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Abstract. The present paper considers the problem of gen-
eral estimation of static model parameters and systematic measure-
ment errors. The general estimation algorithm is based on static
model linearization and on the least-squares method. The efficiency
of this algorithm is illustrated by means of computer-aided digital
simulation. The obtained equations and the algorithm of general
estimation of static model parameters and systematic measurement
errors can be applied for the solution of different practical problems.
Estimatibility conditions must be satisfied in all cases.
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1. Introduction. Estimation tasks usually consider the
observation errors as a sequence of independent random vari-
ables with zero mean and a certain covariation matrix (Bard,
1970; Brandt, 1975; Demidenko, 1981). However, in numer-
ous applications the zero-mean requirement for the random
error sequence is not satisfied. This fact results in a supple-
mentary bias of estimates. Thus it is necessary to obtain the
estimates of a static system model by shifted observations,
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i.e. by observations with a systematic error. A certain ap-
proach to the estimation of static-model vector parameters
and systematic measurement errors was proposed in Nemura
and Specitnas (1989). |

The aim of this paper is to investigate the problem of gen-
eral estimation of systematic measurement errors and static
model parameters, and to design an algorithm of general esti-
mation, based on the linearization and least-squares methods.

2. Algorithm for general estimation of model pa-
rameters and systematic measurement errors. Math-
ematical model of the multivariable nonlinear static system
being considered can be defined by a following system of non-
linear equations:

ik = fi(zk, 1) + vik, (1)
Yok = fa(zk,c2) + vak, (2)
[Z::] = v = Qra + e, (3)

where

Pra = b, 6 = [51k] , €k = [elk} )
2k ek

c1,¢2 — estimated vectors of r; and r, measure correspond-
ingly, y1x, y2k(k = 1,s) — m-measured sequences of the mea-
surement results for the m-measured nonlinear functions
fi(zr,e1) and fi(z,co); zr(k = 1,s) — m-measured deter-
ministic input sequence; vi; and vo(k = 1,s)-m-measured
sequences of random variables representing the measurement
errors for the nonlinear functions fi(zk,¢1), fa(zk,c2). Se-
quences of m-measured vector random variables vy; and:
vor(k = 1, 8) have non-zero mean values é;; and &a(k = 1, 3)
and corresponding covariation matrices £2; and ., and they
can be defined by the equation (3), where €1, ear(k = 1,3)
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are sequences of independent m-measured random variables
with zero mean and covariation matrices Q; and €, corre-
spondingly.

A following problem is being considered. Let us assume
that the following values are known: observances yik, Yok,
analitical expressions fi(zg,c1) and fo(zk,c2), certain initial
values ¢, and ¢,, for the vector parameters ¢; and ¢, and the
covariation Tatrix Q _of the vector of random measurement

errors e} = |el,, el |. It is necessary to estimate c;,c, and

6r(k=1,s).
In order to obtain necessary relationships, linearization

of the equations (1), (2) is accomplished in the vicinity of the
working point, defined by estimates

~ Elu < glu
Cy = | X b= |27, 4
’ [C%] P [52.,] “
obtained in the previous step v of the estimation process:

Yik = f1(Tkvs C10)+ Liko (2x —Tho ) + Firo (c1— €10 )+ 0140, (5)

Y2k = f2(§ku,’c\2u)+L2ku(wk*aku)+F2ku(C—82u)+v2kuv (6)

where

:/Eku = f1_1(y1k - 61ku781u) or &?ku = fz_l(y2k - 62ku782u)7

o960 o _en0|
1kv = a.’lk TR=Thy ? lkv = acl ZE=Thy
c1=ciy ¢1=C1y
110 | R 10| A
A LS L 2y = The, |Te=zhe
cg=coy €2=C2y

Let us introduce the following no_taﬁons:_

qikv = Y1k — f1(Tkv, €10) + L1k Ty + FikvCio, (7)
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G2kv = Y2k — f2(Zkv; C2v) + Lokw Thw + F2roCou- (8)

Then the equations (5), (6) can be rewritten as
Qiky = LiryTr + Firver + Vike, (9)

g2y = Logyzp + Foppco + voky. (10)

Considering the equations (9), (10) simultaneously, we can
eliminate the unknown vector z;. That leads to a following
relationship:

LT Figye — L3} Foryer + LT vikw — Lokyvaky = 2ky, (11)
where
Zky = Ll—klyqlku - L;;},,Q‘Zku- (12)
Equation (11) can be rewritten in a more compact form:
1
C2

Vikey
Voky

[L;;VFlk"’ —L;kluF2k”; l_klv’ _L2_klu = Zkv. (13>

Taking into account the relationship (3), the latest matrix
equation can be rewritten as

¢ |

[Ll—klyFlku; '—Lz—klszk,,; ( —klu; —L;k}y)@k} c | +
o
1kvo 2kv €2k v

By introducing the notation -

AT = (F,ef,a7), (15)
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Grv = [Lids —Loi ) (16)
Dy, = [Lfkl,,qu; —Ly, Foky; Gku‘I’k}, (17)
instead of (14) we get
Dkv)\ + Gkueku = Z;cu~ (18)

By minimizing the function

Qu(N) = i(Dku)\—zku)T(GkuQG{y)_l (Dku)\—Zku> (19)

according to all the components of vector A, we obtain the
necessary relationships for the estimation of A, V/X and é:

Vi, = [Z D7, (Gk,,QG,:f,,)_le,,] )
k=1
Y=V ip;{y (G,WQG{,) T (21)
k=1

kvt = PrAyt1. (22)

The recursive estimation process begins with ¢ = ¢p, 6o = 0
and continues until the value

o~

Bowr=max(Nun = %5)i (i=TrFr+p) (23)

becomes sufficiently small. The whole estimation algorithm
can be defined by the equations (16), (17), (20)-(22) and (23).

The estimatibility conditions can be obtained from the
requirement for the matrix

A= [; DT, (Gk,,QG;‘f,,) _ID;W} : (24)



92 General estimation

i.e. det # 0 must be satisfied; besides, initial estimates ¢19 and
€20 must be sufficiently close to the genuine values ¢} and c3.

3. Computer-aided simulation of the general pa-
rameter and systematic errors estimation algorithm.
The efficiency of the obtained general estimation algorithm
can be illustrated by the results of computer-aided numerical
solution of a simple problem.

Let us consider a model, describing a static system and
observations, in the following form:

Yir = Tx + 01, (25)

yor = azs + 6 (k=1,s), (26)

where a is an unknown parameter, that needs to be estimated,
6, and 6, are systematic measurement errors, that must also
be estimated. We assume, that there are no random measure-
ment errors. It is necessary to estimate the scalar parameter

a and systematic errors §; and 8, by the observations listed
in the Table 1.

Table 1. Signal measurements

k 1 2 3 4 5
Y1k 2 3 4 5 6
Yor 3 6 11 18 27

The following relations were obtained for the calculation
of estimates 6;, and §s,:

L2k1/ = za\u{ikua (27)
Thy = Y1k — 610, 610 =0, Tho = Y1k, (28)
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A~ o~~~ 1 o~~~
Zpy = Y1k —'yzk/2au$ku — (1 3 )Iku, (29)
ay

1 —
Gku— [1‘-ij (k—l,s, V—O,l,...). (30)

The estimate of the parameter a can be obtained via least-
squares method according to the equation:

a, = =t (v=1,2,...). (31)

The genuine values in this case are: a* =1, 67 =1, 6 = 2.
Investigation of two component estimation algorithms

was accomplished. Algorithm No 1: in the first step the pa-
rameter a is being estimated according to (31) with @y = 0

and 610 = 620 = 0, then é; and é, are being estimated, us-
ing the already obtained estimate @; in the second step first
of all the parameter a is being estlmated usmg estimates 611
and 521, and then the estimates 612 and 622 are obtained, us-
ing the estimate @3, and so on. Algorithm No 2: in the first
step a1, 61 and 6, are being estimated, using the initial values
Qo, 610 and 8yp; in the second step a, 6y, 52Aa,re being esti-
mated, using recently obtained estimates @;, 6;; and é2; and
SO omn.

The resulting estimates are listed in the Table 2. The
obtained results prove, that algorithm No 1 is much more
effective than the algorithm No 2. Besides the initial value
@y nnecessary for the first algorithm, while for the
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Table 2. Estimates of the parameter a and systematic er-
rors 6; and 6,

Alﬁo— Estimate values in the first 6 steps
rithm of the ¢ estimation process ?
N° 0 1 2 3 4 5 | 6

@, - 0.7317 1.1248 1.0113 1.0001 1.0000 1.0000
1 6, 0 1.3666 11.041 1.0004 1.0000 1.0000 1.0000
55, 0 3.0000 2.1344 2.0016 2.0000 2.0000 2.0000
@, 0.50.7317 1.5649 0.6805 0.958 0.980 1.0007
2 &, 0 2.0000 0.5654 1.090 0.9577 1.0018 0.99926
55, 0 3.0000 3.0000 3.5435 2.008 2.0018 2.0000
@, 1.50.7317 0.8115 1.0518 0.986 0.9993 0.9999
3 &, 0 0.6666 1.122 0.9716 0.9986 1.0002 1.0000
65, 0 3.0000 2.111 2.014 2.0008 2.0000 2.0000

second algorithm it must be sufficiently close to the genuine
value (e.g. with @y < 0.3 the estimation process is unstable).

4. Conclusions

1. The necessary equations for the calculation of parame-
ter and systematic measurement error estimates were obtained
on the basis of the least—squares method and on the model lin-
earization principle.

2. The efficiency of the obtained estimation algorithm
was illustrated by means of digital computer-aided simulation.

3. Algorithm of the general estimation of model parame-
ters and systematic measurement errors can be applied in the
solution of different practical tasks of joint estimation, when
matrix (24) is non singular.
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