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Abstract. Ordered Weighted Averaging (OWA) operators have been widely applied in Group
Decision-Making (GDM) to fuse expert opinions. However, their effectiveness depends on the se-
lection of an appropriate weighting vector, which remains a challenge due to limited research on
its impact on Consensus Reaching Processes (CRPs). This paper addresses this gap by analysing
the influence of different OWA weighting techniques on consensus formation, particularly in large-
scale GDM (LSGDM) scenarios. To do so, we propose a Comprehensive Minimum Cost Consen-
sus (CMCC) model that integrates OWA operators with classical consensus measures to enhance
the decision-making process. Since existing OWA-based Minimum Cost Consensus (MCC) models
struggle with computational complexity, we introduce linearized versions of the OWA-based CMCC
model tailored for LSGDM applications. Furthermore, we conduct a detailed comparison of various
OWA weight allocation methods, assessing their impact on consensus quality under different levels
of expert participation and opinion polarization. Additionally, our linearized formulations signifi-
cantly reduce the computational cost for OWA-based CMCC models, improving their scalability.

Key words: Minimum Cost Consensus model, OWA operators, Large-Scale Group
Decision-Making, consensus reaching.

1. Introduction

Group Decision-Making (GDM) methods have demonstrated significant potential in ad-
dressing decision problems by incorporating qualitative assessments based on human ex-
pertise (Chen et al., 2021; Garcia-Zamora et al., 2024). In recent years, societal demands
coupled with the development of new technologies have led to complex decision-making
situations involving hundreds of experts. These scenarios, commonly referred to as Large-
Scale Group Decision-Making (LSGDM) problems, have garnered considerable attention
in the research community (Wang et al., 2024).
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In GDM settings, disagreements among decision-makers are inevitable (Butler and
Rothstein, 2006). To mitigate these conflicts, Consensus Reaching Processes (CRPs) are
employed to encourage experts to adjust their initial opinions, ultimately achieving a col-
lectively agreed-upon solution (Guo et al., 2024). The central task in deriving this collec-
tive solution is the fusion of information, which is typically accomplished through aggre-
gation operators. Of course, such aggregation is performed under consensus assumptions,
which are usually modelled through a consensus measure.

Among the various aggregation operators available (Beliakov et al., 2016), the Ordered
Weighted Averaging (OWA) operator, introduced by Yager, stands out due to its ability to
aggregate information based on the order of input data (Yager, 1988). The OWA operator
has been extensively applied in aggregating expert opinions in numerous GDM problems
(Sirbiladze, 2021a, 2021b; Xu et al., 2021; Liu et al., 2023). For instance, the model de-
signed by Herrera-Viedma et al. (2002), one of the earliest feedback mechanism-based
consensus approaches in the literature, utilizes OWA operators within a framework that
accommodates various preference structures, although it did not address how to choose
the weights for the OWA operator. OWA operators have also been integrated into the
widely-used Minimum Cost Consensus (MCC) models proposed by Ben-Arieh and Eas-
ton (2007). Concretely, Zhang et al. (2011) generalized MCC models by incorporating
different aggregation operators including the OWA operator but this consensus model is
only applicable to particular OWA weight configurations. To address the issue of weight
restriction, Zhang et al. (2013) proposed a Binary Linear Programming (BLP) formulation
for MCC under OWA constraints; however, the applicability of this model in LSGDM sce-
narios was not explored. Xu et al. (2021) utilized the MCC model under OWA to explore
the impact of decision rules dictated via specific weights and non-cooperative behaviour
represented by the cost of changing opinions on resources of the consensus interpreted
through the objective of MCC. More recently, MCC models featuring quadratic cost func-
tions and OWA operators have been investigated by Zhang er al. (2022) without exploring
the impact of different OWA weight mechanisms and LSGDM applicability. Additionally,
Qu et al. (2023) examined MCC models in which the cost associated with the opinion
modifications is uncertain via a robust optimization approach for a small GDM problem.

Although OWA operators have been extensively utilized for aggregating expert opin-
ions, their impact on consensus formation under different weighting schemes remains in-
sufficiently explored. Without a thorough analysis, it is difficult to determine the most
effective mechanisms for generating OWA weights in different situations, particularly in
scenarios where expert opinions are polarized. Since MCC models are automatic, they
provide the experts’ modified preferences avoiding the potential biases introduced by feed-
back mechanisms, which makes them an appropriate tool to study the impact of OWA
weights on the CRP. However, the state-of-the-art OWA-based MCC models cannot be
used for this purpose. On the one hand, the existing OWA-based MCC approaches do not
consider the consensus measures that are used in classical CRPs. On the other hand, extant
proposals are not suitable for managing LSGDM scenarios because the non-linearity de-
rived from the OWA operator implies complex optimization problems that existing solvers
may not be able to address in a reasonable time.
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Our study bridges these gaps by introducing an OWA-based Comprehensive MCC
(CMCC) model, which integrates OWA-based aggregation with classical consensus mea-
sures, making it more suitable for LSGDM contexts. Additionally, we reformulate the
optimization framework to enhance computational feasibility, enabling the model to scale
efficiently. Using such reformulations, the resulting OWA-CMCC models enable the study
of the impact of the different weighting mechanisms for consensus formation under dif-
ferent scenarios that consider different numbers of experts and opinion polarization.

Therefore, this paper has a twofold objective: (i) to introduce OWA-MCC, which ac-
counts for classical consensus measures and is applicable in LSGDM, and (ii) to investi-
gate the role of OWA operators in CRPs. Specifically, we address the following research
questions:

e RQI1: How to integrate classical consensus measures into OWA-MCC models that can
be applied in LSGDM?

e RQ2: How do different weighting techniques affect a CRP?

e RQ3: How do different OWA weights perform in LSGDM?

In response, we first develop a Comprehensive Minimum Cost Consensus (CMCC)
(Labella et al., 2020) model based on OWA operators, which adjusts experts’ opinions to
be as close as possible to their original preferences while satisfying a predefined consensus
condition, as established by classical consensus measures (Garcia-Zamora et al., 2023).
This model ensures an objective examination of OWA operators in consensus processes
by eliminating potential biases introduced by feedback mechanisms (Herrera-Viedma et
al., 2002). Subsequently, we introduce several alternative versions of the (OWA-CMCC)
model, incorporating constraints that offer specific performance advantages. A detailed
analysis of the computational cost associated with each of these alternative versions is
then conducted. Finally, the (OWA-CMCC) models are applied to assess the effects of
different weighting techniques on the consensus process across varying scales and scenar-
ios, defined by the number of experts involved and the polarization of their opinions.

The remainder of this paper is structured as follows. Section 2 presents the necessary
background for understanding the proposed approach. Section 3 introduces various formu-
lations of the (OWA-CMCC) model, followed by an analysis of their computational costs.
In Section 4, we evaluate the performance of the OWA operator under different consensus
scenarios, considering factors such as polarized opinions, the number of experts involved,
and the computation of OWA weights. Finally, Section 5 summarizes the key findings and
suggests future research directions.

2. Preliminaries

In this section the main notions regarding GDM, consensus, the OWA operator, and the
CMCC models are presented.

2.1. Group Decision-Making and Consensus

The complexity of modern decision-making scenarios necessitates the incorporation of
multiple perspectives, which is achieved through GDM. GDM involves a panel of ex-
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Fig. 2. Feedback vs. Automatic CRP.

perts collaborating to select the most suitable alternative from a set of potential solutions.
Typically, a GDM problem is defined by a finite set of alternatives or possible solutions
X = {x1,x2,...,x,}, withn > 2, and a group of experts E = {eq, ea, ..., ep}, with
m > 2, who evaluate these alternatives.

Traditionally, GDM problems are resolved by aggregating the preferences of the ex-
perts regarding the alternatives, and then ranking these alternatives based on the aggre-
gated preferences (see Fig. 1). While this approach is widely used, it overlooks a critical
issue: conflicts can arise during the decision-making process when multiple experts are
involved. Directly aggregating preferences without addressing these conflicts can lead to
situations where some experts may disagree with the final decision, undermining the ef-
fectiveness of the GDM process (Garcia-Zamora et al., 2025).

To mitigate such conflicts, CRPs are employed. A CRP is an iterative process designed
to bring experts’ opinions closer together, fostering a consensual solution before a final de-
cision is made. Typically, a moderator identifies the most significant disagreements among
the experts and provides recommendations on how they can adjust their initial opinions to
improve consensus (Herrera-Viedma et al., 2002). In some cases, the role of the moderator
is replaced by an automatic mechanism that detects conflicts and adjusts experts’ opinions

without seeking their approval. The classical CRP framework involves the following steps
(see Fig. 2):

1. Gathering Preferences: The assessments from experts regarding the alternatives are
collected and modelled using preference structures.
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2. Consensus Measurement: The degree of consensus within the group, denoted as u, is
calculated using an appropriate consensus measure.

3. Consensus Control: The calculated consensus level p is compared to a predefined
threshold 9. The CRP terminates either when g is achieved or when the maximum
number of iterations (rpax) is reached. If the consensus level is insufficient, modifica-
tions to the experts’ preferences are required.

4. Recommendation Process: Experts are advised to adjust their assessments to enhance
consensus within the group. Depending on the type of CRP, this step can be imple-
mented using one of two approaches:

o Feedback Mechanism: The moderator identifies the areas of disagreement and rec-
ommends changes to the experts, who can then choose to accept or reject these sug-
gestions. Once feedback is provided, a new discussion round begins, repeating the
process.

e Automatic Changes: Instead of a moderator, an automatic system detects disagree-
ments and adjusts experts’ assessments without seeking their approval.

CRPs play a crucial role in addressing conflicts in GDM, ensuring that the final de-
cision reflects a higher level of agreement among the experts, and thereby increasing the
likelihood of a more accepted and effective outcome.

2.2. OWA Operators in Consensus

The OWA operator aggregates input values by ordering them first and then assigning
weights based on this order (Beliakov et al., 2016). Formally, the OWA operator is de-
fined as follows:

DEeriNiTION 1 (OWA operator, Yager, 1993, 1996). Let w € [0, 1]" be a weighting vector
such that Zf": 1 @i = 1. The OWA operator W, : [0, 1]" — [0, 1] associated with w is
defined by:

n
W, (x) = Y orxon. forx (0,17,
k=1

where o is a permutation of the n-tuple (1,2, ..., n) such that x,(1) = x502) = -+ =

Xo(n)-

To determine the appropriate weights, Yager (1996) proposed using fuzzy linguistic
quantifiers, which are functions that express fuzzy terms like “most” or “at least half”.
Specifically, for a Regular Increasing Monotonous Quantifier (RIMQ), an increasing func-
tion Q : [0,1] — [0, 1] satisfying Q(0) = 0 and Q(1) = 1, the OWA weights for
aggregating n € N elements are calculated as:

k k—1
wk=Q<;>—Q< . ), fork=1,2,...,n.
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In CRP literature, this approach to generating OWA weights has been widely applied
(Herrera-Viedma et al., 2002; Palomares et al., 2014). One commonly used RIMQ is the
Linear Quantifier (LQ) Qqp : [0, 1] — [0, 1], defined by:

0, if0<x <a,
Qup(x) =\ 5= fa<x<p,
1, ifx > B,

which allows adjustments to the weight assigned to intermediate information by tuning
the parameters o and B.

Despite the popularity of the LQ in CRP literature (Herrera-Viedma et al., 2002; Palo-
mares et al., 2014), Garcia-Zamora et al. (2022) identified several limitations when ad-
dressing consensus problems, including:

e Ignoring the most extreme information in the aggregation process, leading to low en-
tropy measures.
e Producing biased results (orness measure different from 0.5) if « + 8 # 1.

To overcome these drawbacks, Garcia-Zamora et al. (2022) introduced Extreme Values
Reductions (EVRs) as an alternative method for computing OWA weights.

DeFINITION 2 (Extreme Values Reduction, Garcia-Zamora et al., 2022). Let D: [0,1] —
[0, 1] be a function satisfying the following conditions:

D is an automorphism on the interval [0, 1].

Dis continuously differentiable (class ch.

D satisfies ﬁ(x) =1- 15(1 —x) for all x € [0, 1].
D'(0) < 1and D'(1) < 1.

D is convex near 0 and concave near 1.

Nk e =

Then, D is called an Extreme Values Reduction (EVR) on the interval [0, 1].

As illustrated in Fig. 3, EVRs remap points within the interval [0, 1], increasing the
distances between intermediate values and reducing the distances between extreme values.
Furthermore, the distances among extreme values shrink progressively as they approach
0 or 1. A complete discussion regarding the rationale of the properties of EVRs may be
found in Garcia-Zamora et al. (2021).

Examples of EVRs include the sinusoidal family s, : [0, 1] — [0, 1], where o €
(O, %], defined as:

S¢(x) =x +a-sinRnx —mx), forx €]0,]1],
and polynomial functions p,, : [0, 1] — [0, 1], where o € (0, 1], defined as:

Pa(x) = (1 —a)x + 3ax? — 2ozx3, for x € [0, 1].
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Fig. 3. Sketch of an EVR.

The EVR-OWA operator builds on the classical OWA operator by using EVRs to de-
termine the weights for aggregation (Garcia-Zamora et al., 2022).

DeriniTION 3 (EVR-OWA operator, Garcia-Zamora et al., 2022). Let D be an Extreme

Values Reduction, and consider n € N. Then, the weight vector P = (wf) s wZD R w,? )

is defined as:

5 A(k\ afk—1
wk[’:D(—)—D(—), fork=1,2,...,n.
n n

The OWA operator W associated with these weights is called the EVR-OWA operator.

The EVR-OWA operator ensures unbiased aggregations that emphasize intermedi-
ate values without neglecting extreme opinions, making it a robust tool for handling
consensus-based aggregations in CRPs (Garcia-Zamora et al., 2022).

2.3. Minimum Cost Consensus

Ben-Arieh and Easton (2007) characterized the concept of MCC to model CRPs in terms
of mathematical optimization problems. In their proposal, they reformulate the consensus
process as a minimization problem in which the objective function is given by the cost

of modifying experts’ preferences. They also included a constraint to guarantee that the
experts’ final opinions are close enough to the collective opinion.

m
min ZCk|5k — Okls
k=1

s.t. {|5k—§|<e, k=1,2,...,m,

(MCC)
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where (01, ..., 0n) are the adjusted experts’ opinions, g is the collective opinion, and &
is the maximum acceptable distance of each expert to the collective opinion.

Lately, Zhang et al. (2011) analysed the influence of the selected aggregation oper-
ator utilized to derive the collective opinion in the computation of the consensus level.
In particular, this MCC model based on the OWA operator can be described as follows:

m
min ch|5k — o|.

k=l (OWA-MCC)

g =V,(01,02,...,0m),
lor —gl<e, k=1,2,...,m,

S.t.

where W, : [0, 11" — [0, 1] is the OWA operator used to obtain the collective opinion
from experts’ opinions.

Even though MCC models provide modified opinions that are close to the collective
opinions by minimizing a cost function, they neglect the use of the traditional consensus
measures used in the CRP literature (Garcia-Zamora et al., 2023). In this sense, the MCC
models cannot guarantee to achieve a desired level of agreement. For this reason, Labella
et al. (2020) introduced the notion of CMCC models, which are mathematically described
below:

m
min ch|5k — oxl,

k=1
g =D j—1 WkOk, (CMCC)
S't' |5k_§|<8!k=1»2a"'7m7
k(01,02,...,0m) = l0,

where the function k : [0, 1]" — [0, 1] measures the consensus level within the group
experts and |uo € [0, 1] is the consensus threshold.

Since the consensus level can be computed from two types of consensus measures,
Labella et al. (2020) proposed two different ways to derive the consensus in the (CMCC)
models:

e Based on the distance between experts and collective opinions:
m
k1(01,02,...,0m) =1 — Zwk|5k -3l
k=1
e Based on the distance among experts:
m—1 m Wi + W
- — — k I — —
k2(01,02,...,0m) =1— ——lox —ail,
n 2. 2 oy loe-al
k=1 I=k+1

where w = (w1, wa, ..., Wy,) are the experts’ weights.
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3. OWA Operators in CMCC Models

On the one hand, the (CMCC) model allows the consensus to be measured using classical
consensus measures, but uses a weighted average operator to compute the collective opin-
ion. On the other hand, the (OWA-MCC) model integrates the OWA operator in the opti-
mization problem but does not consider such classical consensus measures. Consequently,
our starting point is extending (CMCC) models to account for OWA aggregations.

m
ming ch|5k — 0kl
k=1

8§ =V (01,02,...,0p), (OWA-CMCCI)

-

st. Yylok—gl<e, i=12,....m,

1— Y0 welox — gl > wo.

m
ming Y cklox — okl
k=1

8§ =Vy(01,02,...,0n), (OWA-CMCC2)
s.t. oy —gl<e, k=1,2,...,m,
-1 — —
1- Zl=1 Z;n:k_H w,’,{:lfl [ox — 01| = o,
where cy, ..., ¢y, are the cost of modifying experts’ opinions, 0 = (01, ..., 05) are ex-
perts’ modified opinions, o = (01, ..., 0,) are experts’ original opinions, ¢ € [0, 1], and
no € [0, 1] are the consensus parameters, ® = (w1, @2, ..., w;) are the OWA weights
and w = (wq, ..., wy) are experts’ weights.

These two models offer the advantage of incorporating both consensus measures and
OWA operators simultaneously in MCC. However, they also present a significant draw-
back: because the OWA operator involves a non-linear operation that requires sorting the
input values, solving these non-linear programming models with standard optimization
solvers necessitates additional reformulation to make the problem tractable.

3.1. Binary Linear Programming Based Formulation

Our first approach to reformulate the models (OWA-CMCC1) and (OWA-CMCC?2) re-
quires the introduction of binary variables in the system, resulting in a BLP problem.

Theorem 1. The model (OWA-CMCCI) can be transformed into an equivalent BLP prob-
lem with the help of the following linear transformations:

o —op=ux and |op—ox|=vy, k=1,2,...,m,

ok—g=yx and lox—¢gl=z, k=1,2,...,m,
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resulting in the optimization problem:

m
min Y cxvx. (OWA-CMCC1-BLP)
k=1
8 =2 k=1 @l (a)
th <og+ MGy, k,d=1,2,...,m, (b)
th <K0g—MF k,d=1,2,...,m, ©
Z:i":ledgm—k, k=1,2,...,m, (d)
Z;’;]degk—l, k=1,2,...,m, (e)
ok —or=ur, k=12,...,m, ®)
o1 uy <vg, k=12,...,m, (2 0
—ur <v, k=12,...,m, (h)
on—8¢g=y, k=12,...,m, @)
e <z, k=1,2,...,m, ()
—w <z k=1,2,...,m, )
w<e, k=1,2,...,m, o
1 =375 wezk = pos (m)
Gra, Fra € {0,1}, k,d=1,2,...,m, (n)

wherety (d = 1,2, ...,m)isthed-thlargestvaluein {01, 02, ..., 0n}and M is a positive
large number.

Proof. In the CMCC model (OWA-CMCCI1-BLP), the constraints (1i)—(1k) transform
the absolute values |oy — 0| YV k = 1, ..., m into linear constraints, while the constraints
(11) and (1m) ensure that o, —o| < ¢ Vk = 1,...,m and the consensus level con-
straint are satisfied. The constraints (1a)—(le) and (Im) allow linearizing the nonlinear
OWA constraint by the use of the linear constraints with binary variables Gy; and Fy;
for reordering steps of OWA (Lemma 3, Zhang et al. (2013)). Further the transformation,
oy —ox] = v Vk =1,...,m, dictates that the objective functions of (OWA-CMCC1)
and (OWA-CMCCI1-BLP) are the same while the constraints (1f)—(1h) make sure that
absolute values’ property holds |ux| = vx V k. Therefore, (OWA-CMCCI1-BLP) is the
equivalent BLP model of the non-linear model (OWA-CMCC1). O

In the following theorem, we establish the relation between the optimal cost of moving
opinions by models (OWA-CMCC2-BLP) and (OWA-CMCC2-BLP).

Theorem 2. The model (OWA-CMCC2) can be transformed into an equivalent BLP prob-
lem with the following transformations:

o —or=ur and |opx—ox|=vy, k=1,2,...,m,

ok —01=yu and lox—oil=zn, k=1,2,...m—1,1=k+1,...,m,
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resulting in the following model:
m
min Z Ck Uk
k=1

g = D i) Oktk,

th <04 +MGry, k,d=1,2,....m
th<og—MFyg k,d=1,2,....m
Yo Ga<m—k, k=12,....m
Yo Fa<k—1, k=12,...,m
or—g<e k=1,2,....m

<
g—or<e, k=1,2,....m
or—or=ur, k=12,....,m

s.1. up<v, k=12,....,m
—ur <v, k=1,2,....,m

Ok — Oky = Yiiky» k1 =1,2,....m—=1, ko=ki+1,...,m
Viky € Zhky, kK1=1,2,....m—=1, k=k+1,...,m,
—Vkiky S Zkikos k1=12 oom—1, kh=ki+1,...,m
Zlq 1Zk2 =k;+1 wk+ =L 2k = o,
Gia, Fra €{0,1}, k,d=1,2,...,m
ug, vk =0, k=1,2,....m
Vhikys Zhiky 20, k1 =1,2,....om—1, ka=ki+1,....m
(OWA-CMCC2-BLP)

Proof. The proof of this result follows the lines of the Theorem 1. O

Computational Issues

In practice, the BLP models (OWA-CMCC1-BLP) and (OWA-CMCC2-BLP) can be
used to find the optimal consensus opinion under OWA aggregation and generic weights
and costs of the experts. However, theoretically, the BLP problem is NP-hard, and it may
take exponential time to find an optimal solution, even with the most advanced state-of-
the-art BLP solver, Gurobi (Gurobi Optimization, LLC, 2022). Here, we attempt to show
that the time required to find the exact solution shall grow exponentially in the worst-
case scenarios with the increase in the number of experts. For all experiments reported in
this manuscript, we have used JuMP (Julia for Mathematical Programming), a domain-
specific modelling language for mathematical optimization embedded in Julia (Dunning et
al.,2017; Bezanson et al., 2017). Specifically, optimization experiments are conducted in
Julia 1.7.3 on a desktop with Windows 10 Professional OS, 2.5 GHz Intel Core i7-11700
CPU, and 16 GB RAM by invoking the Gurobi 9.0.3 optimizer.
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Table 1
Time cost BLP-based models.
Consensus Models Experts
measure 5 10 15 20
p (CMCC1) 0.016 0.029 0.032 0.035
1 (OWA-CMCCI1-BLP) 0.031 180* 660* 1500*
. (CMCC2) 0.017 0.031 0.034 0.036
2 (OWA-CMCC2-BLP) 0.037 180* 660* 1500*

For this experiment, first, we fix the number of experts whose opinions are generated
from a uniform distribution on [0, 1] along with the associated costs, which are set ran-
domly from the set {1, 2, 3, 4, 5} with equal probability. To create instances to study com-
putational cost, we generate the weight of the OWA using the RIMQs Qg (x) = x“Vx €
[0, 1] (¢ = 1.4), which produces decreasing weights for the ordered positions. In addition,
we set the consensus parameters ¢ = (0.2 and o = 0.7. For a fixed number of experts, we
randomly generate 100 instances of each GDM scenario with the above-mentioned setup
and solve the respective optimization models to find the modified opinions by invoking the
Gurobi solver. The solver run-time in each case is recorded, and we report the worst run-
time among 100 instances. With the aim of experimenting in time time-bound manner,
we set the solver run-time limit for solving each instance. With this setup, the worst-case
run-time (in seconds) for solving different instances has been reported in Table 1.

We found that, when the number of experts in the group is more than or equal to 10,
there are instances that can not be solved within the given time-limit' by the solver and that
has been indicated by the asterisk mark overrun time in Table 1. It indicates that finding
the exact solution of CMCC under OWA aggregation with generic cost and weights of
OWA is computationally very expensive, even for a group consisting of 10 experts.

When the decision information (cost and weights) attached to a particular decision
scenario is fixed, the time cost may vary with the consensus parameters, ¢, and wp. To
understand the behaviour of these parameters on time complexity, we consider a GDM
scenario with 5 experts and generate 100 instances randomly. Each instance has been
solved for different variations of the parameters. We have reported the worst-case time
for the specific configuration of the parameters in Table 2. It can be observed that time-
cost varied widely with the change in the configuration of the parameters. Further, it may
heavily depend on the decision information: cost, opinions, and weights.

3.2. Linear Programming-Based Formulations

Even though we have proposed the BLP formulation of the models (OWA-CMCC1) and
(OWA-CMCC2) in the previous section, it has been also found that the computational cost
of solving these models grows exponentially with the increase of the number of experts
and generic costs and weights, even for a moderate number of experts. To offer alternative

I Time-limit allows setting a bound for the maximum total time that the solver may spend to find a solution.
It is implemented by setting Gurobi solver parameter TimeLimit to a given time in seconds.
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Table 2
The time costs for different values of ¢ and pg in (OWA-CMCC1-BLP).

o
0.70 0.75 0.80 0.85 0.90 0.95

0.30 0.031 0.032 0.019 0.032 0.063 0.087
0.25 0.034 0.033 0.078 0.032 0.063 0.041
0.20 0.031 0.063 0.031 0.032 0.031 0.063
0.15 0.033 0.031 0.032 0.033 0.033 0.032
0.10 0.046 0.033 0.047 0.034 0.047 0.047
0.05 0.032 0.033 0.047 0.032 0.049 0.034

approaches with better computational performance, we introduce below some completely
linearized versions of the (OWA-CMCC) models under some assumptions on the param-
eters.

3.2.1. Equal Weighting Vector and Opinion Changing Cost for DMs

First, let us assume that both the weighting vector used in the consensus measure and the
: s 1 1 mtimes

costs of moving experts’ preferences are equal to the vector (5., -, -+, ;-). In such

case, the linearized versions of the models (OWA-CMCC1) and (OWA-CMCC2) with the

same costs and weights in the consensus measure are as follows:

Theorem 3. Let (01,07, ..., 0) be the optimal solution to the following optimization
problem.

1 m
min — E [ox — okl,
m
k=1

- _ m = .
8 =D k=1 @00 (i) (OWA-CMCCI1-LP)

¢ lox —gl<e, k=1,2,...,m,
s.t.
1= Y0 5k — 81 > o,

0oy —Osh—1) <0, k=2,...,m,

where o is a permutation that decreasingly orders the original values of the preferences
values o1, 02, ..., 0y and w1, w3, . .., Wy are the values of the weights used in the OWA
aggregation. Then (01, 02, ..., 0n) is also an optimal solution to (OWA-CMCCI ).

Proof. Let R = {x € [0, 11" : |xx — Wo(0)| < &, 1 — 2 Y01 [k — W (x)] > po)
denote the feasible region for OWA-CMCC1 model when w = (%, S % ). Further-
more, note that x € R <= x, € R for any permutation o of the components of the x.
Since all the costs are equal, the objective function is minimal when we order the values
of o1 = (o, - - - , 05) in the same way as 0 = (01, - - - , 05,). Using both facts together, we
realize that the solution of (OWA-CMCC1-LP) also minimizes (OWA-CMCC1). O
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Theorem 4. Let (01,07, ..., 0y) be the optimal solution to the following optimization
problem:

1 m
min — oK — okl
mZIk kl
k=1
g =D e ®iOs (k)
oy —gl<e, k=1,2,...,m,

2 m—1 m — _
- m(m—1) Zk:l Zl:k-i—l lox —o1| = o,
O5(k) —Ock—1) <0, k=2,...,m,

(OWA-CMCC2-LP)

where o is a permutation that decreasingly orders the original values of the preferences
values 01,02, ...,0,m and ® = (w1, wy, ..., wy) be the weight vector used in the OWA
aggregation. Then (01, 02, . .., 0p) is also an optimal solution to (OWA-CMCC2).

Proof. The proof of this result is analogous to the previous one. O

3.2.2. Decreasing Weighting Vector for OWA

When the OWA weighting vector is decreasing, we can also formulate (OWA-CMCC1)
and (OWA-CMCC?2) as fully linear programming problems. The basis of such a formu-
lation stems from the representation of the OWA with decreasing weight vectors. Let
w = (w1, w2, ..., wy,) be adecreasing weight vector, i.e. wx > wiy1, k=1,...,m — 1.
Then, the aggregation of the inputs 0 = (01, 02, ..., 0,) by the OWA operator can be
represented as follows:

m
Wy (01,02, ..., 0m) = Y (@i — wi41)Li(0),

k=1
where w,+1 = 0 and Li(o) = Zleod(s), where 04 is the s-th largest of
(01,02,...,0,) and o is the corresponding permutation. Additionally, given o =
(01,02, ...,0n),the value L (o) can be found by solving the linear programming model

(Galand and Spanjaard, 2012):

m
max L (o) = kbi + Z Mkd >
d=1

b+ kg =04, d=1,...,m,
md 20, d=1,...,m.

This reformulation allows us to implement the OWA constraints as linear inequalities
with the help of two auxiliary continuous variables. Based on the above facts, we can
re-formulate the (OWA-CMCC1) as follows:
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m
mianHok — 0kl,

k=1
8= ey (wr — wpr1) (kbr + Y0 Mka),
oy —gl<e, k=1,...,m,

s.t 1 =370 welox — gl = o,
b+ nka =04, k,d=1,...,m,
Na =20, k,d=1,...,m.

To deal with the LSGDM scenarios efficiently under decreasing weight vector, the equiv-
alent linear version of the previous model is formulated in the following theorem.

Theorem 5. The (OWA-CMCC1) model under OWA aggregation with decreasing weight
vector can be transformed into an equivalent linear programming problem with the help
of the following linear transformations:

o —op=ux and |op—ox|l=vy, k=1,2,...,m,

ok—8=yx and lox—gl=z, k=1,2,...,m,

which lead to the linear programming problem:

m
min ) " cxvi (OWA-CMCC1-DW)
k=1
g =2 i (wr — wrg1) (kb + Y0y Mka)- (a)
ok —or=ur, k=12,...,m, (b)
upy <vg, k=12,...,m, (c)
—ur <v, k=12,...,m, (d)
on—g¢=y, k=12,...,m, (e)
stiwm<z k=12,...,m, 63 2)
—w<z k=1,2,...,m, (2)
w<e k=1,2,....m, (h)
1— >3 wkzk = o, (i)
by + kg =04, k,d=1,...,m, G)
ma =20, k,d=1,...,m. (k)

Theorem 6. The (OWA-CMCC2) model under OWA aggregation with decreasing weight
vector can be converted into the equivalent linear programming problem using the trans-
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formation:
oy —or=ux and |op—ox|l=v, k=1,2,...,m,
ok—o01 =y and |op—oil=zry, k=1,2,....m—1,1=k+1,...,m,

and it can be formulated as the following linear programming model.

m
min Z Ck Uk
k=1

g =Y (@ — o) (kb + Y0 ka),
or—g<e k=1,2,...,m,

<
g—or<e, k=1,2,...,m,
ok —or=ur, k=12,...,m,
up <v, k=12,...,m,
—ur <v, k=1,2,...,m,

oxr—or=yu, k=12,....m—1,1=k+1,...,m,
S.t.
v <z, k=1,2,....m—1,1=k+1,...,m,

—yu <z, k=1,2,....m—1,1=k+1,...,m,
m—1 m wr 4w,

1= 30000 2k oot zk = o

bk + Nka =04, k,d=1,...,m,

Nka =20, k,d=1,...,m,

up, v =20, k=1,2,...,m,
2zt =20, k=1,2,...m—1,1=k+1,...,m.

(OWA-CMCC2-DW)

3.2.3. Computational Issues

As we mentioned earlier, solving the generic (OWA-CMCC) model is not computation-
ally tractable in the LSGDM settings due to its inherent NP-hard nature. Therefore, this
subsection analyses the computational cost of the different alternative versions proposed
earlier. For this purpose, we simulate the GDM problem with a fixed number of experts
drawing their opinions from a uniform distribution [0, 1] along with the randomly gener-
ated OWA weight vector and consensus parameters.

For a fixed number of experts, we create 1000 instances of a GDM problem and solve
each instance by invoking the Gurobi Solver. In Table 3, the average run-time (in sec-
onds) for finding an optimal opinion by solving models (OWA-CMCC1-LP) and (OWA-
CMCC2-LP) has been reported. It has been observed that the simplified linear program-
ming formulation allows finding the optimal solution of a GDM scenario with 1000 ex-
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Table 3
Time cost in linearized models.

Consensus Models Experts

measure 10 20 50 100 200 500 1000
; (CMCC1) 0.0014 0.0017 0.0027 0.0044 0.0083 0.0240 0.0627
1 (OWA-CMCCI1-LP) 0.0015 0.0018 0.0029 0.0049 0.0093 0.0278 0.0746
p (CMCC2) 0.0016  0.0032 0.0149 0.0613 0.3000 3.1000 13.6070
2

(OWA-CMCC2-LP) 0.0019 0.0042 0.0258 0.1746 1.8615 88.0428 5179.2480

Time cost between BLP and LP—szlséeljodels for decreasing OWA weight.
Models Measure Experts
5 7 10 15 20
(OWA-CMCCIBLP) (0 ;4).66221 3.13;823 32:2;71 200° 400*
oworciow L wm am e aw

perts in less than a second, while finding the consensus solution for 10 experts with the
generic BLP formulation may take hours.

Another important fact is that the CMCC model that employs the consensus measure
based on the distance among experts always requires much more computational time than
the CMCC model with a consensus measure based on the distance between individual
experts and collective opinions. That fact is evident in Table 3 where we found the subtle
difference in average computational time between the models (OWA-CMCC1-LP) and
(OWA-CMCC2-LP). Further, for the large-scale scenario (= 500) the (CMCC2) could be
computationally very expensive. We found that in the GDM scenario with 1000 experts,
for some instances it may take more than 6 hours to find the optimal solution.

We have also demonstrated the computational gain of (OWA-CMCC-DW) with respect
(OWA-CMCC-BLP) through some small-scale experiments. For each GDM instance, we
have generated the decreasing weight vector using the Q,(x) = x* Vx € [0, 1J(e > 1)
and find the optimal consensual opinions by (OWA-CMCC1-BLP) and (OWA-CMCCI1-
DW). Table 4 provides the cost and time for each instance. Note that when the solver is
not able to find the solution within a computational time budget, we have not reported the
optimal cost. One can observe from such a table that in case of decreasing weights the
model (OWA-CMCC1-DW) can always find the solution.

Further, we attempt to investigate the time cost that requires to solve (OWA-CMCCI1-
DW) in the large-scale case. The same protocol has been followed to generate the GDM
scenarios with a fixed number of decision-makers. The average time cost for a fixed num-
ber is reported in Table 5. We can observe that for considering the generic cost and ex-
perts’ weights, the linear programming model (OWA-CMCC1-DW) requires more com-
putational time than (OWA-CMCC1-LP), which considers only equal cost and weights for
the decision-makers. The time-cost grows significantly, as evident from Table 5 that for
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Table 5
Time cost LP-based models for decreasing OWA weight.
Models Experts
10 20 50 100 200 500 1000

(OWA-CMCC1-DW) 0.0025 0.0058 0.0502 0.2499 2.4461 117.9347 4971.5116

Table 6
The time-costs with different values of ¢ and 11 in (OWA-CMCCI-LP).

1o
0.70 0.75 0.80 0.85 0.90 0.95

0.30 0.025 0.003 0.003 0.023 0.003 0.003
0.25 0.003 0.003 0.003 0.004 0.003 0.003
0.20 0.002 0.003 0.003 0.003 0.003 0.023
0.15 0.003 0.024 0.003 0.023 0.003 0.003
0.10 0.022 0.003 0.002 0.024 0.003 0.003
0.05 0.023 0.003 0.003 0.022 0.003 0.003

100 decision-makers it requires on average more than 50 times of corresponding (OWA-
CMCCI1-LP) time cost.

Finally, we analyse the impact of the consensus parameters € and (o on the com-
putational time of the linear model (OWA-CMCCI1-LP). With a similar setup of the
experiment-related consensus parameters, we generate the worst-case time-cost for dif-
ferent configurations of the parameters, keeping the decision-makers fixed to 50 (see Ta-
ble 6). We found that it varies between 0.002 to 0.025, while most configurations require
0.003 seconds.

4. The Impact of OWA Operators in Consensus

In this section, we analyse the impact of using the OWA operator in CRPs across differ-
ent consensus scenarios via CMCC models, which enable us to achieve consensus with
minimal modifications or costs, assuming that changing opinions require resources in the
negotiation process. By diverse consensus scenarios, we essentially mean that the distri-
bution of experts’ opinions on a particular GDM problem may vary since it is not always
uniform and could be polarized, which may alter the final costs and collective decision.
Keeping this view in mind, we aim to assess the impact from the following aspects: the
effect of different computation methods for the OWA weights and the repercussions of
the number of experts considered under the different consensus scenarios. Before delving
into the simulation, we briefly introduce the consensus scenarios and the OWA weight
generation mechanism.

The diverse consensus scenarios are generated by the varying distribution of the ex-
perts’ initial opinions on the GDM problem. Specifically, we generate experts’ opinions
according to three perspectives, namely, uniformly distributed, symmetrically polarized
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0

(a) Uniform distribution f, (b) U-quadratic distribution fs (c) Exponential distribution fg,

Fig. 4. Probability distributions for generating random opinions.

and asymmetrically polarized. These three perspectives are modelled through the follow-
ing distributions:

e Uniform: f, : [0, 1] = R f,(x) =1V x € [0, 1] (see Fig. 4a),
e U-quadratic: f; : [0, 1] — R defined as fs(x) = 12(x — %)2, x € [0, 1] (see Fig. 4b),
e Exponential f, : RT™ — R defined as f,(x) = %e_%", x € RT (see Fig. 4c).

Generating experts’ opinions from these distributions will allow us to generate three dif-
ferent consensus scenarios.

For weight impact assessment, we consider two broad classes of weighting mecha-
nisms in OWA aggregation: EVR-based weight allocation and LQ-based weight. Specifi-
cally, we analyse the impact of eight different RIMQ, namely, the EVRS s 03, 50.15, P0.5,
and pp, which are convenient for consensual solutions and generating non-zero symmetric
weights with varied distribution for different values of «, and the LQs Qg 5.0.8, which has
low entropy and gives non-symmetrically distributed weights, Qo 1,09, which provides
symmetric weights, Qo o, which corresponds to the minimum operator, and Q; 1, which
generates the maximum operator. By selecting these quantifiers, we can cover the broad
spectrum of configurations to generate weighting vectors for OWA operators.

With these setups in mind, we design Monte-Carlo simulation experiments to analyse
the impact of OWA on CRPs under three distinct consensus scenarios, each incorporating
different weighting mechanisms and group sizes. Specifically, in a GDM problem with
a group size m € N and a consensus scenario characterized by a probability distribu-
tion f, we generate multiple sets of m opinions, where each expert’s opinion is sam-
pled from the distribution f. Afterwards, given a RIMQ Q : [0, 1] — [0, 1] from eight
above-mentioned RIMQs, the consensus opinions for each one of these simulated GDM
problems are computed via (OWA-CMCCI1-LP) and (CMCC1) models. We utilize the
(CMCC1) model to understand how OWA impacts CRP compared to the arithmetic mean
in terms of the minimum cost of reaching consensus and the difference between consensus
opinions obtained from both models. To ensure that only the impact of OWA is analysed,
we fixed the consensus parameters to ¢ = 0.3 and po = 0.8, with all costs set to 1 for all
the models. Note that in general ¢ and ¢ impact the cost of consensus and their complex
interaction has been analysed in depth by Garcia-Zamora et al. (2022).

Each of the following subsections presents a detailed analysis of the impact of using
different RIMQs, specifically EVRs (Garcia-Zamora et al., 2022) and LQs (Yager, 1996),
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Table 7
Comparing (CMCC1) and (OWA-CMCCI1-LP) under EVRs using uniformly distributed opinions in terms of
consensus reaching cost and the distance between the obtained consensus opinions.

RIMQ Measured Experts
variables 5 10 15 20 50 100 200 500 700 1000
Cost (CMCC1) 0.1 046 0.67 128 241 482 10.13 2418 3423 51.36

s0.08  Cost (OWA-CMCCI-LP) 0.1 047 0.68 128 241 4.82 10.13 24.18 3423 51.36
Distance between prefs. ~ 0.01 0.0 0.01 0.02 0.01 0.01 0.02 001 001 0.02

Cost (CMCC1) 021 038 0.79 099 223 524 932 2516 36.06 49.93
s0.15  Cost (OWA-CMCCI1-LP) 0.22 038 0.8 1.01 222 523 932 2516 36.06 49.92
Distance between prefs. ~ 0.01 0.01 0.01 0.01 0.01 001 0.01 002 0.02 0.02

Cost (CMCC1) 025 045 0.65 1.05 224 482 1031 2426 37.08 48.98
P05 Cost (OWA-CMCCI1-LP) 026 045 065 105 224 482 1031 2426 37.08 48.98
Distance between prefs. ~ 0.01 0.01 0.01 0.01 0.01 001 0.02 001 002 0.02

Cost (CMCC1) 0.11 035 0.77 095 211 5.63 8.65 2416 3649 49.37
P1 Cost (OWA-CMCCI1-LP) 0.12 036 0.77 095 2.11 563 8.65 2415 3649 49.37
Distance between prefs. 0.0 0.0 0.01 0.01 0.0 002 001 001 002 0.02

in the decision-making process. We also examine the performance of OWA operators with
varying numbers of experts to assess their suitability for LSGDM contexts. Furthermore,
we demonstrate that in certain LSGDM scenarios, the use of EVR-OWA or LQ methods
yields results that are statistically similar to those produced by the arithmetic mean when
forming group opinions.

4.1. Uniformly Distributed Opinions

In this subsection, we explore the performance of OWA operators in consensus processes
where expert opinions are uniformly distributed. Our goal is to compare the efficiency and
outcomes of the (OWA-CMCC1-LP) model against the classical (CMCC1) model, which
uses the arithmetic mean for aggregation. By using the uniform distribution, we aim to
simulate scenarios in which expert opinions are spread evenly across the available deci-
sion space. This allows us to observe how different RIMQs, specifically EVRs and LQs,
influence the consensus-reaching process when there is no inherent polarization among
the experts.

The results of the simulations are shown in Tables 7 and 8, which contain the values
of the objective function and the distance between the modified preferences obtained in
(CMCC1) and (OWA-CMCCI1-LP) for different numbers of experts and RIMQs (noted as
Distance between prefs.). These metrics allow us to assess the efficiency of both models
in reaching a consensus, as well as the differences between their solutions.

Table 7 shows that when using EVR-OWA operators (such as so.0g3, S0.15, Po.5 and
p1), the results from the (OWA-CMCC1-LP) model closely match those of the (CMCC1)
model. The maximum distance between modified preferences is minimal (less than 0.02),
and the cost function values remain similar as the number of experts increases. This indi-
cates that EVR-OWA operators, which prioritize intermediate values in the aggregation,
perform similarly to the arithmetic mean in uniformly distributed settings.
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Table 8
Comparing (CMCC1) and (OWA-CMCCI1-LP) under LQs using uniformly distributed opinions in terms of
consensus reaching cost and the distance between the obtained consensus opinions.

Measured Experts

RIMQ .
variables 5 100 15 20 50 100 200 500 700 1000
Cost (CMCC1) 032 043 0.68 094 255 521 925 2492 36.76 51.33

Q0.0 Cost (OWA-CMCCI1-LP) 0.59 1.07 1.7 226 6.14 1237 23.89 60.98 86.94 123.58
Distance between prefs.  0.06 0.07 0.08 0.08 0.08 0.09 0.08 0.09 0.09 0.09

Cost (CMCC1) 0.18 041 0.8 099 2.65 474 884 2495 3546 50.12
005,08 Cost(OWA-CMCCI1-LP) 021 059 106 127 332 633 1156 3221 450 63.7
Distance between prefs.  0.02 0.04 0.06 0.05 0.07 0.06 0.06 0.06 0.07 0.06

Cost (CMCC1) 0.28 0.56 0.57 092 256 458 975 263 34.13 51.66
00.1,09 Cost (OWA-CMCCI1-LP) 028 0.56 0.57 092 256 4.58 9.75 263 3413 51.66
Distance between prefs. ~ 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.02 0.02 0.02

Cost (CMCC1) 026 049 059 1.08 2.14 438 957 23.85 3444 50.73
011 Cost (OWA-CMCCI-LP) 0.56 1.1 1.54 238 565 11.66 23.87 60.36 8577 123.22
Distance between prefs.  0.07 0.08 0.08 0.09 0.08 0.08 0.09 0.09 0.09 0.09

On the other hand, Table 8 demonstrates that the performance of LQs depends sig-
nificantly on the choice of quantifier. For instance, due to the resemblance between the
arithmetic mean and Qg 1,0.9, (CMCC1) and (OWA-CMCC1-LP) present similar results
in terms of cost and distance between modified opinions. However, more extreme LQs like
Q0.0 (minimum operator), or 01,1 (maximum operator) lead to markedly different out-
comes, especially as the number of experts increases. In any case, these LQs are less suited
for achieving consensus in scenarios with evenly distributed opinions, as they dispropor-
tionately emphasize the most extreme values. When using Qo 5,08, the data shows that
the aggregation of information is slightly different in each model, and the cost difference
increases with the number of experts considered.

To summarize, in the case of uniformly distributed opinions, the use of EVR-OWA
operators implies similar costs for the agreed solutions, even in large-scale scenarios (see
Fig. 5), and close distances between preferences. However, for RIMQs that significantly
differ from the identity function, which is the one that generates the arithmetic mean,
the absolute difference between the obtained costs increases according to the number of
experts, and the distances between the adjusted preferences are bigger.

To validate our conclusion about the behaviour of the different OWA weights generated
through linguistic quantifiers in LSGDM against arithmetic mean, we attempt to compute
some statistical measures by generating the LSGDM scenarios randomly. In particular,
the opinions of experts are generated randomly following the specified distribution and
then, the modified consensus opinions are obtained via models (CMCC1) and (OWA-
CMCCI1-LP) to measure the difference between them. Specifically, we use mean absolute
distance to measure the distance between consensus opinions generated from two models.
For each LSGDM scenario, we repeat this process 50 times and report Lower bound of
the 95% confidence interval (LB CI) and upper bound of the 95% Confidence interval
(UB ClI) in Table 9 for the mean absolute distance. It is evident from Table 9 that when
EVR-OWA is used to form the group opinion, the distance between consensus opinions
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Fig. 5. Absolute consensus cost differences between (OWA-CMCC1-LP) and (CMCC1) using uniformly dis-

tributed opinions.

Table 9

Confidence Intervals for the normalized distance between the outputs of (OWA-CMCC1-LP) and (CMCCI)
with RIMQs using uniformly distributed opinions.

Confidence Experts
RIMQ ‘
interval 5 20 100 500 1000
i LB 0.00457 0.00619 0.00726 0.01533 0.01736
0.08 UB 0.01266 0.01434 0.0129 0.01957 0.01975
LB 0.00578 0.00673 0.0077 0.01563 0.01756
50.15 UB 0.01217 0.01429 0.01315 0.01994 0.01991
LB 0.0036 0.00466 0.00689 0.01517 0.01725
Po.5 UB 0.01169 0.01222 0.01239 0.01943 0.01965
LB 0.00456 0.00568 0.00719 0.01531 0.01746
P UB 0.01224 0.01371 0.01256 0.01954 0.01983
0 LB 0.04895 0.07215 0.0806 0.08714 0.08801
0.0 UB 0.06291 0.08395 0.08543 0.08994 0.08959
0 LB 0.02063 0.04047 0.05301 0.06179 0.06356
05,08 UB 0.03231 0.05262 0.05906 0.06589 0.06576
0 LB 0.00372 0.00435 0.00732 0.0156 0.01733
0.1,0.9 UB 0.01156 0.0145 0.01251 0.01986 0.01975
0 LB 0.04906 0.07185 0.08062 0.08715 0.08801
L UB 0.06315 0.08325 0.08548 0.08994 0.08959
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obtained by (CMCC1) and (OWA-CMCCI1-LP) remains below 0.02 even for a very large
group. Further, changes of EVRs to generate the weight for OWA does not make any
significant difference with many participants in the group. Thus, in the case of LSGDM,
the use of arithmetic mean or EVR-OWA to form the group opinion would produce almost
similar consensus opinions under CMCC model.

Analogous to our earlier set-up, we simulate the LSGDM scenarios to collect the sta-
tistical measures (Table 9) when LQs are used to generate the OWA weight to form the
group opinions. Specifically, we try to figure out how much it deviates from the arithmetic
mean based consensus models, as our primary result suggests that it deviates more than
the case of EVR-OWA in certain cases. Table 9 suggests that when we use extreme LQs
such as Qo0 and Q1,1, the distance between generated consensus opinions increases. In
fact, it is almost 5 times more than the case of EVR-OWA. However, in the case of LQs
such as Qo.1,0.9 which take into account most of the values in OWA aggregation process,
the obtained consensus opinions are almost similar to the consensus opinions obtained by
using the arithmetic mean and their distance remains less than 0.02 even in the case of
a very large group. Therefore, the LQs that have orness and entropy similar to the arith-
metic mean would generate almost similar consensus opinions as the arithmetic mean
under CMCC model.

4.2. Symmetrically Polarized Opinions

This subsection examines the performance of OWA operators in consensus scenarios
where expert opinions are symmetrically polarized using the U-quadratic distribution.
In this scenario, expert opinions are concentrated around the extremes, with fewer experts
holding moderate views.

The experimental results shown in Tables 10 and 11, indicate that consensus cost in-
creases significantly compared to the uniformly distributed scenario, especially in LS-
GDM settings for both EVR-OWA and LQs. This fact is aligned with the consensus sce-
nario that more polarization in initial opinions may require more resources in the nego-
tiation process to achieve consensus. However, the difference between the obtained con-
sensus opinions from (CMCC1) and (OWA-CMCCI1-LP) remains the same as in uniform
scenario under EVR-OWA.

Regarding LQs, Table 11 shows that Qg 1,0.9 behaves similarly to EVR-OWA operators
under symmetrically polarized opinions. In the other cases, we observe that the absolute
consensus cost difference between (CMCC1) and (OWA-CMCCCI1-LP) becomes higher
the more the quantifier deviates from the identity function (Fig. 6), whereas the distance
between preferences obtained from (CMCC1) and (OWA-CMCCI1-LP) is higher than in
the case of uniformly distributed opinions.

As the initial experiments suggest, for symmetrically polarized opinions, the consensus
opinions generated via (CMCC1) and (OWA-CMCC1-LP) under EVR-OWA have greater
distance compared to the case of uniform opinions. To examine it in depth, we further sim-
ulate GDM scenarios and compute the corresponding confidence intervals for the mean
absolute distance between preferences generated from the both models (see Table 14),
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Table 10
Comparing (CMCC1) and (OWA-CMCCI1-LP) under EVRs using symmetrically polarized opinions in terms
of consensus reaching cost and the distance between the obtained consensus opinions.

Measured Experts

RIMQ %
variables 5 10 15 20 50 100 200 500 700 1000
Cost (CMCC1) 0.63 1.15 193 274 778 16.16 3437 85.03 119.15 170.49

s0.08  Cost (OWA-CMCCI1-LP) 0.63 1.16 195 276 7.75 16.16 3437 85.03 119.14 170.49
Distance between prefs.  0.01 0.02 0.03 0.03 0.05 0.06 0.08 0.07 0.08 0.08

Cost (CMCC1) 047 128 212 323 812 158 33.51 8494 12147 173.39
s0.15  Cost (OWA-CMCCI1-LP) 047 13 213 321 8.08 1578 335 8492 12147 173.38
Distance between prefs.  0.01 0.02 0.03 0.05 0.04 0.05 0.07 0.08 0.08 0.09

Cost (CMCC1) 049 141 194 287 7.84 16.06 34.06 849 1185 170.22
0.5 Cost (OWA-CMCCI-LP) 0.5 142 193 287 7.83 16.04 34.05 849 11849 170.21
Distance between prefs.  0.01 0.01 0.03 0.03 0.05 0.06 0.06 0.07 0.07 0.07

Cost (CMCC1) 05 122 1.85 272 7.88 1586 33.49 8421 11935 172.19
P1 Cost (OWA-CMCCI1-LP) 0.51 124 1.88 272 7.84 1583 3346 8421 11935 172.19
Distance between prefs.  0.01 0.02 0.02 0.05 0.04 0.05 0.07 0.07 0.08 0.08

Table 11
Comparing (CMCC1) and (OWA-CMCC1-LP) under LQs using symmetrically polarized opinions in terms of
consensus reaching cost and the distance between the obtained consensus opinions.

RIMQ Measured Experts
variables 5 10 15 20 50 100 200 500 700 1000
Cost (CMCC1) 0.5 1.16 1.81 272 7.54 16.57 33.64 85.02 120.03 172.75

Q0.0 Cost (OWA-CMCCI1-LP) 0.73 1.74 2.67 39 10.67 2228 44.6 112.32 157.65 225.86
Distance between prefs.  0.05 0.09 0.07 0.1 0.11 0.12 0.14 0.13 0.14 0.14

Cost (CMCC1) 056 1.12 2.1 287 7.79 16.53 33.82 8548 119.64 173.04
005,08 Cost(OWA-CMCCI-LP) 0.66 125 235 3.12 826 17.04 34.51 8592 120.02 173.96
Distance between prefs.  0.02 0.06 0.09 0.08 0.1 0.12 0.1 0.11 0.11 0.11

Cost (CMCC1) 06 1.15 229 291 8.13 1628 33.94 84.74 121.55 171.28
00.1,09 Cost (OWA-CMCCI1-LP) 0.6 1.16 229 291 8.12 1628 33.94 8474 121.55 171.28
Distance between prefs.  0.02 0.01 0.04 0.03 0.06 0.09 0.07 0.08 0.09 0.08

Cost (CMCC1) 0.5 1.13 2.04 3.05 7.81 16.13 34.03 8445 120.58 169.64
01.1 Cost (OWA-CMCCI1-LP) 0.77 1.59 293 422 10.68 2195 45.09 111.76 157.57 224.21
Distance between prefs. 0.06 0.12 0.1 0.13 0.12 0.12 0.13 0.13 0.14 0.13

which reaffirm that the distances between the adjusted consensus opinions by using EVR-
OWA and the arithmetic mean are greater than in the uniform case. In fact, the distance
is almost 4.5 times more than the uniform case. But it remains less than 0.095, even with
1000 experts.

We further conduct a similar simulation for the case of LQs and report the confidence
intervals for mean absolute distance between consensus opinions generated from two mod-
els in Table 14). We found that the adjusted opinions obtained when considering the ex-
treme LQs, Qo0 and Q1,1 produce similar distances to the arithmetic mean, which are
also greater than when using EVRs. However, in the case of the LQ Q¢ 1.0.9, with orness
and entropy close to the arithmetic mean, it behaves similarly to the EVRs. Therefore, in
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Fig. 6. Absolute consensus cost differences between (OWA-CMCC1-LP) and (CMCCI1) using symmetrically
polarized opinions.

the case of symmetrically polarized opinions, the use of EVRs and similar LQs produces
almost similar adjusted opinions. Additionally, the adjusted opinions obtained in (MCC)
and (OWA-MCC) by these RIMQs are no further than 0.1, on average.

The analysis of symmetrically polarized opinions reveals that EVR-OWA operators
maintain a close alignment with the arithmetic mean. LQ-based operators with an orness
measure close to 0.5 also perform well in this context. However, the use of more extreme
LQs introduces greater discrepancies in the results, indicating that the OWA aggregation
may be far from the arithmetic mean in such cases. This differences become higher in
LSGDM scenarios.

4.3. Asymmetrically Polarized Opinions

In this scenario, experts’ opinions are polarized toward one extreme of the numerical scale.
We conduct similar simulation experiments and results are reported in Table 12. The re-
sults depict that achieving consensus via the models CCMC1 and (OWA-CMCCI1-LP)
requires more resources (higher consensus cost) in the negotiation process than uniform
and symmetrically polarized cases in respective weighting mechanisms EVR or LQs. We
further observe that using EVR-OWA in the (OWA-CMCC1-LP) model requires similar
consensus resources as the (CMCC1) model needs, even in large-scale cases irrespective
of quantifiers and the distance between generated consensus opinions are less than sym-
metric polarized opinions.
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Table 12
Comparing (CMCC1) and (OWA-CMCCI1-LP) under EVRs using asymmetrically polarized opinions in terms
of consensus reaching cost and the distance between the obtained consensus opinions.

Measured Experts

RIMQ %
variables 5 10 15 20 50 100 200 500 700 1000
Cost (CMCC1) 1.04 248 3.69 578 1453 2665 51.19 13575 183.89 261.64

s0.08 Cost (OWA-CMCCI-LP) 1.04 248 3.69 5.77 14.52 26.64 51.19 135.75 183.89 261.64
Distance between prefs.  0.01 0.04 0.02 0.04 0.03 0.03 0.03 0.05 0.05 0.05

Cost (CMCC1) 0.53 3.16 479 486 119 28.06 5031 129.09 18531 256.71
50.15 Cost (OWA-CMCCI1-LP) 0.55 3.17 479 4.86 11.89 28.06 50.3 129.09 185.31 256.71
Distance between prefs.  0.01 0.09 0.03 0.02 0.03 0.04 0.04 0.04 0.05 0.05

Cost (CMCC1) 094 274 372 426 13.03 2595 5091 131.88 184.14 261.01
pos  Cost (OWA-CMCCI1-LP) 094 2.74 3.72 426 13.03 2595 5091 131.88 184.14 261.01
Distance between prefs. 0.0 0.08 0.03 0.04 0.03 0.03 0.03 0.04 0.05 0.05

Cost (CMCC1) 1.52 256 3.08 4.89 12.67 27.5 5246 1290 179.08 258.13
P1 Cost (OWA-CMCCI1-LP) 1.52 2.57 3.08 4.89 12.67 27.5 5246 129.0 179.08 258.13
Distance between prefs. 0.0 0.02 0.02 0.04 0.03 0.03 0.03 0.03 0.03 0.04

Table 13
Comparing (CMCC1) and (OWA-CMCCI-LP) under LQs using asymmetrically polarized opinions in terms
of consensus reaching cost and the distance between the obtained consensus opinions.

RIMQ Measured Experts
variables 5 10 15 20 50 100 200 500 700 1000
Cost (CMCC1) 1.01 199 475 503 11.99 2823 51.27 134.1 186.8 267.93

Q0.0 Cost (OWA-CMCCI1-LP) 1.34 2.62 578 631 1543 3482 64.78 167.47 233.77 334.63
Distance between prefs.  0.07 0.09 0.11 0.1 0.11 0.11 0.11 0.11 0.11 0.11

Cost (CMCC1) 1.1 158 393 5.15 13.51 27.75 54.58 128.84 182.83 262.53
005,08 Cost(OWA-CMCCI-LP) 1.2 176 42 546 1426 29.07 56.32 133.99 189.32 270.69
Distance between prefs.  0.04 0.06 0.07 0.07 0.08 0.08 0.08 0.08 0.08 0.08

Cost (CMCC1) 0.83 1.79 3.63 456 12.75 2434 509 126.01 192.61 253.49
00.1,09 Cost (OWA-CMCCI1-LP) 0.83 1.79 3.63 4.56 12.75 24.34 50.9 126.01 192.61 253.49
Distance between prefs.  0.01 0.04 0.02 0.03 0.04 005 0.04 0.04 0.04 0.04

Cost (CMCC1) 0.51 1.78 3.67 5.6 1229 2297 54.66 135.14 179.7 261.25
01.1 Cost (OWA-CMCCI1-LP) 0.78 237 4.65 693 1573 29.83 67.86 168.59 226.31 328.08
Distance between prefs.  0.07 0.1 0.09 0.11 0.11 0.11 0.11 0.11 0.11 0.11

The difference between consensus resources required by the (OWA-CMCC1-LP) and
CCMCI1 grows significantly in the case of extreme LQs (Qg 0 and Q1 1) (see Fig. 7) and
this difference is more than symmetrically polarized opinions. Further Qg 1,0.9 behaves
quite similarly to the arithmetic mean and produces lower distance between generated
consensus preference from the the both models. Overall the distance between the generated
preferences from these models is lower than in the case of symmetric polarized opinions.

To reinforce our primary observation that EVR-OWA behaves almost similarly to the
arithmetic mean even when the initial opinions are asymmetrically distributed, we con-
ducted the analogous simulation study and reported the corresponding confidence inter-
vals in Table 15 (see Appendix). We found that regardless of the quantifiers used to gen-
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Fig. 7. Absolute consensus cost differences between (OWA-CMCC1-LP) and (CMCC1) with asymmetrically
polarized opinions.

erate the EVR-OWA weights, the normalized distances between opinions generated by
(CMCC) and (OWA-CMCC) remain lower than 0.06, which indicates that they produce
almost similar opinions. However, they deviate slightly more than in the case of uniform
opinions, but fewer than for symmetrically distributed opinions.

The initial observation suggests that the LQs-based weighting mechanism for OWA
produces consensus opinions that deviate more from the arithmetic mean than EVR-OWA
when experts’ initial opinions are asymmetrically distributed. The confidence intervals
reported in Table 15 (see Appendix) via simulation also reaffirm this initial hypothesis.
We found that when extreme quantifiers (Qo o and Q1 1) were used to generate the OWA
weights, the distance between the obtained adjusted opinions almost doubled in compar-
ison to corresponding EVR-OWA-based cases. However, LQs with orness and entropy
close to the arithmetic mean behave similarly to EVRs.

5. Conclusions

This study provides both theoretical and practical advancements in GDM and its CRPs.
Theoretically, we have extended the MCC framework by incorporating OWA operators
with classical consensus measures, resulting in the OWA-based CMCC model. This inte-
gration allows for a more flexible and interpretable aggregation process, accommodating
diverse expert opinions while ensuring an optimal trade-off between consensus quality and
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opinion modification cost. Practically, we have introduced computationally efficient for-
mulations of the OWA-based CMCC model, making it scalable for LSGDM applications,
where traditional methods struggle with NP-hard optimization complexities (RQ1). Ad-
ditionally, our analysis of different weight allocation methods revealed that OWA-CMCC
models, when the OWA operator is tuned with entropy and orness values close to those
of the arithmetic mean, produced results comparable to the classic CMCC model, which
uses the arithmetic mean for aggregation, even in LSGDM. However, as entropy and or-
ness values deviate further from those of the arithmetic mean, the consensus outcomes
differs significantly (RQ2, RQ3).

The findings suggest that the use of OWA operators for calculating collective opinions
in CRPs can be contentious if the weights are not properly tuned. In this sense, EVR-OWA
operators, which offer unbiased aggregations without significant information loss, provide
consensus results similar to those produced by the arithmetic mean. On the contrary, us-
ing more extreme OWA weights, such as those associated with the minimum or maximum
operators, undermines the consensus process by overemphasizing the most extreme opin-
ions, making the aggregation unfit for achieving meaningful consensus.

Regarding the limitations of our proposal, we would like to highlight the computational
complexity associated with solving the optimization problem, especially when dealing
with a very large number of experts (millions). While our reformulated versions improve
efficiency compared to traditional OWA-based MCC models, further scalability enhance-
ments, such as heuristic approaches or parallel computing techniques, could be explored in
future research. Additionally, we aim to investigate other aggregation operators that have
been applied in GDM but have not yet been adequately tested for their impact in these
specific decision scenarios.

A. Appendix

Table 14
Confidence Intervals for the normalized distance between the outputs of models (OWA-CMCC1-LP) and
(CMCC1) with RIMQs using symmetrically distributed opinions.

RIMQ Confidence Experts

interval 5 20 100 500 1000
; LB 0.00699 0.02321 0.0418 0.07826 0.08312
0.08 UB 0.0135 0.03918 0.05442 0.09289 0.09246
, LB 0.00985 0.02538 0.04292 0.07941 0.08484
50.15 UB 0.01509 0.0496 0.05491 0.09456 0.09436
LB 0.0052 0.02164 0.04118 0.0774 0.08308
PO.5 UB 0.01267 0.03716 0.0541 0.0891 0.09284
LB 0.00724 0.02347 0.04153 0.0798 0.08478
P UB 0.01366 0.04018 0.05404 0.09137 0.09381
0 LB 0.04749 0.08615 0.11216 0.13223 0.13616
0.0 UB 0.05948 0.10231 0.1216 0.13709 0.13857

(continued on next page)
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Table 14
(continued)
RIMQ Confidence Experts
interval 5 20 100 500 1000
0 LB 0.02322 0.06444 0.09513 0.10697 0.11081
05,08 UB 0.032 0.08674 0.10672 0.1141 0.11599
0 LB 0.00557 0.02207 0.04229 0.07677 0.08342
0.1,0.9 UB 0.01262 0.03787 0.05506 0.08763 0.09256
0 LB 0.04832 0.08642 0.11178 0.13226 0.13619
L1 UB 0.06079 0.10828 0.12097 0.13717 0.1386
Table 15

Confidence Intervals for the normalized distance between the outputs of models (OWA-CMCC1-LP) and
(CMCC1) with RIMQs using asymmetrically distributed opinions.

Confidence Experts
RIMQ
measure 5 20 100 500 1000
Mean 0.01057 0.02883 0.03168 0.04716 0.05275
Std 0.0149 0.03437 0.01491 0.00863 0.00523
50.08 LB CI 0.00634 0.01907 0.02745 0.04471 0.05126
UB CI 0.01481 0.0386 0.03592 0.04962 0.05424
Mean 0.01154 0.02712 0.03205 0.04011 0.05212
) Std 0.01218 0.02542 0.01385 0.00893 0.00524
#0.15 LB CI 0.00808 0.0199 0.02811 0.03758 0.05063
UB CI 0.015 0.03435 0.03598 0.04265 0.05361
Mean 0.009 0.02857 0.02948 0.03889 0.0477
Std 0.01496 0.03133 0.01499 0.00878 0.00513
Po.5 LB CI 0.00475 0.01966 0.02522 0.03639 0.04624
UB CI 0.01325 0.03747 0.03374 0.04138 0.04916
Mean 0.00949 0.03093 0.02895 0.03476 0.04489
Std 0.01404 0.03349 0.01397 0.00744 0.00666
P1 LB CI 0.0055 0.02141 0.02498 0.03265 0.043
UB CI 0.01348 0.04044 0.03292 0.03688 0.04679
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