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Abstract. This paper is devoted to the consideration of the evolution of the non­
migrating limited panmiction population taking into account the size, sex and age struc­
ture, pregnancy and females restoration period after delivery. The unique solvability of 
this model and the condition for the population to vanishe is obtained. 
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1. Introduction. In this paper the evolution of one sexual population will be 

considered. Dynamic models of such populations are well known (see Gimel­

farb et al., 1974; Poluektov et al., 1980; Svirezhev and Pasekov, 1982). There 

arc few works that are devoted to a solvability of limited population models. 

Gurtin and MacCamy (1974), Griffel (1976) and Matsenko (1981) dealt with 

unique solvability of non-linear models taking into account age of individu­

als. Sowunmi (1976) took into consideration age and sex of individuals. Swick 

(1977) took into account age and a lag between conception and birth. Bulanzhe 

(1988) studied the solution structure of community model taking into consider­

ation age of individuals of limited population, which, moreover, interacts with 

parasite population. The deterministic model, developed by Skakauskas (1994), 

includes: age and sex of individuals, pregnancy of females, possible destruc­

tion of the foetus (abortions), organism restoration periods after abortions and 

delivery, panmiction mating of the sexes. This model allows us to obtain den­

sities of interacting groups such that: males, single and fecundated females 

and females after abortions and delivery. In the steady case of our model we 

observed a possible nonmonotonic decrease of numbers density of single fe-
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males as age increases in the reproductive interval. In the case, when abortions 

and restoration period after delivery are ignored, Skakauskas (1995) proved the 

unique solvability of this model for limited population. The goal of this paper 

is to prove the unique solvability of our model (1994) for limited population 

taking into account the size, age structure, pregnancy and females restoration 

period after delivery. We do not discuss the advantages of our model and do 

not comparise it with the known ones. 

2. Problem formulation. Suppose that: 

n(t) is total population density and y(t,Ty), X(t,Tx), Z(t,Ty,Tx,Tz), 
v(t, Ty, Tx , Tv) are densities of numbers of males, single and fecundated fe­

males and females from restoration interval, respectively, where Ty , Tx , Tz are 

ages of males, single females and embriou's, t is time and Tv is time passed 

after delivery; 

p(t, Ty, Tx, n) is fecundation rate and vY(t, Ty, n), VX(t, Tx, n), VZ (t, Ty, Tx, 
Tz , n), VV (t, Ty, Tx, Tv, n), where n = n( t), are death rates of males, single and 

fecundated females and females from restoration interval, respectively; 

yO( Ty), xO( Tx), zO( Ty, Tx, Tz), vO( Ty, Tx, Tv) are initial functions for y, x, z 
and v, respectively; 

O"xz(Tz) = (T1x + Tz ,T2x + Tz]' O":r;v(Tv) = (T1x + Tv , T2x + Tv], Tkx = 
Tkx + Tz , k = 1,2; 

O"y = (T1y, T2y] and O"xz(O) are reproductive intervals of males and females, 

respectively, o"z = (0, Tz] and O"v = (0, Tv] are gestation and restoration inter­

vals; 0" = O"y x O"xz(Tz), EOz = ((Ty, Tx, Tz) E O"y x O"xz(Tz) x O"z}, EOv = 
((Ty, Tx,Tv) E O"y X O"xv(Tv) x O"v}, 1= (0,00), 1= [0,00), EY = {(t,Ty) E 

x 4 
I x I}, E = {(t, Tx) E I x (I \ ,U Ti), Ti = Tix, Ti+2 = Tix + T, T = ,=1 
Tz + Tv, i = 1,2}, E Z = ((t,Ty,Tx,Tz) E I x O"y x O"xz(Tz) x O"z}, E V = 
((t,Ty,Tx , Tv) E I x O"y x O"xv(Tv) x O"v}; 

[x(t, Ti)] is a jump of the function x at the line Tx = Tj; 

bY (t, Ty, T:r;, n(t -Tz)) and bX(t, Ty, T:r;, n(t-Tz)) are the birth rates of males 

and females offsprings, respectively; 

2- 1/2DYy, 2- 1/2Dxx, 3-1/2Dzz, 3-1/ 2D v vrepresentdirectionalderiva­

tives along the positive direction of characteristics of operators 

a a 
LY = -+-, at OTy 
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respectively. 

The system (see Skakauskas, 1994) 

DY y = -yvY in EY, 

D X x = -xdx + X in 

DVv = -vvv in EV, 

EX , 

{ 
0, Tx rf. erxz(O), 

dX = V X + ny- 1 JYPd~y, ~ E er (0) " • X xz , 
(Jy 

00 00 
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(1) 

(2) 

(3) 

(4) 

(5a) 

(5b) 

(6) 

n = J x dTx + J Y dTy + J Z dTy dTx dTz + J V dTy dTx dTv, (7) 
o 0 Eo' Eo> 

subject to conditions 

I ' 0 
x t=o = x , 

yl -0 = J bY zl -T dTy dTx , Ty_ Tz - ,z 

(J (J 

I -1 
z T.=O = ny xyp, vi = zl T' Tv=O T:r.= ,&: 

[Xl ] = 0, i = 1,4, 
T,.=Ti 

n(t) = w(t), t E [-Tz, 0] 

(8a - d) 

(ga, b) 

(lOa, b) 

(11) 

(12) 

governs the evolution of the population. t, T x are the arguments of functions dX 

and X. The non-negative demographic functions vY, v X , v z , vV, p, bX , bY and 

initial functions yO, x O, zO, vO, w are given. It is also assumed, that functions 

x O, yO, zO, vO, w satisfy reconcilable conditions, i.e., conditions (7) - (12) for 
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t = O. As it follows from the biological meaning, unknown functions y, x, z 
and v also must be non-negative. 

3. Problem solvability. We shall study the existence and uniqueness of 

non-negative solution of the problem (1) - (12) in two following cases. 

3.1. The case when the fecundation rate and the fecundated females death 

rate depend on age of males. This means that of / OTy i= 0, f = p, v Z • We 

shall consider the case hX = T2x - Tlx < T. The opposite case can be studied 

in the same way. Let us denote 

x(t) = x(t, 0), y(t) = y(t, 0), 

(13a - e) 

t 

F1(" n) =1(rri) exp { - j d"(rJ, n) dT}} 
o 

t t 

+ j X(r~) exp { - jd"(rJ, n) dT}} do:, (14) 
o er 

T.., 

F2(T'Jl,n)=I(h~)exp{ - j d"(hJ, n)dT}} 
J.I 

Toy 7"'1 

+ j X(h~)exp{ - j d"(hJ,n)dT}} do:, (15) 
J.I er 

where 

s = y, Z, v and X(r~) = 0, X(h~) = 0 for 'Y = y, z, v. 

Then from Eqs. (1) - (4), (8), (11) and (13) we obtain formal integral represen­

tations of functions y, z, x, v: 

y(rg) = yO(Ty -t), 
o ~ t ~ Ty , 

y(hg) = y(t - Ty), 

o ~ Ty < t, 

(16) 
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v(ro) = VO('Ty,'Ta: -t,'T" -t), 
o =rs;; t =rs;; 'T", 

v(hg) = v(t - 'T", 'Ty, 'Ta: - 'T,,), 
o =rs;; 'T" < t, 

z(r5) = zO('Ta: - t), 
o =rs;; t =rs;; 'Ta: - 'Ti, 'Ta: E ('T;, 'T;+1], 

t > 'Ta: - 'Ti, 'Ta: E ('Ti, 'Ti+1], 

z(hg) = x(t - 'Ta:), t > 'Ta: E [0, 'T1], 
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(17) 

(19a, b) 

here i = 0,4, 'To = 0, 'T5 = 00 and r~ = (1], 1]+'T6-t), h~ = (1]+t-'T6, 1]), s = 
z, y, r~ = rll(t, 'T6) = (1], 'Ty, 1] + 'Ta: - t, 1] + 'T6 - t), h~ = hll(t, T6) = 
(1] + t - 'T6, 'Ty; 1] + 'Ta: - 'T6, 1]), s = z, v are sets of arguments written in 
brackets. In formulas (14), (15) the argument of n coincides with the first 
argument of the neighbouring set r ~, or h~, respectively. 

Using Eqs. (16)-(19), (13)-(15) and (9)-(10) we obtain 

(20) 

where 

t 00 

nY = f F2(Y, 0, n) d'Ty + f F1(y, n) d'Ty, (21) 

° t 

(23) 
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(24) 

here aj(t) = min(t + Tj, Tj+l), f3.(t) = min(t, T.), s = z, v. Using step by 

step method we shall prove, that Eq. (20) is an integral equation for n. 
Using Eqs. (13d), (lOb) and (l8) we can write the first term in the right-hand 

side of Eq. (24) in the form 

t t 

J dTydTx J v(e,Ty,Tx)exp { - J vV(r'1(e,O),n) d7]}de, 
q t-{3v(t) { 

or as 
t 

f It de, 
t-{3v(t) 

T. t 
f It de + f h de, Tz < t ~ T, 

t-Tv T. 

t > T, 

if Tv ~ Tz, and as 
t 

fit de, O~t~Tz, 
o 

T. t 
f It de + f h de, Tz < t ~ Tv, 
o T. 

T. t 
f Itde+fhde, Tv<t~T, 

t-Tv T. 

t 
f hde, t > T, 

t-Tv 

if Tv > Tz. Here 

(25a - c) 

(25d - g) 

e 
It(e, t) = J ZO(Ty, Tx - e, Tz - e) exp { - J V z (r'1(e, Tz), n) d7]-

q 0 
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t -J VV (rl)(e, 0), n) dry} dry drx, 
{ 

235 

T. 

h(e, t) = J z(e - Tz , ry, rx - Tz) exp { - J VZ (hl)(t, Tz), n) dry 

(j ° 
t -J Vv (r l1 (e, 0), n) dry} dry drx. 

{ 

Using Eqs. (13d), (lOb) and (18) we can also rewrite functions X and X, y 
a<; follows 

x= 

75= 

f vO(ry, rx - t, Tv 
(jy 

-t) exp { _[vV (rl)(t, Tv), n) dry} dry, 

(jy 

f bP zO( ry, rx - t, Tz 
(j 

-t) exp { _jvz (rl)(t, Tz), n) dry} dry drx, 

f bPz(t - Tz, ry, rx 
(j 

(27a,b) 

-Tz)exp { -[VZ(hl)(t,Tz),n)dry}drydrx, t>Tz, 

where p = x, yand 

t-T. 

=zO(ry,rx-t,T-t)exp{ - J vZ(rl)(t,T),n) dry}, (28a) 

o 
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T. 

= z(t - T, Ty, T~ - T)exp { - J yZ (h,,(t, T), n) d77 }. (28b) 

o 

We define li = ((i -1)1', i11, l' = min(Tz, TII ), i = 1,2, .... 

Let tEll . From Eqs. (24) and (2Sa) or (2Sd) we obtain the function 

nil (n). Similarly from Eqs. (26a) and (27a) we get X(n), x(n), y(n). Tak­
ing into account these functions from Eqs. (Sb), (Sa), (16) and (19) we get 

functions y(n), ny(n), d~(n) and z(n). Then we substitute y(n), z(n) into 

Eqs. (lOa), (13c), use Eqs. (18b), (15) and obtain z = Z2 = z(n) for t ~ Tz +1'. 
Finally, knowing functions z(n), y(n), z(n), from Eqs. (21)-(23) we obtain 

nY(n), n~(n), nZ(n), substitute them into Eq. (20) and obtain an integralequa­

tion n = V1(n). Here z(n), x(n), y(n), ny(n), d~(n), X(n), z(n), y(n), 
nY(n), n~(n), nZ(n), nll(n), V1(n) are right-hand sides of (18), (27a) for 
p = z, y, (Sb), (Sa), (26a), (19), (16), (21)-(24), (20), respectively. 

Let t E 12• We know functions n, z, y, z, v for tEll and relation 

z = Z2 = z( n) for t ~ Tz + 1'. That allows us to repeat analogous argumentation 
and to obtain an integral equation n = V2(n) and so on. 

As a result of our argumentation we get an integral equation n = V (n) for 
t E (0,00). . 

Let's define: 

E2 = U~z(Tz) X Uz , El = I x u y x I, 
E3 = U~II(TII) X U II , E4 = I x Uy x u~z(O) x I, 

n~(t) = J ZdT~, 
q ... (O) 
00 

n~o = J zO dT~, nZo = J zO dTy dT~ dTz , 

o EO. 

a = sup zO, p* = sup p, v; = _ i~f _ v~ , 
[0,7"4] E4 IxlxI 

nllO = J vO dTy dT~ dTII , 

EO. 

yy = inf v Y * - - - , IxlxI 

v!=" inf_vz, v!= inf_vll , vY*= sup vY , 
E' xl E-xI IxIxI 
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B* = max {J sup bX dTx, J sup bY dTX}, 
(t,Ty,n)EEl (t,Ty,n)EEl 

0'",.(0) 0'",.(0) 

rX = ahx + max (a(l + q)jv;, nXo - J x O dTX ), 

0'",.(0) 
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Denoting C-y = {!(t) : f E C(1), 0 ~ f ~ r, 11 f 11= sup I f I } we shall 
I 

prove the following theorem. 

Theorem 1. Assume that: 1) w, p and so, v$, where s = x, y, z, v, 
are given non-negative continuous functions; bX and bY are bounded non­
negative continuous in e = (t, n) and piece wise continuous functions in 

T = (Ty,Tx); 2) a, p* andvY*, nSo , v!, where s = x,y,z,v, are given 
positive constants; 3) B*p*exp{-Tzv;} ~ q ~ min(l, B*v;); 4) functions 
xo, yO, zO, vO , w satisfy the reconcilable conditions. Then operator V acts 
in C-y and the following estimates are valid: 

max (su~ x(n), SU~ y(n)) ~ aqk+1, kT4 < t ~ (k + 1)T4, (29) 
tE/ tEI 

{ 
yO(Ty - t) exp {-tvn, 

o ~ y(n) ~ aqk+l exp {-TyVn, 

0< t ~ Ty < 00, 

kT4 < t - Ty ~ (k + I)T4' 
Ty El, 

(30) 
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o ~ x(n) ~ 
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XO(7X - t) exp {-tv;}, 0 < t ~ 7x E (0,73], 

a, 0 < t ~ 7 x E (73,74], 

XO(7X -t)exp{-tv;}, 0 < t ~ 7x·- 74, 
7 x E (74,00), 

aqk+1 exp {-7xV;} , kT4 < t - 7 x ~ (k + 1)74, 
7 x E (0,73], 

kr4 < t - 7x ~ (k + 1)74, 
7 x E (73,74], 

aqk exp {-(7x - 74)V,n, (k - 1)74 < t - 7x ~ kr4, 
7 x E (74,00), 

o ~ nX(n) ~ "'(x, 0< nY(n) ~ "'(Y, 

o ~ nZ(n) ~ "'(Z, 0< V(n) ~ "'(. 
Here k = 0,1, .... 

(31) 

(32) 

Proof. The construction of operator V and assumptions of our theorem 

show that V(n) E c(i), if nE C'Y' The estimation (30) follows from relations 

(16) and estimate (29), while the estimation (31) for 7 x E (0,73] we obtain from 

Eq. (19) and inequality (29). Similarly for 7 x E (74,00) we get it from formula 

(19) and estimate (31) for 7 x E (73,74]' Thus, we must obtain the estimates 

(29) and (31) for 7 x E (73,74]' We derive these estimates for t E Ik+2 using 

Gronwal's lemma, the assumptions of our theorem and already proved estimate 

(31) for 7 x E (0,73] from Eqs. (28), (26) and (19) for t E ((k + 1)T -T, (k + 
1 )T], (k + 1)T - T ~ O. That should be performed by successive cosideration. 

Note, that similar estimates in detail were performed by Skakauskas (1995). 

Finally, using relations (29)- (31), from Eqs. (21) - (24) we obtain thefollowing 

estimates: 
t 

nYo exp {-tvY*} ~ nY(n) ~ J y(t - 7y) exp {-7yV,n d7y 

T3 T4 00 

° 
00 

+ J yO(7y -t)d7y exp{-tv,;} ~"'(Y, 
t 

nX(n) ~ J Xd7x + J Xd7x + J Xd7x ~ 
o 73 74 
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min(t,T3) 

~ J x(t-'T'x)exp{-'T'xv;}d'T'x 

° T3 

+ J xo( 'T'x - t) d'T'x exp {-tv;} + ahx 

min(t,T3) 

+ t74a exp {-v;( 'T'x - 'T'4)} d'T'x + j 
t+T4 

{ 
aqhx f3v(t)/B*, 0 ~ t ~ Tz 

+ (T - t)aqhX / B* + (t - Tz)ahxp* exp {-Tzv;} , 

Tvp*ahx exp {-Tzv;}, t > T 

Hence 0 < V (n) ~ r and the proof of Theorem 1 is complete. 
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Theorem 2. Assume that: 1) the assumptions of Theorem 1 hold; 

2) functions vX, vY, vZ, vVand pare Lipshitz continuous in n with con­

stants "'x, ",Y, ",z, "'v, respectively; 3) /(t) = nx/ny ~ /0 = const. Then 

11 V;(n2) - V;(nd II~ ",*g 11 n2 - n1 /1, where ns E C'Y' S = 1,2; "'* = 
max(",X, ",Y, ",Z,,,,V) and g = g(v*,a,q,Tz,Tv,hx,B*,p*,nxo,nYo, nzO,nvO ) 

is a positive function monotonically decreasing to zero as v* = min( v! , v;, 

v;, v~) -* 00. 

Proof. Let ns E C'Y' S = 1,2. Assume, that C is a positive constant, 

independent of "'* and v!, S = x, y, z, v. Let's denote gs = g(ns), ~g = 
u 

g2 - gl, p{s,'Y = exp{- J v]dT}}, v] = v'Y(q,ns), q = r~, h~, where 
{ 

S = 1,2, and the argument of the function ns is the same as the first argument 

of the collection q. 
Note that the function zT. = z(t - Tz , 'T'y, 'T'x - Tz ) for t E Ii we can express 

by values of functions n, x, y for t E (( i-I yf - Tz , iT - Tz] that should be 

found from equations n = Vk(n) for k < i. Therefore, when we consider the 
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solvability of the equation n = V;(n), functions zT. and n(t - Tz) are assumed 

to be given. Similarly, the function zT = z( t - T, Ty, T:c - T) for t E Ii can be 

expressed by values of functions x, y, n for t E ((i - 1)1' - T, iT - T] and is 

assumed to be known in the equation n = V; (n). 
We shall get the estimation of the norm 11 V;(n2) - V;(nl) 11 for t E Ii' In 

the rest of this paper we shall use the estimation 

I.lPt"ll = Ip{:t - p{l"1l ~ exp {-(u - e)/I~}(u - e)~"I II.ln 11 

~ ~"IC:(/I~,.) II.ln 11, 

C:(/I~,.)=lje/l~, e~u, 

without refering to it. The point-argument of c: represents the other arguments 

of this function. 

From Eq. (28) we have the following estimation 

~ aq",zTz 11 Lln 11, p = y, x. 

Similarly, from Eqs. (27) and (26) we get 

f VD l.lpJ'V I dTy, 0 ~ t ~ Tv 

ILlXI~ 
f zD {ILlPJ-T"zl p~.,v + pJ1T.,z I LlP{"v I} dTy, 

"y 
Tv<t~T 

f zT {ILlP{"zl p~.,v + p~.z ILlP{·,vl} dTy, t > T 
"y 

~ ~*C II.ln 11, C = aqTjB*. (34) 

Using relations (16), (21), (30) and (33) we can obtain 

00 t 

1 .lnY I~ J yO l.lpci'y 1 dTy + J {~h I.lP;Y'y 1 +p;rY 1 Sfj I} dTy 
o 0 

~~*c: 11 Lln 11 . (35) 



V. Skakauskas 241 

4 Ti+, 

We shall evaluate the function I Anx 1=1 ?= J Ax dTx I . For Tx E (0, T1] 
*=0 Ti 

from Eq. (19) we obtain the inequality 

IAxl~ { XO(Tx-t)IAP~'XI' O~t~Tx } 

X2 I AP;"'x I +P;i'x 1 Ax I, t > Tx (36) 

Thus 

~ Q(t, Tx) 11 An 11, 

T2 

T, J I Ax I dTx ~ K.c 11 An 11 . 

o 

(37) 

Now we evaluate flAx I dTx. Using Eqs. (2) and (11) for Ax we obtain 
T, 

the estimation 

j Sx(t,e) [(x1IAdXI) Ir{] de, 
o 

I Ax I~ SX(Tx, Td [I Ax Ilh;,] (38) 

+ I SX(Tx,e) [(x1IAdx l) Ihe] de, t > Tx - T1· 
T, 

Here and in the rest of this paper SX(t, e) = exp{ -v;(t - en, [glre] = 
g(r{), [glhe] = g(h{). By inequality (35) and assumption 2) of our theorem 

from Eq. (5a) we get inequality 

(39) 

which, together with relations (38) and (31) leads to the estimate 

(40) 
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where 

t 

<p(t,T:c) = J S:C(t,e) [(Xl(nyI}-I) Ire] de, 
o 

T", 

t/;(t,T:c) = J S:C(T:c, e) [(Xl(nyl)-I) IhtJ de, 
T, 

cF(t, T:c) = S:C(T:c, Tl)Q(h~,) ~ S:C(T:c, Tl)l\:.c. 

Using the estimate (40), we can show, that 

T2 U 

] ILlxl dT:c ~ 11 Lln III\:.c{ 1 + ] (F(t, T:c) + 7f;(t, T:c)) dT:c 
Tl Tl 

T2 

+ ] <p(t,T:c)dT:C}, 
u 

where u = min(t + Tl, T2)' The following inequalities are valid: 

u u ~ 

HI = ] t/;(t, T:c) dT:c = ] dT:c ] S:C(T:c,e)X(e + t - T:c,e)/n(e + t - Tx) d~ 
il 'Tl Tl 

u u 

= ] de] S:C(Tx,e)X(e +t - Tx,e)/n(e +t - Tx)dTx 
Tl E 

u t u t 

~] de ] SX(t'TJ)x(TJ,e)/n(TJ)dTJ~] de] S:C(t,TJ)x(TJ,e)/n(TJ)dTJ 
T, €+t-u Tl 0 

T2 t t T2 

~ ] de ] S:C(t, TJ)x(TJ,e)/n(TJ)dTJ = ] S:C(t, TJ) ] x(TJ,e)de/n(TJ)dTJ 
Tl 0 0 Tl 

t 

~ ] SX(t, TJ)/(TJ) dTJ, 
o 
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and 

T2 T2 t 

H2 = J cp(t, Tx)dTx = J dTx J SX(t,e)X(e,e+TX -t)/n(e)de 
u u 0 

t T2 

= J deSX(t,e) J x(e,e+Tx-t)dTx/n(e) 
o u 

t e+T2-t 

= J deSx(t,e) . J x(e, TJ)dTJ/n(e) 
o e+u-t 

t ~ t 

~j deSX(t,e) J x(e,TJ)dTJ/n(e) = J SX(t;e)f(e)de, when t < hX, 
o Tl 0 

. H 2 = 0, when t ~ hX. Then, from these estimates and from the assumption 3) 
of our theorem, we obtain 

~ t J I Ax I dTx ~"An" K*C{ 1 + 2 J SX(t,e)f(e)de 
n 0 

u 

+ J F dTx} ~ K*c " An " . (41) 
Tl 

T3 

Let's consider J I Ax I dTx. Using Eq. (19) and estimate (30) we can write 
T2 

the inequality 

(42) 

which shows that 

~ t J I Ax I dTx ~ K*c " An ,,+ J SX(t, p) lAx II(p,T2) dp, 
T2 m 
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This estimate together with ineqUality (40) enables us to obtain the estimate 
Ta J I ~z I dTIt: ~ 1I:.t:{1 + Rl ) 11 ~n 11, 

To estimate Rl we consider two cases: hl = T - hit: ~ hit: and hl > hit:. 
If hl ~ hit:, then Rl = Rll, Rl2, R13, R14 for t E [0, hl], {hl' hit:] , 

(hit: , T], (T, 00), respectively, where 

t 

Rll = J ~dp, 
o 

t 

R12 = J ~dp, 
t-h 1 

h"' t t 

R13 = J ~dp+ J ;j;dp, R14 = J ;j;dp; 
t-h1 h"' t-h1 

here and later ~ = r.p(p, T2 ) Sit: (t, p), ;j; = 1/J(p, T2 ) Sit: (t, p). By the same way, 

that we used to obtain the estimates of H 1, H 2, we can get 

t 

max{Ru, R12, 1/2R13, R14} ~ J SIt:(t, p)f(p) dp ~ (V.)-l fo, 
o 

and Rl ~ t:. 
If hl > hit:, then Rl = Rll , R12, R13, R14 fort E [0, hit:], (hit:, hI], (hI, T], 

(T, 00), respectively, where 

t 

Rll = J ~dp, 
o 

h"' t 

Rl2 = J ~ dp + J;j; dp, 
o h"' 

h"' t t 

RI3 = J ~dp + J ;j;dp, R14 = J ;j;dp. 
t-h1 h"' t-hl 
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As I ~ 10, then, acting as above, we get 

t 

max(Rll,R14' 1/2R12, 1/2R13) ~ J S~(t,p)/(p) dp ~ (1I.)-1/0 
o 

and Rl ~ C. 

Thus 
Ta J 1 ~z 1 d7'z; ~ It.c 11 ~n 11 . 

T2 

T4 

245 

(43) 

Now we evaluate J 1 ~z 1 d7'~. From the relations (19), (34) we can obtain 
Ta 

the estimates: 

t 

1 ~z I~a 1 ~p~,z; 1 + J {Xl 1 ~p? 1 +p;:t 1 ~X I} de ~ It.C 11 ~n 11 

o 
for 0 ~ t ~ 7'~ - 7'3; 

T., 

1 ~z I~a l~p:;,z;1 +S~(7'~,7'3) [I ~z Ilh;al + J {sZ;(t,e) 1 ~X 1 

Ta 

for t > 7'~ - 7'3. 

Thus 

o ~ t ~ 7'~ - 7'3, 

t > 7'~ - 7'3, 

~ u 

J 1 ~z 1 d7'~ ~ It.C 11 ~n 11 + J S~(7'~,7'3) [I ~z 1 Ih;3] d7'~ 
Ta Ta 

~ It.C 11 ~n 11 +R2' 
t 

R2 = J S~(t,p) 1 ~z 1 I dp, 
(p,Ta) 

m 

(44) 



246 Non-migrating limited panmiction population 

where m = T3 + t - u, u = min (t + T3, T4). Taking into account the estimates 

(42) and (40) we get 

But R2 = 0, R2I , Rn, R23 for t E [0, hI], (hI, T], (T, T + hX], (T + hX, 00), 
t-h, h'" t-h, _ 

respectively, where R2I = J ipdp, R22 = J ipdp + J tj;dp, R23 = 
o t-T h'" 

t-h, 

J ;jdp. 
t-T 

Acting as above, we get 

t-h 1 

R2k:::;;; J SX(t,e) f(e) de, k=1,3, 
o 

h'" t-h, 

R22 :::;;; J sx(t,e)f(e)de + J sx(t,e)f(e)de, 
o 0 

and R2 ~ c. Hence 

T4 

J I Ax I dTx ~ ~*c " An " . (45) 
TS 

00 

At last we evaluate J I Ax I dTx. Using relations (19) and (44) we get 
T4 
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00 

j 1 ~x 1 d7x ~ X:*E: 11 ~n 11 +R3, 
T4 

tj-h'" {O, _hx ~ TJ ~ 0, } 
R3 = SX(t, TJ) ~x I > 0 dTJ· 

-h'" 1 1 (77,T3)' TJ 

Taking into account estimates (42) and (40) we obtain inequalities: 

{ 

0, 0 ~ t ~ hX, 

R ~ t-T { 0, -h1 ~ P ~ 0 } 
3~ X:.E:II~nll+ f SX(t,p) 1 A 11 0 dp,t>hx, 

-hl L.J.X ( )' p> 
p,T2 

R3 ~ X:.E: 11 ~n 11 (1 + R3), 

{ 
0, 0 ~ t ~ T 

R3 = 7T SX(t, p) {'P(P' 72), 0 ~ p X~ hX 
} dp, t > T. 

o 1/J(p, 72), p> h 

But R3 = 0, R3!' R32 for t E [0, T], (T, T + hX], (T + hX, 00), respectively, 

where 
t-T 

R31 = j cpdp, 
o 

h'" t-T 

R32 = j cpdp + j 1/J dp. 
o h'" 

Acting as above we get 

t-T 

R31 ~ j SX(t,e) f(e) de, 
o 

h'" t-T 

R32 ~ j sx(t,e)f(e)de + j sx(t,e)f(e)de 
o 0 

and R3 ~ E:. Thus 
00 

j 1 ~x 1 d7x ~ X:*E: 11 ~n 11 . (46) 

From the estimates (37), (41), (43), (45) and (46) we can obtain the following 

estimation 

(47) 
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Now we evaluate 1 ~nz I. From Eq. (23) we get 1 ~nz I~ J1 + h, where 

J1 = J dTz J 1 ~F1 1 dTx dTy, 

fj.(t) u",.(r.)xu y 

fj.(t) 

h = I J dTz J ~F2dTxdTYI· 
o U",.(T.)XU y 

Here h ~ "'*c 11 ~n 11 . Denoting u = t - min (t, Tz ), using assumptions of 

our theorem and estimates for 1 ~X I, 1 ~Y I, 1 ~ny 1 obtained above we get 

I} dTx 

t 

~ J {P* J 1 Xl - x21 dTx 
U u",.(O) 

+ p* J 1 Y1- Y2 1 dTyn;l J x2dTx 
Uy u",.(O) 

+ ",P 11 n1 - n2 11 ahxn;l J y2dTy 

+ p*n;l J x2dTx 11 n~ - n~ 11 }sX(t,e)de 

U "'. (0) 
t 

~ J { (1 + nY2n;l) "*c + "P ahx nY2n;l 
U 
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t 

Here Pg = exp{ - J II Z (TJ, Ty, TJ + Tr - e, TJ - e, nk(TJ))dTJ}, k = 1,2. 
{ 

From the equality J:}2 = Jil we get another estimate 

Ji 2 ~ "'*c (1 +s~p(nYln;21») 11 nl - n2 11· 

These estimates show, that h ~ ",.c 11 .6.n 11 . Hence 

249 

(48) 

Now we evaluate 1 .6.nv I. Using Eq. (24) we get 1 .6.nv I~ J3 + J4, where 

la = 1 dTv J 1 .6.F1 1 dTydTr , 

/3.(t) ery X er ... (T.) 

/3.(t) 

J4 = J dTv J 1 .6.F2 1 dTydTx. 

° ery X er ... (T.) 

From theEq. (17) we have I.6.F1 I~ v(r~) I.6.PJv I. Therefore J3 ~ ",.cll.6.nll 
for t E [0, Tv] and J3 = 0 for t > Tv' Using Eqs. (25a-d) and the fact, that 
functions Zl and zT. are known, we have 

t 

J4 ~ J 1 .6.f 1 de 

t-/3.(t) 

t 

~ J de J ZO(Ty,Tr -e,Tz -e){ l.6.p~,zlpg 
t-(3.(t) er 

+ p!{ l.6.p? I} dTy dTr ~ ",.c 11 .6.n 11 

for t E [0, Tz ]' Tv ~ Tz; 
T. t 

J4 ~ J 1.6.1t 1 de + J 1 .6.12 1 de ~ 
t-T. T. 
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T. 

~ J Zl(e,Ty,Tz ,Tz ) IAP?I de 
t-T. 

t 

+ J ~ J "iT. {IAP["zlp;2v +P;;"'z IAP?I} dTydTz 
T. q 

~".e: 11 An 11 

for t E (Tz, T], Tv ~ Tz; 
t 

J4 ~ J I Ah I de 
t-T. 

t 

~ J de J "iT, {IAP["ZI Pg + p[i'z IAP?I} dTy dTz 
t-T. q 

t 

~ J SZ (t, e) ~ J "iT, dTy dTz".e: 11 An 11 

T. q 

for t > Tz, Tv ~ Tz and similarly 

t J I All I de, t E [0, Tz] 
o 
T, t 

J I Ah I de + J I Ah I de, t E (Tz, Tv] 
o T. 

T. t ~ ".e: 11 An 11 

J I All I de + J I Ah I de, t E (Tv, T] 
t-T. T. 

t 

J I Ah I de, t > T 
t-T. 

for Tv > Tz. Here arguments of function pU are obvious. Therefore 

I Anv I~ ".e: 11 An 11 • (49) 
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Finally, from the estimates (35), (47), (48) and (49) we obtain the inequality 

1 Vi(n2) - Vi(nl) I:::;;; K*c 11 .6.n 11, which completes the proof of our theorem. 

The concrete form of the function c is simple but rather cumbrous and so we 

do not represent it here. It is not difficult to note that our c -+ ° as v* -+ 00. 

Note. Assumption 3) of Theorem 2 holds f.e. if 

1) VX(t, T, n(t» ;>, vY(t, T, n(t» V (t, T, n(t» E I x [0, T2x] X I, 
2) bX(t, Ty, Tx, n(t-Tz» :::;;; bY(t, Ty, Tx, n(t-Tz)) V (t, Ty, Tx, n(t-Tz» E 

I x (J'y x (J'xz(Tz) x I, 
3) XO(T):::;;; yO(T) V T E [0,T2x] 

in the case hX < T; 
and if 

1) VX(t,T,n(t)) ;>'VY(t,T,n(t)) V (t,T,n(t)) E I x [0,T2x] x I, 
2) VZ(t, Ty, Tx, Tz, n(t)) ;>, VX(t, Tx, n(t)) V (t, Ty, Tx, Tz, n(t)) E EZ x I, 

3) VV(t,Ty,Tx,Tv,n(t));>' VX(t, Tx, n(t)) V (t,Ty,TX,Tv,n(t)) E EV x I, 
4) bX(t, Ty, Tx, n(t-Tz)) :::;;; bY(t, Ty, Tx, n(t-Tz)) V (t, Ty, Tx, n(t-Tz)) E 

I x (J'y x (J'xz(Tz ) x I, 
5) yO(Tx) ;>, XO(Tx) + PZ(ZO) + FV(vO) V Tx E [0, T2x + T], 

. where 

WV(Tx) = [max(Tx - T2x - Tz, 0), min(Tx - Tl x - Tz , Tv)], 

in the case hX ;>, T. 
The statement of Note in the case hX < T is obvious because x(t, T) :::;;; 

y(t, T) V T E [0, T2x]. The statement of Note in the case hX ;>, T should be 

proved. From Eqs. (17), (18) and (19) we can obtain the equation 

DX (x + FZ(z) + FV(v» = -vxx - FZ(vZz) - FV(vVv). (50) 

By using assumptions 1)-3) of Note from Eq. (50) we obtain the inequality 

DX(x + FZ(z) + FV(v») :::;;; -vY(t, Tx)(X + FZ(z) + P(v)), which together 
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with assumptions 4) and 5) of Note shows that x + FZ(z) + FV(v) ~ y(t, rx). 
This result proves the statement of our Note. 

The following theorem is valid. 

Theorem 3. Assume that: 1) assumptions of Theorem 2 are satisfied, 

2) X:*c{I/*,a,q, Tz,Tv,hx,B*,p*,nxo,nYo, nzO,nvO ) < 1,1/* < I/Y*. Then 

the equation n = V (n) has unique positive solution in C-y. 

Proof. If X:*c{I/*, .) < 1, then the operator Vi is contractive. This inequality 

can be satisfied by appropriate choosing the parameters x:* and 1/* (or even 

parameter x:* only) for a given other arguments. Since V acts in C-y and c 

is independent of i, the successive consideration of equations n = Vi (n), i = 
1,2, ... , proves Theorem 3. 

Corollary. If assumptions of Theorem 3 are satisfied, then problem (1)­

(12) has unique non-negative continuous solution, such that estimates (29)­

(32) hold and functions DY y, DX x, DZ z, DV v are continuos in EY, EX, E Z , 

EV , respectively. 

3.2. The case, when the fecundation rate and the fecundated females death 

rate are independent of age of males. This means that of /ory = 0, f = p, I/Z • 

We consider the case hX ~ T. The opposite case we can consider in the similar 

way. To prove the solvability of system (1) - (12) we use the same method as 

above. In our case we have r3 < r2' Hence we must write Eq. (19) for 

rx E [0, rd, {r1' r3], (r3, r2], (r2' r4], (r4'00). Acting as above we prove 
Theorem 1. Hence the estimates (29) - (32) are valid. 

The function dX in this case is 

{ 
0, rx rt uxz(O), 

dX = I/x + 
p, rx E uxz(O). 

Hence 1 tl.dx 1 ~ x:Jj 11 tl.n 11. This enables us to write the estimate 1 tl.nx 1 

~ x:*c 11 tl.n 11 without consideration of the functions cp, 1/J (see estimates of 

Hi and R./c). 
13. 

The integral J2 =1 f drz f tl.F2drxdry I, where F2 = F2(z, 0, 
° O' ... (r.)xO'y 

n), f3z = min{t, Tz), we can rewrite as 

J2 = I j de J (X 2P2P;2Z 
- x 1P1Pg) drx I ~ x:*c 11 tl.n 11; 

t-f3. 0'",.(0) 
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t 

here p;t = exp{ - J VZ(T/, T/+Tr -~, TJ-~, n(TJ))dTJ}· Hence inequality (48) is 
e 

valid. The estimates for ILlnY I, 1 LlnV 1 remain the same as above. Therefore 

Theorem 2 in this case is valid without condition 3) which is essential in the 

case 3.1. Theorem 3 is also valid. 

Conclusions. Taking into account the size, age structure, pregnancy and 

females restoration period after delivery the unique solvability of the model 

describing the evolution of non-migrating limited panmiction population, com­

posed of two sexes, is proved. 

As it follows from estimates (29) - (32) the population is bounded if q ::::; 1 

and vanishes if q < 1 as time increases. 

If the assumption 3) of Theorem 2 does not hold and if fecundation rate and 

death rate of fecundated females depend on age of males and total population 

density the demographic functions probably can not be given a priori for all 

time. 
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NEMIGRUOJANCIOS LIMITUOTOS PANMIKSINEs 
POPULIACUOS EVOLIUCUOS PROBLEMOS 

VIENINTELIS ISSPRENDZIAMUMAS 

Vladas SKAKAUSKAS 

Nagrinejama nemigruojan~ios limituotos populiacijos evoliucija. kai demografines 

funkcijos prildauso nuo populiacijos dyd~io. Populiacijll sudaro dvi lytys. Be to. priima­
mas demesin individq a~ius. Pateles skirstomos i tris klases: nepastojusias. pastojusias 
if pateles i~ reabilitacijos intervalo po gimdymo. Nepaisoma vaisiaus ~uvimo. Repro­
duktyvieji pateliq if patineliq a~iaus intervalai laikomi baigtiniais. 0 patele gali susi­
laukti baigtini skai~iq palikuoniq vadq. Evoliucijos modeij sudaro integrodiferencialiniq 
lyg~iq sistema triikiais koeficientais su integralinemis slllygomis. Kai demografines 
(mirtingumo, gimstamumo ir apsivaisinimo) funkcijos tenkina specialias slllygas, jrody­
tas vienintelio klasikinio sprendinio egzistavimas bei gauti sprendinio iver~iai. 


