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Abstract. This paper is devoted to the consideration of the evolution of the non-
migrating limited panmiction population taking into account the size, sex and age struc-
ture, pregnancy and females restoration period after delivery. The unique solvability of
this model and the condition for the population to vanishe is obtained.
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1. Introduction. In this paper the evolution of one sexual population will be
considered. Dynamic models of such populations are well known (see Gimel-
farb et al., 1974; Poluektov et al., 1980; Svirezhev and Pasekov, 1982). There
are few works that are devoted to a solvability of limited population models.
Gurtin and MacCamy (1974), Griffel (1976) and Matsenko (1981) dealt with
unique solvability of non-linear models taking into account age of individu-
als. Sowunmi (1976) took into consideration age and sex of individuals. Swick
(1977) took into account age and a lag between conception and birth. Bulanzhe
(1988) studied the solution structure of community model taking into consider-
ation age of individuals of limited population, which, moreover, interacts with
parasite population. The deterministic model, developed by Skakauskas (1994),
includes: age and sex of individuals, pregnancy of females, possible destruc-
tion of the foetus (abortions), organism restoration periods after abortions and
delivery, panmiction mating of the sexes. This model allows us to obtain den-
sities of interacting groups such that: males, single and fecundated females
and females after abortions and delivery. In the steady case of our model we
observed a possible nonmonotonic decrease of numbers density of single fe-
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males as age increases in the reproductive interval. In the case, when abortions
and restoration period after delivery are ignored, Skakauskas (1995) proved the
unique solvability of this model for limited population. The goal of this paper
is to prove the unique solvability of our model (1994) for limited population
taking into account the size, age structure, pregnancy and females restoration
period after delivery. We do not discuss the advantages of our model and do
not comparise it with the known ones.

2. Problem formulation. Suppose that:

n(t) is total population density and y(t,1y), =(t, 7)), z(t, Ty, Tz, T:),
v(t, 7y, Tz, Ty) are densities of numbers of males, single and fecundated fe-
males and females from restoration interval, respectively, where 7, 7., 7, are
ages of males, single females and embriou’s, ¢ is time and 7, is time passed
after delivery;

p(t, 7y, 7z, n) is fecundation rate and v¥(t, 7y, n), V*(2, 72, n), V*(t, 7y, T,
7z, 1), V'(t, 7y, Tz, Tv, n), Where n = n(t), are death rates of males, single and
fecundated females and females from restoration interval, respectively;

¥°(ry), 2°(72), 2%(1y, 72, 72), v°(7y, 72, 7 ) are initial functions for y, z, z
and v, respectively;

o'zz(Tz) = (Tlx + 72y Toz + Tz]; o'xv('rv) = (?lz + Tv;;z:c + T’U]y The =
ke + T, k=1,2;

oy = (T1y, T2y] and o, (0) are reproductive intervals of males and females,
respectively, o, = (0,T;] and o, = (0,T,] are gestation and restoration inter-
vals; 0 = 0y X 05,(T}), E = {(1y,7e,7:) € oy X 0z:(72) x 0}, E% =
{(ry, T2, 70) € 0y X Ozu(Ty) X 00}, I =(0,00), I =[0,00), EY ={(t,7y) €
IxI}, E* ={(t,m) € I x (I\ UT,) Ti = Tigy, Tige = Tie + 1, T =
T,+T, i=1,2}, E* = {{(t, Ty,Tx,Tz) €IXoyX0,,(r;) x0o,}, B
{(thyaTx,Tv) €l x oy X O'xv(‘rv) X O'v},

[(t, )] is a jump of the function z at the line 7, = 7;; ‘

b (t, 7y, 7z, n(t—T})) and b°(t, 7y, 7z, n(t—T)) are the birth rates of males
and females offsprings, respectively;

9-1/2pyy 9-1/2prg 3-1/2D7, 3-1/2Dvy represent directional deriva-
tives along the positive direction of characteristics of operators
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respectively.
The system (see Skakauskas, 1994)

D¥y=—-ywY in EY, 1)
D'z =-2d"+X in E7, 2)
Diz= -2 in FE%, 3)
D’v =-w’ in EY, 4)
0’ Tz g 032(0)7
d* = v + n;1 /ypdry’ T € ‘7:::(0), (5&)
Ty
= [vin, (5b)
Ty
0) Tr g G'z-v(Tv),
X= /vl‘r,,: v dT!/’ Tz € az’v(Tv)v (6)
%y

[e e [o ]
n:/xdrz+/ydry+]zdrydrxdrz+/vdrydrzdrv, )
[} 0 Eo= Eov
subject to conditions

Yo = 9" 2l =2 2|o=2% |, =1 (8a—d)

ylfv=° = /byzlr,=T, dry dr, :cL_x___o = /bler,=T, drydr,, (9a,b)
(4 4

zlr,:O = n;lxyp, v|7u=0 =z|, _p> (10a,b)
[zlr,_.=1-i:| = 0’ i = ﬂ; (11)
n(t) =w(t), te€[-T0] (12)

governs the evolution of the population. ¢, 7, are the arguments of functions d*
and X. The non-negative demographic functions v¥, V%, v*, v?, p, b%, bY and
initial functions ¢°, 2°, 29, v°, w are given. It is also assumed, that functions
2%, y°, 20, 00, w satisfy reconcilable conditions, i.e., conditions (7)— (12) for
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t = 0. As it follows from the biological meaning, unknown functions y, z, z
and v also must be non-negative.

3. Problem solvability. We shall study the existence and uniqueness of
non-negative solution of the problem (1) - (12) in two following cases.

3.1. The case when the fecundation rate and the fecundated females death
rate depend on age of males. This means that 3f/dr, # 0, f = p,v*. We
shall consider the case h* = 75, — 71, < T. The opposite case can be studied
in the same way. Let us denote

Z(t) = z(¢,0), F(t) = y(t,0),
2,1y, To) = z|T‘=0, U(t, 1y, 7o) = v|n=0, (13a —e)

d* = v°,

A1) =13 exp { - / &1, an
+ O/X(rg)exp { - a/,cn(rg,n) dn} do,  (14)
Faro ) =1 exp { = ]mh:;, ") dn}
u

+]X(h1)exp{ - 7d7(h;;,n) dn} da, (15)
o o

where
s=y,z,v and X(r))=0, X(hY)=0 for y=uy,zv.

Then from Egs. (1) - (4), (8), (11) and (13) we obtain formal integral represen-
tations of functions y, z, z, v:

Fi(y,n),  y(ry) =4 (ry —1),
0t <7y,
y= _ (16)
Fy(y,0,n), y(h})=7(t-m7),
0< 7 <t
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( F1(’U,n), 0(7‘6’) = vo(Ty7Tx —-t, 7y _t);
0t 7,
Fy(v,0,n), v(h})=9(t — 7,7y, 7c — Tw)s
\ 0 <t,
( 21(t, 7y, 72, T2) = Fi(z,n), 2(rg) = %(ry, 7o — t, 7, — 1),
0t g,
7= N (18a,b)
ZZ(t,Ty,Tz,Tz) = Fz(z, 0, n), z(hé) = E(t — T, Ty, Tz — Tz),
\ 0 <,
( Fi(z,n), z(rf) = 2%(ry — 1),
0t -1, T €(1,Tix1)s
z =4 b = € (] (192, b)
Fy(z,7i,m), t> 70— 7,7 € (T, Tig1]s
. :l:(hg) = E(t - Tz): t>1 € [0, Tl],

herei = 0,4, 1o =0, 75 = cc and v} = (9, n+7,~t), b = (n+t—7,,7), 5 =
z, Y, vy =1t 7)) = (1, + e —tn+ 7 —t), by = hy(t,7,) =
(m+t—T,1y,n+ 70 — 75,7m), s = 2,v are sets of arguments written in
brackets. In formulas (14), (15) the argument of n coincides with the first
argument of the neighbouring set ), or h;,’, respectively.

Using Egs. (16)—(19), (13) - (15) and (9) - (10) we obtain

n=nY+n"+n"+n? (20)
where
t (<]
nY =/F2(y,0,n) dry +/F1(y, n)dry, (21)
0 1
4 a,-(t) T.'+1
n® =Z{ / Fy(z,7,n)dry + / Fl(:c,n)d'rx}, (22)
=0 * 5 ai(t)
Ba(t)

n":/ dr, / Fy(z,0,n)dry dr;
0

TyX0z:(Ts)

T,
+ / dr, / Fi(z,n)dr, drg, (23)

B:(t) Oy X0y (Ts)
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Bu(t)
n’ = / dr, / Fy(v,0,n)dry drg

OyX0zy(Ty)

o

T,
+ / dr, / Fi(v,n)dry drg, (24)
Bu(t) Ty XOzy(Tu)
here a;(t) = min(t + 7, 7i+1), Bs(t) = min(¢,T,), s = z,v. Using step by
step method we shall prove, that Eq. (20) is an integral equation for n.
Using Egs. (13d), (10b) and (18) we can write the first term in the right-hand
side of Eq. (24) in the form
t

t
/d’rydT, / F(ﬁ,'ry,’rx)exp{—/V"(r,,(f,O),n) dn}dﬁ,
4 13
as

t=B.(1)

or )
t
[ fidg, 0t Ty,
t_ﬂy(t)
T, t
§ [ AdE+ [ fadé, T, <t<T, (25a — )
=T, T,
t
[ fodé, t>T,
kt_Tv
if T, € T,, and as
( t
J f1dé, 0<t< Ty,
0

T, t

Jfidé + [ fadé, T, <t<T,

0 T,

{ (25d —g)

z

T, t
[ hdé+ [ frdé, T,<t<T,
T, T.

t-T, z

1

f fzdf, t>T,
\ t—-T,

if T, > T,. Here

£
f1(£,t)=/ z°(ry,rx—£,Tz—§)exp{—/1/ (rp(¢,T,),n) dn—

- 0
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- /V” (ry(€,0),n) dn} dry d7s,
£

TZ

f2(€,1) =/‘z‘(§ ~T,, 7y, Te —Tz)exp{ - /l/z (hy(t,T2),n) dn
4 0
t

- / VY (rq(€,0),n) dn} dry d7s.
13

Using Egs. (13d), (10b) and (18) we can also rewrite functions X and T, 7
as follows

( f vo(‘ry,'rx —-t,T,

Ty
¢
—t)exp { = [v¥ (ry(t,T,),n) dn} dry, 0<t< Ty,
0
f Zi(t - Tv;Ty,Tx
x={" T, (26a — c)
—T,,,Tz)exp{ — [v¥ (hy(t,Ty), n) dn} dry, t€(T,,T),
0
[2lt-T, 7,7
Ty
Ty
__Tv,Tz)exp{ = [ vV (hy(t,T0), m) dn} dry, t>T,
\ 0
( [6r20(1y, 70 =1, T
L
t
~t)exp { = [v* (ry(t, T%), m) dn} drydr,, 0<t<7T;,
p= " (27a,b)

[¥Z(t - T, 1y, 7o
g

T;
_Tz)exp{ — [v* (hy(¢,T:),n) dn} drydr, t>7T,,
0

\
where p = z, y and
zl(t - Tv;Ty;Tx - Tv;Tz)

t—=Ty

=2y, s —t,T — 1) exp{ - / v? (rp(¢,T),n) dn}, (28a)
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ZZ(t - TvyTyaTx - Tv;Tz)

z

=zt -T,7y, 72 = T) exp{ - / v? (hy(t,T),n) dn}. (28b)

We define I; = ((i — 1)T,:T), T = min(T},T,), i=1,2,...

Let ¢+ € I,. From Egs. (24) and (25a) or (25d) we obtain the function
n?(n). Similarly from Egs. (26a) and (27a) we get X(n), Z(n), F(n). Tak-
ing into account these functions from Egs. (5b), (5a), (16) and (19) we get
functions y(n), ny(n), d*(n) and z(n). Then we substitute y(n), z(n) into
Egs. (10a), (13c), use Egs. (18b), (15) and obtain z = z, = z(n) fort < 7, +7.
Finally, knowing functions z(n), y(n), z(n), from Egs. (21)—(23) we obtain
n¥(n), n®(n), n*(n), substitute them into Eq. (20) and obtain an integral equa-
tion n = Vi(n). Here z(n), Z(n), 7(n), ny(n), d*(n), X(n), z(n), y(n),
n¥(n), n®(n), n*(n),n(n), Vi(n) are right-hand sides of (18), (27a) for
p =z, y, (5b), (53), (26a), (19), (16), (21)-(24), (20), respectively.

Let t € I,. We know functions n, z, y, z, v fort € I, and relation
2=z =z(n)fort < 7, +T. That allows us to repeat analogous argumentation
and to obtain an integral equation n = V;(n) and so on.

As a result of our argumentation we get an integral equation n = V(n) for
t € (0,00). ‘

Let’s define:

E; =Txay x 1, E; =04,(7:) X 0,

E3=0p0(1) X0y, Ey=1x oy X 05,(0) x T,

o0
0= [ sin, W= [
0

72:(0)
e e]
n® = /:co dry, n*®= / Ldrydr, dr,, n%= / W0 dry d7y dry,
Eo°: Eov
a=supz’, p*=supp, v¥=_inf v, V= inf 1Y,
[0,74] 4 TxIxT TxIxT
vi= inf_v*, v!= inf v¥, VW= sup 1Y,

EsxT EvxT TxIxT
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B* = max{ / sup b dr., / sup b d'rz},
(t:Ty:n)EEl (t,Ty:n)eEl
(0) 0)

Tzv Ozxv

g=(B"/a) max{/ sup 2%dm, / sup ©° dry},
P (T.t;Tz)EE2 P (T,,T,,)EE;;

7Y = max (nyo, aq/l/},’) ,

¥* = ah® + max (a(l +q)/vE, n*0 — / z° d’r,),
024(0)

y* = ah®p*T, max(1, ¢/(B*p*)), %' = ah®qT,/B",

Ul M o A A

Denoting C, = {f(t) : f€ C(I), 0S f <, || Fll=sup | £ | } we shall
I

prove the following theorem.

Theorem 1. Assume that: 1) w, p and s°, v*, where s = z,y,z,v,
are given non-negative continuous functions; b* and b¥ are bounded non-
negative continuous in £ = (f,n) and piecewise continuous functions in
7 = (1y,75); 2) a, p* and v¥*, n®®, Vi, where s = z,y,z,v, are given
positive constants; 3) B*p* exp{—T,v?} < ¢ < min(1, B*v¥); 4) functions
29, 9°, 29, 0%, w satisfy the reconcilable conditions. Then operator V acts
in Cy and the following estimates are valid:

max (sup Z(n), sup y(n)) <ag®*l, krn <t < (k+ D, (29)
tel tel

Yo (ry —t)exp{-t¥}, 0<t< 7y < oo,

0<y(n) €4 agh+ exp {—my¥i}, kg <t—1y < (k+ 1)1, (30)
Ty €1,
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(2%(r, —t)exp{—tv?}, 0<t< 7 € (0,73
a, 0<t< 7 6(73,7'4],
20(m —t)exp{-tv¥}, O0<t< 17— 14,
Ty € (T4,00),
0< z(n) < ¢ ag*t exp {—1, 17}, krg <t—1 < (k+ 1), (31)
Tr € (0) T3]’
agttl, kry <t—1; < (k4 1)1y,
Tz € (73, T4),

aq® exp {—(7z — )T}, (k=114 <t -1 <kmy,
\ Tz € (74,00),

0 < n¥(n)

0 < n*(n)

< "’, 0 <n¥(n
< (n) <7 (32)
<7

z O<V(n)<7.
Here k =0,1,....

Proof. The construction of operator V' and assumptions of our theorem
show that V(n) € C(I), if n € C,. The estimation (30) follows from relations
(16) and estimate (29), while the estimation (31) for 7, € (0, 73] we obtain from
Eq. (19) and inequality (29). Similarly for 7, € (4, c0) we get it from formula
(19) and estimate (31) for 7, € (73, 74). Thus, we must obtain the estimates
(29) and (31) for 7, € (73, 74). We derive these estimates for ¢ € I;1, using
Gronwal’s lemma, the assumptions of our theorem and already proved estimate
(31) for 7, € (0, 73] from Egs. (28), (26) and (19) for ¢ € ((k+ 1)T —T, (k +
1)T], (k+1)T =T > 0. That should be performed by successive cosideration.
Note, that similar estimates in detail were performed by Skakauskas (1995).
Finally, using relations (29) — (31), from Egs. (21) - (24) we obtain the following
estimates:

!
YO exp {—tv¥*} < n¥(n) < /y(t —1y)exp {—myV¥} dry
0

/y (ry —t)dryexp {—tv!} <

T3 T4 [oed
n®(n) S/zdrx+/wdn+/xdr, <
0 T3 T4
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min(t,73)
< Z(t — 7o) exp {—7, v} dry

0
T3

+ / 2%(my — t) dry exp {—tv?} + ah®

min(t,73)
1474 : o0
+ / aexp {—vi(r; —14)} drp + / 2%y — t) drp exp {—t7} < 77,
T4 t+74

w(n) € ag(B*)"'h® max(T, —t,0) + h%ap* B, (t) < 7%,
n’(n) < agh®(B*)~! max(T, —t,0)

agh®pB,(t)/B*, 0<t<T,
+ { (T —t)agh®/B* + (t — T})ah®p* exp {-T,v?}, T.<t<T <9’
Typ*ah® exp {-T,vZ}, t>T

Hence 0 < V(n) < v and the proof of Theorem 1 is complete.

Theorem 2. Assume that: 1) the assumptions of Theorem 1 hold;
2) functions v®, V¥, v*, vWand p are Lipshitz continuous in n with con-
stants k%, k¥, k%, k¥, respectively; 3) f(t) = ny/ny < fo = const. Then
[| Vi(ng) — Vi(ny) |I< &«€ || no — ny ||, where ny € Cy, s = 1,2; Ky =
max(k®, kY, k%, k") and € = (v, a,q, Ty, Ty, h®, B*,p*, n®% n¥0, n?0 nvo)
is a positive function monotonically decreasing to zero as v, = min(v¥, v?,

Vi VY) — oo.

Proof. letn, € Cy, s = 1,2. Assume, that Cisa positive constant,
independent of «, and v:, s = z,y,z,v. Let’s denote g, = g(n,), Ag =
u

g2 — g1, PY7 = exp{~ [ vdn}, v = v7(I},n.), I = 13, K], where

s = 1,2, and the argument of the function n, is the same as the first argument
of the collection .

Note that the function 77 = 7(t — T}, 7y, 7, — T;) for t € I; we can express
by values of functions n, z,y for t € ((i — 1)T — T}, iT — T;] that should be
found from equations n = Vj(n) for k£ < i. Therefore, when we consider the
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solvability of the equation n = V;(n), functions z*+ and n(t —T) are assumed
to be given. Similarly, the function 77 = Z(t — T, 7,7, — T) for t € I; can be
expressed by values of functions z, y, n for ¢ € (i — 1)T — T, iT — T] and is
assumed to be known in the equation n = V;(n).

We shall get the estimation of the norm || V;(n2) — Vi(n1) || fort € ;. In
the rest of this paper we shall use the estimation

Sexp{—(u— ]} (u—EK" || An ||
< K%e(v],.) || Anf,

‘AP“”

uy u,y
Pes’ — Py

eWl,.)=1/ev], &<,

without refering to it. The point-argument of ¢ represents the other arguments
of this function.
From Eq. (28) we have the following estimation
[o02° |APY? | drydry, 0<ELT,

4

I

o

RAVARN

APO 2,2

dr,dry, t>T, (33)

Sar’T, || Anll, p=y,z.
Similarly, from Egs. (27) and (26) we get

( [ |APY| dry, 0Kt T, )
Oy
APt T.,,z ,v Pt—Tv,z APT.,,'U d
lax|<{d” { o o
T, <tgT
=T T,,2 )] T,z T,,v
[z {|AP0 T 4 pLe# | AP }dTy, t>T
Oy /
<rlllAn|, C=aqT/B". (34)

Using relations (16), (21), (30) and (33) we can obtain

o0

At < [ | AP | dry + / (7. | AP | +P3* | A7 |} dr,
0
ki€ || An . (35)
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4 Ti41
We shall evaluate the function | An® |=| E / Azdr, | . For m; € (0, 7]

i=0 g

from Eq. (19) we obtain the inequality

Or, —t) | APY®|, 0Kt< 1,
IAzls{x(Tx ) | o | IIRT

Ty | APT | +Pp° | AT |, t>1, (36)
Q) [ An|l,
Q(t,Tz) - {aq eXP{—Tsz}(n’Tx + Ksz)’ t>1, K K«€
Thus
T1 .
/ | Az | dr; < kue || An ] . (37)

0

T2
Now we evaluate f | Az | d7,. Using Egs. (2) and (11) for Az we obtain
T
the estimation '

t
[5°(.9) (e ladw) |rg] @, 0<t<n-m,
| Az |< § S%(7e,m) [| Az | [AZ] (38)

+ [ 5%(r,8) e 1aa=)) |ng] de, ¢> 7 -

Here and in the rest of this paper S°(¢,£) = exp{-vi(t - €)}, [g]|rf] =
9(rf), [g[hg’] = g(h§). By inequality (35) and assumption 2) of our theorem
from Eq. (5a) we get inequality

| Ad < ko (O 4 nye) || An (39)
which, together with relations (38) and (31) leads to the estimate

1+ (t, ), 0t — 115
| Az |<|| An || kst (t,7) h (40)
1+¢(t’T1‘)+F(t)T.‘L‘); t> T.’L'_Tlv
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where

o(t, 1) = /sw(t,g) [(za(nyn)™") |r2] dé,

Y, 1) = /S”(Tx,f) [(:cl(nyl)_l) |hf] d¢,

eF(t, 1) = 8% (12, 11)Q(h7,) < S%(Tz, T1)Kue.

Using the estimate (40), we can show, that

T2 u
/|Aac|drr < An|| n*s{1+/(F(t,Tz)+w(t,Tx)) dry
T1

1

T2

St

u
where u = min(t + 7, 72). The following inequalities are valid:

U

H; =/¢v(t,rx)dr,:/dT,/S’(T,,ﬁ)x(£+t—T,,f)/n(£+t—7',)d§

T1

:/df/Sx(T,,f):r(£+t—T,,f)/n(£+t—rz)drz
n ¢

< / P / 5% (¢, ma(n,€)/n(n) dn < / ¢ / 5% (¢, m)e(n, £)/n(n) dn
0

T1 §+t—u T

< / dé / 5% (t, m)a(n,€)/n(n)dn = / 5°(t,1) [ o(n,)de/n(a)dn

T1

< [swnsman
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and

T2

Hy = /?('taTz)de =]2dfx/5”(t,€)2(€,£+rz —1)/n(§)d¢

u u

T2

:/d€S”(t,§)/”(€,€+Tz-f)dfz/"(@
0 u

t 4ot
=/d§S’(t,£) / (£, m)dn/n(£)
0 §+u—t

1 T2 t
< / dES® (1, €) / £(€,m) dn/n(€) = / S*(4,E)F(E)de, when &< b,

. Hy = 0, when t > h*. Then, from these estimates and from the assumption 3)
of our theorem, we obtain

T2 t
/IA::: ldro < || An || fc*s{l+2/5’(t,£)f(§)d§
T1 0

U

+/Fdrz} S k€|l An|l. (41)

T1

T3
Let’s consider f | Az | dr,. Using Eq. (19) and estimate (30) we can write

T2

the inequality
20(rs — 1) |[APY*| < kue 2%(r, — 1) || An ],
0t — 7
Aol SIS -7 (42)
Sx(T:v;TQ) [I Az | lhff;z] +a IAP:;,J:I ’
t> 1, — T,

which shows that

T3 1
/ | Az | drp < kie || An || +/ Se(t,p) | Az | I(ph) dp,
T2 ' m

m = Ty +t — min(t + 72, 73).
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This estimate together with inequality (40) enables us to obtain the estimate

73
/ | Az | dr, < Kue(1+ Ry) || An |,
T2

where

. ¢(p,m2), 0<p<h®
R1=/5£(t,P) dp<e+ Ry,
m '¢(P,7'2) +F(p: TZ)a P > h’x

; <p(p,‘rz), OSPS h*
m=/§@m dp.
m 'P(P, 7-2)’ P> h®

To estimate R; we consider two cases: hy = T — h® < h® and h; > h®.
If hy < A%, then Ry = Riy, Ry, Ri3, Rig for t € [0,h1], (hy,R7],
(h®,T], (T, 0), respectively, where

" ¢
Ru= [, Ru= [ Fap
0 t—hy
h* t t
Riz = / fﬁdp+/¢dpy Ris= / ¥ dp;
t—hy h= t—hy

here and later & = ¢(p, 72)S%(t, p), ¥ = %(p, 72)S* (¢, p). By the same way,
that we used to obtain the estimates of H;, H,, we can get

t
max {R11, Ri2,1/2Ry3, R14} < /Sz(t,P)f(P) dp < (v)" o,
0

and R € e.
If by > h%, then Ry = Ri1, Ri2, Ris, Rig fort € [0, A7), (B, hy], (hy,T],
(T, o0), respectively, where

t h* t
R11=/5dp, R12=/¢dp+/1zdp,
0 0 he

h* t t
R13=/s'5dp+/$dp, Ris= / % dp.
h® ‘

t—h, t—h,
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As f < fo, then, acting as above, we get

t
max (Ry1, Rus, 1/2Ry2, 1/2R13) < / $%(t,0)f(p) dp < ()" fo
0

and Rl e
Thus

T3
/ | Az | dra < kue || An |- (43)

T2

T4
Now we evaluate f | Az | d7,. From the relations (19), (34) we can obtain
T,
the estimates: ’

t
| Az |<a | APY® |+/{X1 | APY | +P4 | AX |} de < ke || An |
4]
for0 <t < 17— 713

| Az |<a |APZ®| + S%(1z,73) [| Az | |RE] + / {S’(t,é) |AX |
T3

+ X, [app

}de < 5°(r2,m5) [| Aa | [B2,] + mac | An |

fort > 1, — 3.
Thus

0, 0SSt — 73

44
S%(1z,73) [| A:L'||h$3], t> 1, — T3, (44)

[Azlsn*s”An||+{

T4 u
/ | Az | dp < Kue || An ||+/S$(T3,T3)[|A$l |hZ,] dr.
73 73

< rue || An || +Re,

t
By = / swo Al | dp
(P;Ts)
m
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where m = 73+t — u, u = min (f + 73, 74). Taking into account the estimates
(42) and (40) we get

t—hy 0, —h1<n<0
Ry || An || kxe + / S%(t,n) dn
m—hy

< kag(l+ Ra) || An |,

t—hy
Ry = / SE(t,n)§ e(mm), 0K n<hA® » dn.
i Y(n,m2), n>h
But R2 = 0: RZI) R22, R23 fOI't € [O,hl], (hlaﬂy (T;T+hx], (T+h1"oo)’

t—h, h* t=hy
respectively, where Ryy = [ @dp, Ros = [ @dp+ [ tdp, Res =
0 t=T hx
t—h, ~
[ ddp.
127
Acting as above, we get

t—hy

o < / S*(4,6) f(€)dE, k=1,3,
0
t—hy

o
Ras < / S*(1,€) F(6)de + / S°(4,€) F(E)de,
0 v 0
and R, < ¢. Hence

T4
/ | Az | dry < kot || An || . (45)

[e e
At last we evaluate f | Az | drr. Using relations (19) and (44) we get

T4

z0(7y —t)!APg’z|, 0t — T
| Az <
a|AP="| + 5% (o) [| Az | [RE], t> 1o — 14,
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o0
/ | Az | dr, < Kkye || An || +Rs,
T4

. 0, —h" <%0,

Rz = / S%(t,n) d

. | Az | I(Ws), n>0

Taking into account estimates (42) and (40) we obtain inequalities:
0, 0<t<KAh%,

Rs < t=T 0,-h1 <£p<0
K*E An + Sl‘ t’ d ’t > h""',
| II—L t.7) IAzH@ﬁyp>0 P

~

Rs < kue || An || (1 + R3),

0,0<t<T
t}‘T S:l:(t P) go(/)) 7-2)7 0< P < h®
0 ’ '¢’(P, 7-2)) 4 > h*

But R3 =0, Ra;, Rsz fort € [0,T], (T,T + h*¥], (T + h*, 0o), respectively,
where

Rs =
3 }dp,t>T.

-~
1

t-T B® T
Ru= [ fdp Ru=[@ap+ [ Fap
0 0 h=
Acting as above we get
t=T
Ra < [ 0,050,

0
h* t-T

Rss < / S°(4,€) F(€)dE + / 5% (1,€) £(€) de
0 0

and R3 € ¢. Thus

[e e}
/ | Az | dry < ke || An ). (46)
Ta

From the estimates (37), (41), (43), (45) and (46) we can obtain the following

estimation
| An® |€ kue || An ] . (47)
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Now we evaluate | An? |. From Eq. (23) we get | An® |[< J; + J2, where
T,
Ji = / dr, / | AFy | drp dry,
B(t)  oas(ms)xoy
B:(t)
/ dr, / AFydrydry

0 0z (T:)X 0y

Jp =

Here J; < k. || An || . Denoting u = ¢ — min (¢, T, ), using assumptions of
our theorem and estimates for | Az |, | Ay |, | An? | obtained above we get

t
J2=J212</d§ /dry / { | 21 — 22 | yaprny i Py
[

u v 22(0)

+ EzPl";ngiz ly1 — 2 | +-’L'2y2n;11Pgiz | p1—p2 |

+ :Bzyzpzn;ll ngiZ - Pgéz

-1_-1pt,z
+ ZT2Y2p2ntyy Nyoy Pgé | Nyl — Ny2 | }de

t

</{p* / | 21 — 22 | drs

u 02:(0)
+p*/ly1—yz | drynyy / z2dTy
Oy ax;(o)

+ &P || ny — ng || ah’ny_ll/yzdfy

+K7pu || Ny —na || (¢ —{)ah“‘ny_ll/ YodTy
Ty
tpongit [ eadre 1nf = | 70,60

0z:(0)
1

é/ { (1 + nygngll) Kv€ + K,"ah’”nygngl1

u

+ k*puah®(t — E)nygn;f + n*enygn;f} ST(t,€)dE || n1 — na2 [|<
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Sk (1 + sep(nyzn;11)> | n1—nal .

Here Pgtl'cz = exP{‘ftVz('l,Ty, n+m—&n—-§&n(n))dn}, k=12
From the equalit}s J3% = J2' we get another estimate
T2 < Kee <1 +51t1p(ny1ny‘21)> [[n1—no .
These estimates show, that J, < k.c || An || . Hence
| An® | kye || An ] . (48)

Now we evaluate | An” |. Using Eq. (24) we get | An? |< J3 + J4, Where

T,
J3 = / dr, / | AFy | drydre,
Bu(2) OyXozu(Ty)
Bu(t)
Js = / dry / | AF; | drydr,.
0 OyX0zy(Ty)

From the Eq. (17) we have | AF; |< v(ry) | APEY |. Therefore J3 < k.e||An||
fort € [0,T,] and J3 = 0 for ¢t > T,. Using Egs. (25a—d) and the fact, that
functions z; and z7+ are known, we have

1
n< [ o1afie

t—Fu(t)

1
< [ i [#0n-em-of|ars|py
t=f.(t) ©
+ B [ap| Yy dro < mae [ An |
fort €0, T), Ty < To;
T, t

Ji< / IAf1Id£+/|Aled£<

t=T, T,
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T,
< / 2y, 7, T:) |AP| dE
t=T,
t
+ / de / 7 {|aRT* | Py + PR |ARE } dry dr,
T, o
<kue || An |
fort € (T,, T}, Ty < To;
1
< / | Afy | de
t=T,
1
< / de / 7 {|apf*| Py + PI* |APE|} dry dr,
t=T, 4
t
</S’(t,£)d§/?7' dry drpr.c || An ||
T, 4
Sk || An |
fort > T,, T, < T, and similarly
4 1 3\
[1a5i14 tenm)
0
T, 1
/IAf2|d£+/lAf2|d£, te (T, T]
0 T,

J4<J T, . b < Kug || An |
[ 1ania+ [1an1, te@,m
t-T, T,

1
/ |Afa|dé, t>T
\ t-T, )

for T, > T,. Here arguments of function Pé;f are obvious. Therefore

| An® |< kae || An . (49)
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Finally, from the estimates (35), (47), (48) and (49) we obtain the inequality
| Vi(n2) — Vi(n1) |< &« || An ||, which completes the proof of our theorem.
The concrete form of the function ¢ is simple but rather cumbrous and so we
do not represent it here. It is not difficult to note that our ¢ — 0 as v, — oo.

Note. Assumption 3) of Theorem 2 holds f.e. if

D vo(t,r,n(t) 2 v¥(E,7,n@) VY @, r,n@) €1 Xx[0,7] % I,

2) b°(t, 1y, 7o, n(t=T,)) S WY (t, 7y, T, n(t=T3)) Y (¢, 7y, T, n(t—T3)) €

Ixoyxo..(T,) %1,

3) z%(7) < y’(r) V 7 € [0, 72z
in the case h* < T’
and if

D vo(t,7,n(t) 2vV(@E,7n@) VY (t,7,n()) €I x[0,72] % I,

2) v, 1y, To, T2, (1)) 2 VE(, 1o, n(t)) V (¢, Ty, 7o, T2, () € EF X I,

3) v, 1y, o, To, (1)) 2 VE(L, T2, n(1)) YV (&, Ty, To, v, () € EY X I,

4) b7 (t, 1y, 1o, n(t=T3)) S Y (t, 7y, 72, n(t=T2)) V (t, 7y, o, n(t—T3)) €

Ixoy xo.,(T;)x1, 4

5) y°(7z) = 2%(7z) + F*(2°) + F*(v°) V 7z € [0, 725 + T,

. Where

0, Tr ¢ (Tl:r:a Tor + T]a
Fi(z) = f dry f zdr,;, 17 € (T1z, 720 + T3,

oy w*(7z)

0, Te & (Tie + T2, T2z + T,
FU(v) = fdry [ vdrn, m€(ne+T:,me+Tl,

oy w¥(7x)

w;z(’r-") = [max(T$ - T2z, 0); min(Tx - le‘aTz)] ]
w" (Tl‘) = [max(rz — T2g — Tz: O), min(fz — Tz — Tz, T, )] y

in the case h* > T.

The statement of Note in the case h® < T is obvious because z(¢,7) <
y(t,7) V1 € [0, 72;]. The statement of Note in the case h* > T should be
proved. From Egs. (17), (18) and (19) we can obtain the equation

D* (z+ F*(2) + F*(v)) = —v°z — F*(v*2) — F*(v*v). (50)

By using assumptions 1) —3) of Note from Eq. (50) we obtain the inequality
D*(z + F*(2) + F¥(v)) < —V¥(t,7z)(z + F?(z) + F¥(v)), which together
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with assumptions 4) and 5) of Note shows that z + F*(z) + F*(v) < y(t, 7).
This result proves the statement of our Note.
The following theorem is valid.

Theorem 3. Assume that: 1) assumptions of Theorem 2 are satisfied,
2) kue(Vs, a,q, Ty, Ty, h*, B*, p*,n%0 n¥%, 0?0 n"%) < 1, vy < v¥*. Then
the equation n = V(n) has unique positive solution in C,.

Proof. If k.e(vx,.) < 1, then the operator V; is contractive. This inequality
can be satisfied by appropriate choosing the parameters . and v, (or even
parameter «, only) for a given other arguments. Since V acts in C, and ¢
is independent of ¢, the successive consideration of equations n = V;(n), ¢ =
1,2,..., proves Theorem 3.

Corollary. If assumptions of Theorem 3 are satisfied, then problem (1) -
(12) has unique non-negative continuous solution, such that estimates (29) —
(32) hold and functions DVy, D*z, D*z, D'v are continuos in EY, E* E?
EY, respectively.

3.2. The case, when the fecundation rate and the fecundated females death
rate are independent of age of males. This means that §f/0r, =0, f = p, V*.
We consider the case h” > T'. The opposite case we can consider in the similar
way. To prove the solvability of system (1) —(12) we use the same method as
above. In our case we have 73 < 7. Hence we must write Eq. (19) for
7z € [0,m], (m,73], (73, 72], (72,74, (74,00). Acting as above we prove
Theorem 1. Hence the estimates (29)— (32) are valid.

The function d® in this case is

& = 0" + { O 7 on0)
P, Tz € 05.(0).
Hence | Ad® |< «.C || An ||. This enables us to write the estimate | An® |
< k«€ || An || without consideration of the functions ¢, 1 (see estimates of
H; and R,,k).
The integral J» =| [}zdrz J AFydr.dry |, where Fy = Fy(2,0,
0 0z (T2) X0y
n), B, = min(t,T;), we can rewrite as
t

Jo = ‘ / df / (z‘zpngéz —_ x1p1Pgiz) dT,,-

t—0; oz:(0)

< ke || Anll;
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1
here P;i’ = exp{— [ v*(n, n+7:—&, n—£&, n(n))dn}. Hence inequality (48) is
13

valid. The estimates for | An¥ |, | An® | remain the same as above. Therefore
Theorem 2 in this case is valid without condition 3) which is essential in the
case 3.1. Theorem 3 is also valid.

Conclusions. Taking into account the size, age structure, pregnancy and
females restoration period after delivery the unique solvability of the model
describing the evolution of non-migrating limited panmiction population, com-
posed of two sexes, is proved. ’ '

As it follows from estimates (29) - (32) the population is bounded if ¢ < 1
and vanishes if ¢ < 1 as time increases.

If the assumption 3) of Theorem 2 does not hold and if fecundation rate and
death rate of fecundated females depend on age of males and total population
density the demographic functions probably can not be given a priori for all
time.
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' NEMIGRUOJANCIOS LIMITUOTOS PANMIKSINES
POPULIACIJOS EVOLIUCILJOS PROBLEMOS
VIENINTELIS ISSPRENDZIAMUMAS

Vladas SKAKAUSKAS

Nagrinéjama nemigruojantios limituotos populiacijos evoliucija, kai demografinés
funkcijos priklauso nuo populiacijos dydZio. Populiacija sudaro dvi lytys. Be to, priima-
mas démesin individy am¥ius. Patelés skirstomos j tris klases: nepastojusias, pastojusias
ir pateles i¥ reabilitacijos intervalo po gimdymo. Nepaisoma vaisiaus Zuvimo. Repro-
duktyvieji pateliy ir patinéliy amZiaus intervalai laikomi baigtiniais, o patelé gali susi-
laukti baigtinj skaitiy palikuoniy vady. Evoliucijos modelj sudaro integrodiferencialiniy
lygtiu sistema tritkiais koeficientais su integralinémis salygomis. Kai demografinés
(mirtingumo, gimstamumo ir apsivaisinimo) funkcijos tenkina specialias salygas, irody-
tas vienintelio klasikinio sprendinio egzistavimas bei gauti sprendinio jver&iai.



