVUS DISKRETINIAI ALGORITMAI SU PAGERINTOMIS
PEREINAMOJO PROCESO CHARAKTERISTIKOMIS

Manuel De la SEN

Straipsnyje nagrinéjama gradientiniy diskretiniy algoritmy konvergavimo taisykliy
panaudojimo galimybés pagerinti tiesiniy invariantiniy sistemy adaptyvaus valdymo al-
goritmy, sudaryty pagal Liapunovo tipo funkcijas, adaptacijos proceso pereinamasias
charakteristikas. Tuo atveju, kai naudojama Armijo taisyklé, adaptacijos greitis didéja,
jeigu didéja apibendrinta arba filtruota paklaida, reguliuojanti kiekvienos Liapunovo
tipo funkcijos maZéjima. Pasiillytas algoritmas gali biiti realizuotas, kai apie sistemos
dinamika Zinome labai maZai, ty., Zinome parametry vektoriaus dimensijos virSutine
riba ir norma.



