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OPTIMIZATION OF A “MIXTURE” OF PURE
HEURISTICS AND MONTE CARLO ALGORITHMS
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Abstract. We consider a stochastic algorithm of optimization in the presented paper.
We deal here with the average results of a “mixture” of the deterministics heuristics
algorithm and uniform random search. We define the optimal “mixture”.
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1. Introduction. Denote by (h, h, ..., h) the case of applying pure heuris-
tics k times. Denote average results as Ey(h, h, ..., h). Assume, for simplicity
that

yi are values of the objective function uniformly distributed in a unit interval

[0,1],

v(k, 0) are the results of heuristics expressed as

v(k,0) = Ex(h,h,...,h) = Exy° <6+ al—_ﬁ%g) = 6+@1—-_f-_-16—)2. (1)

We assume here that the starting point y° = 1. The index k is the number
of stages and the parameter § > 0 denotes the asymptotic residual value as
k — oo. Thus expression (1) roughly represents the results of some local
minimum §.

After simple calculations we get the expression of the average results Ey(r,
r,...,r) of the k-th repetition of Monte Carlo search

v(0,k) = Ex(r,r,...,7) = 2)

1
k+1
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Here we prove equality (2).
— M . - — —— k
F(y)=P{mip s <y}=1-(1-y)

(see Wilks, 1967; Gnedenko, 1965; Senkien¢, 1987). Then

dF k-1
d_y'—k(l—y) )

and
1

1

k) = e, )= -y ldy = ——.

W08) = Bu(riroear) =k [ (1 -0y = g

If we first repeat pure heuristics for / times and afterwards Monte Carlo for
m = k — [ times, then !

o(l,m) = Ex(h,...,h,r,...,r) = E%_—-l-[l SYCEIR) kasl RS

Now we prove equality (3).
Denote by E(y) = v(l,m) = Ei(h,...,h,r,...,7), € = v(l,0), and

&= 12}2}1’" y;. Then
. 1_(1_y)m; y<5’
F(y) = P{min(¢,{) <y} = { A
1 y> e

)

dF _ [m(l-y)™, y<e,
dy ~ |3 y>e,

E(y) = rn/y(l —y)" 'dy+e[F(e+ L) - F(e)) = A+ B,

£ 1
A:m/y(l—y)m'ldy=m /(l—v)vm_ldv
0 1-¢ .

=1-(1-¢)" - ﬂ?(l-(l-e)m+l)’

B= 5(1— 1-( —e)"‘)) = e(1-o)™,

BG) =A+B=——(1-(1-9™),

1

v(l,m) = Ex(h,...,r,...,7) = m(l_(l_e)m+1)_
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If m =1, then

v(l,1) = v(,0) — il’;-)j

If we start from repeating Monte Carlo for ! times and afterwards heuristics
for m = k — [ times, then

w(m,0) = Ei(r,...,r,hy ..., h) = 1411 (5+ (n:f)z). @)

Now we are ready to consider a “mixture” of pure heuristics and Monte
Carlo. Denote by g¢; a probability of choosing Monte Carlo at the stage i, then
the probility of pure heuristics at this stage will be p; = 1 — ¢;. Assume that
probalilities ¢; are independent.

Denote by v,(m, 1) the averages of v(m,!) given ¢ = (q1,...,qx). For
example, using Monte Carlo at all stages

k
vd](o’k) = HQiU(O:k)’ (5)

using the pure heuristics at all stages

k

vy (k, 0) = [J(1 = gi)v(k, 0), (6)

i=1

repeating the pure heuristics for [ times and afterwards Monte Carlo for m =
k — I times

! m
vg(l,m) = H(l - ) H giv(l,m), (M
i=1 i=1
repeating Monte Carlo for / times and afterwards heuristics for m = &k —[ times
1 m
vg(m, ) = [T a: [T = as)e(m, D). ®)
i=l  i=1

2. Two-stage case. A pair (7, h), for example, denotes that we use Monte
Carlo at the first stage and heuristics at the second one. Assume, for simplicity,
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that ¢; = g> = ¢. Then from (5) - (8) the average of v,(1,1)

v(1,1) = Ev,(1,1)
= ¢%u(r,r) + q(1 — ¢) [v(r, h) + v(h, r)] + (1 — ¢)*v(h, h)
= [v(r, r) + v(h, h) = (v(r, h) + v(h, 7))] ¢*

+ [20(h, h) = (u(r, h) + v(h, )] g + v(h, b), (9)
_6_1)_(31(1_,1_)_ = 2[v(r,r) + v(h, h) = (v(r, h) + v(h, 7))} q
+ [2v(h, h) — (v(r, h) + v(h,T))],
az‘é(ql; Y = 2[u(r, r) + v(h, h) — (o(r, B) + v(h, )]

The optimal value ¢ = ¢*

) 2u(h, k) — (v(r, h) + v(h,r))

T = 5To(r, ) + o(h, ) — (o(r B) + v(h, 1))

From 0 < ¢* < 1, we get
1) 2v(h, h) — (v(r, h) + v(h,7)) 20,
2) 2v(h, h) = (v(r, h) + v(h,r))
< 2v(r,r) + 2v(h, h) — 2 (v(r, h) + v(h, 7)),
2v(r,r) — (v(r,h) + v(h,7)) 2 0,
3) v(r,7) + v(h, h) = (v(r, ) + v(h,7)) > 0.
Then the optimal value ¢ = ¢* is defined by the expression

q® if 2v(h, k) = (v(h,r) +v(r,h)) >0,
and 2v(r,r) — (v(h,r) +v(r,h)) 20,

. and o(r,7) + v(h,h) — (v(h, ) + v(r,h)) > 0;
¢ = (10)
0 if 2v(h,h)— (v(h,r)+v(r,h)) <0;

1 if 2u(r,r) — (v(h,r) 4+ v(r,h)) < 0.

From (5)-(8)

v(r,r) = =,

1-4
(s+:5%).

v(r,h) =

N = O] =
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o= (54 158) - (e 152),
v(h,h) = (5+1—;—6>,

v(1,1)=42'%+‘1(1—‘1) [% (5.+ 1—2‘2) - % (‘H%)z]
+(1-¢% (6+1—;6-),

2v(h, k) — (v(r, k) + v(h,r)) = 5;—8 (8162 + 2426 — 35) ,
L
288
(816% — 2706 + 93),

v(r,7) + v(h, h) = (v(r, h) + v(h, 7)) =
1
288

(8162 — 146 + 29) ,
2v(r,r) — (v(r,h) + v(h,r)) =

18162 + 2426 — 35
o_ 1 ;
¢ = 58167 —146+29° (11)

2v(h, h) — (v(h,7) + v(r,h)) < 0, if 816%+2426—-35<0, (12)
2v(r,v) — (v(h,7) + v(r,h)) < 0, if 8167 -2706+93>0. (13)

‘When solving (11) - (13) we get
¢° if 0.138<6<0.390,
=490 if §<0.138, (14)
1 if 6> 0.390.

3. Three-stage case. A set (r, r, h), for example, denotes that we use Monte
Carlo at the first two stages and heuristics at the third one. ¢; = ¢2 = ¢3 = ¢.
Then from (5)—(8)

v = ¢%(r, ) + (1= 0)? [u(r, b, B) + v(h, v, B) + (h, b, )]

+¢%(1 = g) [o(r,r, B) + v(h, r, 7) + v(r, b, 7)] + (1 — 9)3v(h, h, h)
= [otr,7,7) 4 vl by B+ +0(h, 7, B) + u(h, by 7)

—v(r,r, h) = v(h,r,7) — v(r,h,r) — v(h, h, h)] ¢
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+ [ — 2u(r, h, k) — 2v(h, 7, k) — 2v(h, h, 7)
+ o(r,r,h) + v(h, r,r) + o(r, b, r) + Bu(h, b, h)| ¢®

+ [0(r, B, B) + o(h, 7, &) + v(h, b, 7) = Bu(h, b, B)] g+ v(h, b, B;

g—: =3 [v(r, r,r)+ v(r,h, h)+ v(h,r,h) + v(h,h,r) — v(r,r, h)

—v(h,r,r) = v(r, h,r) — v(h,h, h)] q*
_2 [ — 2u(r, b, h) = 2v(h, 7, h) — 2v(h, h, 7)
+ v(r, 7, h) + v(h,r,v) + v(r, h,r) + 3v(h, h, h)] q
+ [v(r, h, h) + v(h,r, k) + v(h, h, ) = 3v(h, h, h)]
= Bq® +2Aq+C = 0. (15)

Here

A =0.146% — 3.916% — 1.096 — 0.22,
B = —0.426% + 6.156% + 1.056 + 0.88,
C = 1.586% — 0.196 + 0.11.
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S’olving (15), we get

—A++VA2 - BC
¢ = 3 : (16)
The optimal value of ¢ = ¢* is
¢ if 06504,
=40 if §<0, (17)

1 if 6>04.

4. Conclusion. The examples show that using a “mixture” of heuristics

and Monte Carlo one may get better results as compared with using them
separately. It seems natural, since using the “mixture” we optimize the real
variable ¢ € [0, 1] instead of the Boolean one corresponding to the choice
between the pure heuristics ¢ = 0 and Monte Carlo ¢ = 1.
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DETERMINUOTO HEURISTINIO IR MONTE CARLO
ALGORITMV MISINIO OPTIMIZAVIMAS

Jonas MOCKUS ir Elvyra SENKIENE

Straipsnyje nagrinéjamas stochastinis optimizacijos algoritmas. Cia nagrinéjami de-
terminuoto heuristinio ir tolydinés atsitiktinés paiefkos algoritmy miSinio optimizavimo
rezultatai. ApibréZiamas optimalus mi¥inys.



