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Abstract. This paper establishes sufficient conditions for stability of linear
and time-invariant delay differential systems including their various usual sub-
classes (i.e., point, distributed and mixed point-distributed delay systems). Suffi-
cient conditions for stability are obtained in terms of the Schur’s complement of
operators and the frequency domain Lyapunov equation. The basic idea in the
analysis consists in the use of modified Laplace operators which split the charac-
teristic equation into two separate multiplicative factors whose roots characterize
the system stability. The method allows a simple derivation of stabilizing control
laws.
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1. Introduction. Delay differential systems are continuous systems
with a time delay. The usual class of systems includes those involving
point and/or distributed delays. Delays can be finite or infinite. A typical
example of distributed infinite delays is the so called Volterra equation
(Burton, 1985). The stability of the above kinds of systems is exhaustively
investigated in Burton (1985) through the use of Lyapunov’s stability the-
ory. A major problem in the analysis of linear control systems with time
delay is their stabilization using linear feedback with or without memory.
Most of the stabilization schemes are complicated when compared with
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those for systems without delay; some of them require solving the matrix
Riccati equation (Kwon and Pearson, 1977) or a trascendental equation
(Osipov, 1965). Others involve transforming the system equation in a
canonical form (Ikeda and Ohta, 1976). In Mori et al. (1983) a simple
method is derived to stabilize linear systems with internal point delay by
memoryless linear feedback. Stabilizability can be checked by inspect-
ing the negativity of a symmetric matrix containing two free parameters
so that, subsequently, a stabilizing feedback law can be composed from
the solution of a matrix Lyapunov equation containing these parame-
ters. In Agathoklis and Foda (1989), state-space models for 2-D (two-
dimensional) and n-D (n-dimensional) systems were used to describe
delay differential systems with commensurate and non-commensurate de-
lays, respectively. Sufficient conditions for the asymptotic stability inde-
pendent of delay are derived in terms of frequency-dependent Lyapunov’s
equations. The objetive of this paper is to investigate the stability of the
various typical classes of delay systems by using frequency-dependent
Lyapunov equations and a decomposition of the closed-loop characteris-
tic equation in (at least) two parts related to modified Laplace (or mixed
Laplace and discrete) operators. Both parts of the characteristic equation
arise in a natural way from the appearance of both the Laplace operator
“s” and the delay operator “exp(-sh)” in such an equation.

The paper is organozed as follows. Section 2 is devoted to obtain
sufficient conditions for stabilizability for the case of point delay systems.
Some particular stabilizing control laws are obtained. Section 3 presents
a similar stability analysis technique for distributed delay systems and
mixed point-distributed delay systems. Extensions are given in Section 4
for these systems in the context of differential difference representations.
The case of commensurate delays is also included by using a 2-D state
representation. Section 5 discusses the connections between the so-called
continuous (strictly) bounded real and the (strictly) positive real lemmas
and the stability conditions of the above sections. Section 6 is devoted
to present abbreviately an iterative computational method related to some
basic operators presented in Section 2 for alternative tests of stability.
Finally, conlusions end the paper.
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Notation.

- Z, R, C are the sets of integer, real and complex numbers;

- Zo, Hg, C, are the above sets excluding zero;

- T={z€C:|z| > 1}, ie, the unit circle; T} =T — {1};

- U={z€C:|z| > 1}, ie., the complex complement of the open
unit disc; U = U {1} '

- D = {s € C:s >0}, ie, the closed complex right-half plane;

' .Do =D - {0} C ' :

~ (-, ) denotes the inner product in a Hilbert space;

- p.dh. (or > 0) stands for positive definite hermitian operators;
p.d.s. for positive hermitian operators; “>> 0” stands for semidefinite
positive hermitian operators, and n.d.s. means negative semidefinite
symmetric; .

— superscript stands for complementation of sets;

— Det(. ) is the determinant of the (. )-matrix and A\pax(. ) is its max-
imum eigenvalue. A* and AT are the conjugate transpose and trans-
pose of A;

— I is the identity matrix; I, is the n-identity matrix;

— LY(a,b), L?(a,b) are the spaces of integrable and square-integ-
rable functions on the real interval (a, b), respectively; 2(. ) stands
for square summable sequences.

6 9

2. Point delay systems

2.1. Stability. Consider the linear and time-invariant system
(S,) : &(t) = Az(t) + Aoz (t — h); 0
| 2(t) = (), t € [-h,0),

where A > 0 is a point delay, ¢ : [—h,0] — R"™ is an absolutely

continuous function of initial conditions for the n-vector z, and A and

Ay are n X n-matrices of constant entries. A unique solution on (0, 00)

exists for (1) for each function ¢ (De la Sen, 1988). System (1) is
asymptotically stable iff

E(s)=Det(sI —A—e " 4)#0, VseD (2.a)

or, equivalently
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E(0) = Det(A + Ao) # 0; E(s) #0, Vs€ Do. (2.h)

The next results stands.
Lemma 1. The following proposition are true.

(i) The next identity holds:
sI—A—e ™Ay = (I - 241) (2] - S(n)), (3.0)

for all nonzero s € C with z; = s~ (for s # 0), 2, = s and 4,
being an arbitrary constant n X n-matrix, and

S(Z]) = S(%) = S(A.l - SI)_I (Al —A - C—haAo), (3b)

Vs € Co;
(i) The next identity holds:
sI—A—zAq = (I-2Z(s))(sI-A), alls€ C, z = e™** (4.0)

where

Z(s) = Ao(sI — A)7". (4.5)

Proof. (i) Note that identity (3.a) becomes

1 1

—(A+e™A4y) = -4 + (;Al - I)S(—) (5)

s
for 21 = 1/s; 2z = s. The solution S(s™!) to (5) is (3.b) and the
proof is complete.

(ii) identity (4.a) follows from direct substitution of (4.b) in its right-
hand-side.

Note that Lemma 1 also stands for any matrix A;(s) of complex
entries. Eq. 2.b together with Lemma 1 yield:
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Lemma 2. The following propositions hold.

(i) System Sp, Eq. 1, is asymptotically stable (in the sence that
|z(¢)]] is bounded on (0, 00) and lim;—,oc z(t) = 0) if the two
following conditions hold:.

1) E(0) £0,
(2) Det(z2]—5(z1)) # 0, ¥(21,22) € Do x Dy 6)
for any arbitrary (strictly) Hurwitz matrix A;.

(ii) Proposition (i) can be equivalently ennounced under the con-
ditions
(1) E(0) #0,

) S(s) =s"1(A; —sI)S(s71) = (A; — A — e~ ?*Ay) has
no eigenvalues in Dy, s # 0, for any strictly Hurwitz
matrix A; (i.e., Ay has all eigenvalues in D-o).

(iii) System Sy is asymptotically stable if A is strictly Hurwitz;
E(0) # 0 and Z(s), Eq. 4.b, has all its eigenvalues in U; for
all s € Ho.

Proof. Proposition (i) follows directly from (2)-(4) (in fact E(0) # 0
means that the characteristic equation has no zero eigenvalues). Propo-

,sition (ii) follows by noting that if 4; is strictly Hurwitz then §(s) has

eigenvalues in Dy iff S(s) has eigenvalues in Dy and the fact that direct

calculus using Schur’s formula (Agathoklis and Foda, 1989) yields:

I - ZlAl —Zl(Al —A- 6_h/z1A())

—z11 zol
= Det(I — 21 Al )Det(z2I - S(Z] )) (7)
= DCt(I —_ zlAl)Det [ZzI + (I - ZlAl)_l(A.l —A- e_h/zl Ao)]

‘Det

for 2z, # 0 which, according to (3.a), is equal to E(s) for s 7 0. The
proof of (ii) is complete by introducing Condition 1. Proposition (iii)
follows directly from equating the roots of both sides of (5).

REMARK 1. Note from Lemma 2 that if A; = A (strictly Hurwitz),
then system .S, Eq. 1, is asymptotically stable if Ag is strictly Hurwitz.
By extending Lemma 2 to the use of a complex matrix A;(s), note
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also that Conditions 1-2 of (ii) contain the general asymptotic stability
condition for S,, namely A;(s) = A + e ** A, has eigenvalues in
Dy and Det(A + Ag) # 0. Note also that the condition E(0) =
—Det(A + Ap) # 0 in Lemma 2 means that there are no zero roots in
the characteristic equation of .S,. The independent test for existence of
zero roots or unstable roots in the open right-half complex plane given by
Conditions 1-2 in Lemma 2 (i)—(ii) is motivated by the facts that S(z;),
Eq. 3.b, cannot be defined for s = 0, and, furthermore, such a matrix is
a key definition in the computation of Schur’s complement.

2.2. Stabilizing control laws

2.2.1. Free external delay system. Assume that S, Eq. 1, is now
forced as follows:

(S1): &(t) = Ax(t) + Aoz(t — h) + Bu(t), (8)

where u € R™ is the control vector and B € R™*™ is the control
matrix. Lemma 2 and Remark 1 directly imply the next result. '

Lemma3. System S;,, Eq. 8, is asymptotically Lyapunov stable
for the control law

u(t) = Kz(t) + Koz(t — h), (9)

where K and Ky are m X n constant matrices if Lemma 2 stands
with the changes A — (A + BK) and Ay — (Ao + BKj). In
particular, the closed-loop systemSI'J‘, Eqs. 8-9, is asymptotically
stable if (A4+ BK) and (Ao + BKy) are strictly Hurwitz matrices.
Stabilizing matrices K and Ky exist provided that (A, B) and
(Ao, B) are stabilizable pairs.

Note that a necessary condition for closed-loop asymptotic stability
of 5]', is its open-loop stabilizability, namely, rank [s] — A — e P A, :
B] =n,all s € D. Note also that the stabilizability of the (A, B’) and
(Ao, B) pairs reffered to in Lemma 3 means that the linear undelayed
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systems 2y = Az + Buy; 23 = Aoz + Bujy are both stabilizable un-
der linear feedback controls u; = Kz, ug = K2y for some constant
matrices K and K. '

REMARK 2. Note from Lemma 3 that the closed-loop system
S!, Eq. 8, is asymptotically stable for some linear control law u =
Koxz(t — h) if A is strictly Hurwitz and (A, B) is stabilizable. It is
also asymptotically stable for some K and the control law u = Kz(t)
provided that Ay is strictly Hurwitz and the pair (A, B) is stabilizably
under such a control law, It suffices that (4y + BKj) and (A + BK)
be strictly Hurwitz matrices, respectively.

2.2.2. External delay system. Now system S!, Eq. 8, is modified
as follows

(Sp): (t) Az(t)+Aoa:(t—h)+Bu(t)+B0u(t—h) (10)

where h and h' are internal and external positive delays. This system
subjected to the control law (9) becomes

z(t) = (A+ BK)z(t) + (Ao + BKo)z(t — h)
+BOK.’E(t—h)+BoKo$(t—h—-h). (11)

Thus Lemmas 1-2 can be extended to the use of a complex A;(s).
In Lemma 2 (ii), Condition (1) becomes E(0) = Det[A + Ay + (B +
By)(K + Kj)] # 0 while Condition 2 becomes S(s) = A;(s) —
(A+BEK)—e~"* (4o +BKy)+Bo[e " * K + e~ (%) K] has no
eigenvalues in Dy for any A; (s) of eigenvalues in Dy. These conditions
include the closed-loop stability condition, namely:

Det(A;(s)) = Det{A+ BK+e~"*(Ag+BKq)+e ' *By[K +
e~ Ky]] # 0, all s € Dy, which includes several particular cases. For
instance,

a) If the system with internal (i.e., in the state) delay is asymptoti-
cally stable, namely: Det[A+ Ao+ B(K + Kj)] # 0 and [A+ BK +

e~"*(Ap + BK))] has all its eigenvalues in D (make h' =0, By =0
in (10)), then choose A;(s) = A+ BK +e~"*(Ag+ BKj) (Lemma 2
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(ii)) which has all its eigenvalues in 50. Thus, the current system
is asymptotically stable if S(s) = —Bo[K + e " K] has all its
eigenvalues in Dy or, equivalently, if all the eigenvalues of By[K +
e "¢ K] are in Dy. In summary, if the pairs (4, B) and (Ao, B) are
stabilizable and K and K are chosen such that (Ao + B K ) are strictly
Hurwitz, then system (11) (obtained from SI',’ with the control law (9)) is
asymptotically stable provided that the following holds:

1) Det{A + (B + Bo)(K + Ky)] # 0.

2) By[K + e~ "* Ky has all its eigenvalues in Dy. In fact, notice
thatif A+ BK ) and (Ao +BK)) are strictly Hurwitz, then S I,” subjected
to (9), i.e., the free external dalay system (h' = 0, By = 0 in (10)) is
asympptotically stable according to Lemma 3. In other words, the asymp-
totic stability of (.S,) subjected to (9) is guaranteed if (S},), subjected to
(9), is asymptotically stable under the sufficient condition (A+ BK') and
(Ao + BK)) are strictly Hurwitz and 2(t) = Bo[K z(t)+ Koz(t—h)]
is asymptotically stable.

b) In the case (a), a sufficient condition for asymptotic stability of
2(t) = Bo[Kz(t) + Koz(t — h)] is that BoK and By K, are both
strictly Hurwitz. This follows from Lemma 2 (ii). Note that a necessary
condition for the absence of zero eigenvalues in these two matrices is that
the input dimension and the state dimension are coincident, i.e., m = n.

2.3. Frequency-dependent Lyapunov equations. The stability con-
ditions of Lemma 2 (subsequent results are centered in the implications
Lemma 2 (ii)) are now interpreted in terms of frequency-dependent Lya-
punov’s equations as follows.

Theorem 1. (Stability from frequency-dependent continuous and
discrete Lyapunov equations). The next two propositions hold:

(i) Sp, Eq. 1, is asymptotically stable if the following holds:
G1) E(0) # 0;
(12) §(s), defined in Lemma 2 (ii), is a stability (or Hurwitz)
matrix with respect to Dy, that is, for any positive defi-
nite hermitian (p.d.h.) matrix Q(s), there exists a unique
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P(s) p.d.h. such that
S (s)P(s) + P(s)5(s) = —Q(s), all s € Ry, (12.a)

where §*(]w) = ET(—jw), or, equivalently, Z(s) defined
in (4b) (and referred to in Lemma 2 (iii)) is a stability
matrix with respect to Ui, that is, for any p.d.h. Q(s),
there is a unique p.d.h. ﬁ(s) such that

P(s) — Z*(s)P(s)Z(s) = Q(s), all s € Ry, (12.b)

where Z*(jw) = ZT(—jw).
(ii) Assume that E(0) # 0 and Supseﬂo()\maxlz*(s)Z(s)l) < 1.
Let C(s) 2 0, s € Ry (a semidefinite positive matrix in
R — {0}) be arbitrary and of n-order. Then, there exists a
positive matrix X(.) € R™*™, all s € Ry, such that

F(C')=[g ?]20;
X(s):GS([g i]) (13)

= C(s) = Z*(s)X~Y(s)Z(s)

if and only if Zoo(s) > 0, which case X(s) = GS(Zwo(s)),
all s € Ry, is a solution where GS(.) denotes the generalized
Schur complement and Z,(3) is given by

C Zx
zZ C Z* 0
7,1(3)= VA :
0 z ¢ z* (14)

zZ C

n € Z is greater than unity,
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where Z o (. ) is the block tridiagonal matrix of infinite blocks
whose diagonal entries are all A, whose subdiagonal and su-
perdiagonal entries are Z and Z*, respectively (Z4(.) in (14)
is defined by the first n X n blocks of the upper right portion
of Z oo+ ))- :

Also, there exists a solution P(s) > 0 to (12.b) for

Q(s) =X(s) + X~ 1(s) =C(s)
=Zoo(s) ~Zm ()~ C(s), Vs€Ry,  (15)

and Sp, Eq. 1, is asymptotically stable.

Proof. Proposition (i) follows from Lemma 2 (ii), which requires
Condition (i1), and the equivalence between the continuous frequency-
dependent Lyapunov equation (12.a) in (i2) and Condition 2 in Lemma 2
(ii) (Agathoklis and Foda, 1989). Proposition (ii) is proved as follows.
Let GS[F(C)] = C — Z*X~1Z be the generalized Schur comple-
ment (or shorted operator) of the partitioned matrix F(C'), Eq. 13. The
(bounded) matrix F'(C') on the Hilbert space H of the square integrable
functions z € L? (-—oo 00) of the solutions of (1) endowed with the
norm (z,z) = f |z(jw)||?dw. Such functions are square integrable

as a direct consequence of proposition (i). Consider Z o = limp— 0o Z n
with Z,, defined in (14), as an operator on [2 (P;, H), the Hilbert space
of all sequences T = {7;}{2,, withTy = z1 inH, and 5 _ o |z <
oo and the z; gcnerated from (14) defined for any arbitrary partition P;
of Z any j € Z, for the solution z(t). First note that a positive dcﬁmte
solution X () fulﬁlling (13), all s € R verifies

£ 510 G5 A [ ]
e 7 ] 5 ) oo

Vs € Ro and, thus, F(C) > 0, any matrix C € R"*" all s € Ry
and the right-hand-side of the second equation in (13) is indeed a shorted
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operator. In the case of singular X, the positive condition will be required
as an additional hypothesis. Now, X = GS[F(C)] is a positive operator
iff Zoo is positive in which case X = GS(Z ) is a solution to the
second equation in (13) (Andérson et al., 1990). The remainder of the
proof is Sonc by assuming that P(s) > 0 exists for (12.b), all s € R,.
Define X(s) = P(s) — X~1(s), all s € Ro. Substitution of this
identity into (12.b) yields

Q) = (X7(9) + X(6)) B (&)X 71(5) + X()) 2(s). (17)

By adding (C + X) to both sides of the (17) and by taking into
account that there exists a solution X = G.S(Z ) to the second equation
in (13), it follows that

Q(s) + C(s) + X(s) = X~1(s) + X(s) + X(s)
— Z*()X (s)Z(s) + C(s) — Z(s)X () 2Z(s) =
Q(s) = P(s) + X(s) — 2*(s)X(s)2(s) — C(s)
= X(s) + X7U(s) + X (s) — Z*()X (s)Z(s) — C(s), (18)

since P(s) = X~1(s) + X (8). Substitution of the second equation of
(13) into (18) yields .

Q) =X71(6) - 29X 1 (5)2()
+X(9) - 2° ()X ()2(s), (19)

which is positive definite for any X’ € R™*" ,all s € R provided that
Amax(Z*(38)Z(s)) < 1, all s € Rg’ The equivalence between (12.b)
and (19) yields a unique solution P(s) > 0 to (12.b) from Proposition
(i) since Q(.) > 0. The proof is complete.

Note that Eq. 12.a is the continuous Lyapunov equation while
Eq. 12.b is the discrete Lyapunov equation whose existence of a solution
is dealt with again in Theorem 1 (ii). Extensions of proposition (ii) to the
continuous Lyapunov equation (12.a) can be done althouhg they are more
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involved. Tests for the existence of a solution to X = C — Z*X~1Z
leading to the existence of a solution for (12.a) can be obtained by com-
bining several results in Anderson et al. (1990) and Theorem 2 as follows.

Theorem 2. The next propositions hold:

(i) Let F(C) > 0. Then, range(Z) C range(Xl/Z) and there is
a unique matrix M satisfying the following three conditions:
i) Z =X1?2M,

(i2) Ker(Z) = Ker(M),
(i.3) range(M) C range(X),

and this matrix satisfies
X = GS[F(C)] =C-M*M.

(ii) For any n-vector c,

(@siF©),e) =t (FO)[7]. ],

and, futhermore,
GS[F(X)] = sup{X : Diag (X : 0) < F(X), 0 < X}.

(iii) Assume that E is a positive matrix, partitioned as

E1 1 E12 E13 E E13
E=|E; E; Ey3|= Ey;
E;31 Es; Ess E;; E3; Ess

Let GS,(E) denote the shorted operator of E to the upper 2 X 2
block, for example in the invertible case, G S2( E) may be written

GSz(E) = E - [EiI:; : Eg;]TE?:;l [Egl : E32].

Then GS(E) = GS(GS2(E)).
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(iv) Given C > 0 and

_[cj2 2z
Y”[z 0/2]20’

then Zoo = liMp—oo Zn = 0 in (14) and a solution X > 0
exists for the second equation in (13). If E(0) # 0 and Q(.)
is defined by (15), the S, is asymptotically stable provided
sup, e, (mae|Z°(5)2(5) < 1)

(v) Ifin proposition (iv) C' and Z are both positive (and hence Z =
Z*), then Zoo = 0 if Y > 0. If, in addition, E(0) # 0 and
Q(.) is defined by (15) for all s € Ry, then S is asymptotically
stable.

Note that Theorems 1-2 can be easily extended to deal with stability
of the closed-loop systems (8)—(9) and (11) obtained by linear feedback
and eventually subject to external delays. Such an extension can be per-
formed by modifying the matrices A and Ay of (1) by including the
controller matrices K and K. Note that the usefulness of Theorem 2
(i)-(iii) lies in checking the positiveness of GS(F(C')) for some matrix
C > 0 so that the existence of a solution X to (13) is guaranteed. This
implies the existence of a solution to a particular discrete Lyapunov equa-
tion (see (12.b) and (15) and see Theorem 1) so that S'p is asymptotically
Lyapunov stable.

3. Distributed delay systems
3.1. Stability. Consider the different system

h
(Sa): #(8) = Az(t) + / L0zl — )6,  (20)

where z(. ) is an n-vector initilized on [—h, 0] by an absolutely continu-
ous function [—h,0] — R™, A € R"*" and A¢([—h,0],R"*") €
L(—h,0).
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From (20), the characteristic equation of S is
Det[s] — A — Ao(s,h)] =0, (21)

where Zg(s h) = foh Zo(a)e—‘”do A particular case of interest is

when Ag(6) = e4o? with A) € R™". In this case, the particular
system S% of Sj is glven by (20) with

h
Ag(s, k) = e4o?e =03 g

h
elAo=oDgg — / A9, (22)
J |

I
°<\v o\.

since the series Y o_, A AK K /K! converges uniformly to the function

eAt for all real t, Eq. 22 can be rewritten for all s not being an eigenvalue
of Aj as

k L g—
2 A o <. [ A 6k
Ao(s,h)_/z o d€=}:/ —db
0 k=0 k=00
o Tkpk+1 | pk+lpk+l
=Z(k+1)' =4 12A(/Yc+1)
k=0 ’ k=0
QAR [°° A pk ]
=4 Z = -
k=0 k! k=0 k!
= (4 — sI)™ (el46=2Dh _ ) (23)

Thus, the characteristic equation (21) reduces to

Det |[sI — A — (sI — AL)™1(I — <A'o-”>h)]=o. (24)
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Define the matrix function Ao (s, h) = eP*Ay(s,h) which, in the
particular case (22), becomes N

Ag = Ao(s, h) = e"*Ay(s, ) = (sI—A}) (e T—e4oh). (25)

The characteristic equations (21) and (24) can be rewritten, respec-
tively, as '

Det[s] — A — €™ Aq(s, h)] =0, (26)
and - ’
Det[s] — A — e~ " (s — AY) Y (P T — AP =0.  (27)

Thus, Lemma 1 remains valid with the change A¢g — Ag(s, h) so
that Eq. 3.a becomes

sI—A—e ™ Ay(s,h) = (I - ZIAI)(zzz — 5(z1j) =0 (28)

for z; = 57! (s #0), zo = s and A; being an arbitrary n X n-matrix
with |

S(z1) = S(1/s) = s(Ay —sI)"} (A1 — A— e~ " Ay(s,h)) (29)

with Ag(s,h) = eP*Ay(s,h), Ao(s,h) = foh Ag(6)e=% db. In the
particular case of (22) and (25), one gets

S(z1) = S(1/s) =s(A1 — sI)™ A1 — A —e " (sI — Ap)™*
x (eI — eAoty], (30)

and S(s) in Lemma 2 (ii) becomes
S(s) = (A1 — A— e Ay(s,h)) (31)
with Ag(s,h) = [ Ap(8)e=?*df and

5(s) = [A1 — A—e7M(sI — AY) (P T — eot)].  (32)
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In both cases, a strictly Hurwitz matrix A;(s) (i.e., Det A;(s) # 0,
all s € D) can be considered. The next results stands.

Lemma4. Lemmas 1-2 and thus Theorems 1-2 apply mutatis-
mutandis for system S4, Eq. 20, (including the particular case of
system S Eq. 20 and 22) provided that Aj is nonsingular and
E(0) = —Det(A + Ao(s,h)) # 0 (Or, in particular, E(0) =
—Det(A + Aa—l (I — eAiJh)) # 0) subjected to the definitions
Egs. 29-32.

3.2. Free external delay system. Assume that Sy is forced with free
external delay as follows

’ h
(S1): #(t) = Aa(t) + / Ao(0)a(t - 6)d6 + Bu(t), (33)

where u € TR™ and B € IR™*™ are, respectively, the control vector
and control matrix.

3.2.1. Stabilizing control law. Assume the control law
h
u(t) = Ka(t) + / Bo(8)a(t — 8) d6,
0

where K and K’O(.) € R™ ™. Define K¢(s,h) and I\y(s,h) as
follows

h
Ko(s,h) = e " Koy(s,h) = /K’o(e)e_es dé.  (35)
0

As in the control law (9) for S, particular control laws may be obtained
from (34) (see Remark 2.).
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The closed-loop characteristic equation associated with (33)-(34) be-
comes:

Det[s] — (A + BK) — e™"*(A4o(s, k) + BKo(s,h))] = 0, (36)

which cannot have roots in D in order the system to be asymptotically
stable. Lemma 3 applies to this characteristic equation with the change
(Ao + BKy) — Ao(s,h) + BKy(s,h). In particular, the closed-
loop system is asymptotically stable if (A + BK) is strictly Hurwitz
(which requires that the pair (A, B) is stabilizable) and Det [Aq(s, h) +
BKq(s,h)] #0, all s € D.

In the particular case S, Eq. 22, and provided that

h
Ko(s,h) = /e<K6-’f)9d0 Ko, (37)

0

and Aj and K| are n X n and m X m nonsingular matrices, Eq. 36
becomes

Det{sI — (4 + BK) — e [(sI — AL L (ehoT — Aok

+ B(sI — K})™! (1 — eKé")]Ko} £0, Vse D (38)

and the results of Sections 2-3 can be again applied.

3.3. External delay system. Assume that the closed-loop system
possess an external delay A’ > 0, namely:

h
(S : d(t) = Ax(t) + / Ao(8)a(t — 8)d6 + Bu(t)
0

.
+ / Bo(8)u(t — 6)de, (39)
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where ﬁo( .) € R™™ and is subjected to the control law (34). The
closed-loop system becomes

h
z(t) = [A + BK]z(t) + / [Ao(6) + BKo(8))z(t — 6)dé

0

1% h _y
+v/§o(0)' Kz(t—0) + /I?O(T)x(t — 0 —1)dr| d6.(40)

and the condition for asymptotic stability is
ko ' B
Det{sI + BK) — / [40(6) + BEK,)] e db — / Bo(0)Ke™* db
0 ' 0

B
0

In the particular case of (22), one has

h
/ Bo(6)Ko(r)e~ 0+ deG} 40, VseD. (41)

0

Ko(s,h) = e(Ko=sD8qg | Ko

/h

[0 | )
) .'h/ B (42)
Bufs, ) = | [+ %=*D%as) B,

0

where K, and By are m X n and n X m matrices, respectively while
K| and B{ are m X n matrices. In this case, Eq. 41 becomes modified
as follows

Det{sT — (A + BEK) — ™ [(sT — Ap)7}(eP*T — e*oh)



M. de la Sen 403

+ B(sI — K}) 1T — XoM)K,

+ et (sI — BY)TH(I — elBomeDty

X Bo(sI — K))™1(I — 5o DMK,

+eh*(sI — BY)~Y(I — e(Bo=*D¥) By K] } £0 (43)

for all s € D. Again, results of Sections 2 and 3 apply to the char-
acteristic equations (41) and (43) with the changes A — A + BK,
Ap — Ao(s,h) and E(0) obtained from Det[s] — (A + BK) —
e~*¢ Ay (s,R)]|s=0- In particular, the necessary condition for stability
E(0) #0is

E(0) = — Det[A + BK — A"y (I — oty
—~ BK'7HI - 5oMKy — B'5 1 (I — PP \K
+ B3I — P MBo Ky (I — XM VK] # 0, (44)
provided that n X n-matrices A( and B}, and the m X m matrix K| are
nonsingular. Thus, a set of particular conditions (which imply together

that Eq. 43 has all its roots in D, namely, for (S"'), Eq. 39, subjected
to distributed delays fulfilling (22), is asymptotically stable is (Lemma 2
(i1)).
(a) E(0) # 0 (Eq. 44); Aj, B} and K| are nonsingular;
() (A+ BK) is strictly Hurwitz (Note that it always exists a stabiliz-
ing K provided that (A, B) is a stabilizable pair) and Det[A¢(s, A,
h")] # 0, Vs € D, where

Ao(s, k) =(sI — Ab)~1 (eI — eoh)
+ B(sI — K})~Y ("I — KoMK,
+ehs(sI — B))~H(I - e(Bg—sz)h)
x Bo(sI — K})™1(I — eEo—sD¥ ey
+ et (sI — BY) V(I — eBo~sDM B K. (45)
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REMARK 3. Note that Lemmas-1-3 and Theorems 1-2, related to
sufficient conditions for asymptotic stability apply to the various classes of
distributed delay systems (Sq, S}, S4,Sy') and its closed-loop versions
for the given control laws with the only appropriate modifications of

E(0),S(s), Z(s), A and Ao(.)

3.4. Mixed point-distributed delay systems. Consider the au-
tonomous system

h
(Sm) : () = Ao(t) + Aoa(t — ho) + / o004 _ 6)d (46)

under the initial conditions given for systems Sy, Eq. 1, and S}, Egs. 20
and 22. hg and h are positive point and distributed delays, respectively.
Eq. 46 can be extended to use of a matrix function Ag(6) of entries
of bounded variation as in Section 3.1 (see Sg Eq. 20). System S,, is
asymptotically Lyapunov stable iff

Det[s] — A — e "°4,
— (sI — Ap0™H(I — eAo=sDM)] oL 0, Vse D. (47)

This condition can be splited in two, one being related to the static
conditions through E(0) = —Det[A + Ao — Ay~ (I — 664”’)] # 0,
provided that A} is nonsingular, and another one related to the fact that
the roots of the corresponding S (s)-matrix (obtained as in Lemma 2)
must belong to Dy In this way, the generalizations of Lemmas 1-3 and
Theorems 1-2 to S}, is inmediate. Their extensions for results on closed-
loop stability are also direct.

4. Mixed point-distributed delay systems with extended differen-
tial-difference representations. Systems with commensurate delays

4.1. Mixed point-distributed delay systems. First, system S,
Eq. 46, having mixed point-distributed delay is interpreted as a mixed
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differential-difference delay system. Taking Laplace transforms in (46)
with zero initial conditions, one gets

[sT— A—e~ho® Ay — (T— o™ DM (sT— ALY (s) = 0. (48)

Define the auxiliary variable z1(s) = (sI — Ay)~1z(s). Thus, we
have in the time-domain the next differential 2n-system which has the
same characteristic equation (48) as S, Eq. 46:

(S1,) : z(t) =Az(t) + Aoz(t — ho)
+ (I —e®oMi(t) — z1(t— h), (49.0)
z1(t) =Abzy () + z(t) (49.b)

with appropriate initial conditions. On the other hand, it is possible to
rewrite (48)—(49) in operational form as follows

A(s) — 140 (e%h — D)+ 251
—I sI— Al

et =10) (50)

where z; = e"0%; 2z, = ¢~"* and .;1\(5) = sI — A. Note that
E(S, 21, Zz) =

_ A(s) — 2140 (efoh — )+ 21
_Det[ = N £0  (51)

for all (s, 21,22) € D x U x U, for asymptotic stability. Direct calculus
with Schur’s complement in (51) gives

E(s,21,2;) =Det(A(s) — 2, Ag)Det(sI — Z (21, 22)) (52.0)
=Det(A(s))Det(I — z;, A1 (s)Ag)
),

x Det(sI — Z(z1, 2) (52.b)
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where Z(z1,22) = A{ + (27 1A(s) Ag) (21T — eAoh) — 1]
Note that (52) can be rewritten, by eliminating the complex argument s
in the second factor of (52.b), as

E(s,z1,22) =Det(sI — A)Det(I — zlz_l(—l/ho Inz1)Ao)
x Det(sI — Z(z1,22)). (53)
The following result follows from (52.b) and (53).

Lemma 5. S, is a,symptotwa,lly stable if the following condi-

tions hold

(.1) A has all its eigenvalues in D.

1.2) A\_l(—l/ho In z1)Ap has all its eigenvalues in U
(or E‘l(s)Ao has all its eigenvalues in U forall s € R).

1.3) . Z(21 ,22) has no eigenvalues in D for all (21,22) € TXT (or,
Z(Zl) = Z(Zl, zZ9 = ZleAh/holnzl) for Ah = (h ho)
has no eigenvalues in D for all z € T').

Thus, Lemma 5 gives sufficient stability conditions in the sense that
E(s,z1,22) # 0in D x U x U (i.e, the characteristic polynomial is
void of zeros in the non-compact hyperplane composed of the closed right
half-plane and the two dimensional closed unit disc. This zero criterion
is stronger than the asymptotic stability condition (47) of Section 3 since
D x U x U has more points than D x exp(— D) x exp(— D). Therefore,
the stability results based only on this zero criterion are more conservative
than those given in Section 3 Agathoklis and Foda (1989).

Frequency-dependent Lyapunov equations and the associated stabil-
ity conditions follow inmediately from (52)-(53) in the same way, as in
Section 2-3 (see Theorems 1-2 and Remark 3).

Now, assume that S . Eq. 49, is substituted by:

(Se): z(t) =Aoz(t — ho)
+ (I — e h)xl(t) —z1(t — h) (54.a)
21(t) =Apz1(t) + z(t) (54.b)

This system is called a point-commensurate delay system because it
involves mixed differential-difference equations. The particular case dealt
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with in Agathoklis and Foda (1989) can be equivalently described by a
differential equation involving point delays.
The characteristic equation implies that

E(5,21722)

I—214, (eAoh =)+ 21
Sl FC

all (s,21,22) € D xU x U for z; = e~ 05 25 = e~ "% in order S,
to be asymptotically stable.
Note that

= Det

E(s,21,22) = Det(I — 21 Ao)Det(sI — Z(z1,22)),
where
Z(21,22) = A(z7MT — Ag) ™ [z (I — eo?) — 1].
Thus, the next result stands.

Lemma 6. System S. Eq. 54 is asymptotically stable if the
following conditions hold
4.1 4 has all its eigenvalues in U.

(.2) Z(z1,22) has no eigenvalues in D for all (z1,22) € T X T (or
2(21) = 2(2’1, zg = ZleAh/holnn)’ Ah = (h - ho), has no
eigenvalues in D for all z1 € T).

Assume that hg = h so that z = 21 = z2 = e~ " so that
E(s,z) = Det(I—zAg)Det(sI—Z(z)) and Z(z) = Ap+ (271 I—
Ap)1 [z—l(I——eAgh)—I]. Thus, asymptotic stability is guaranteed
by modifying (i.2) so that §(z) has no eigenvalues in D for all
z € T. If Ay = 0 in (54) (namely, there is a point delay only), then
the result holds with 2(2) = (271 - Ap) 1.

REMARK 4. Note that the use of Schur’s formula in (55) for S,
leads to

E(s,z1,22) = Det(I — 21 Z(s))Det(sI — Ap), (56)
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or the modified expression corresponding to (52), where Z(s) = Ao +
[z{l(I — eAah) — I)(sI — Ay)™!. Thus, an equivalent criterion for
asymptotic stability to that in Lemma 6 is: Aj, is strictly Hurwitz and
Z(s) has all its eigenvalues in U, all s € R.

As in section before, Theorems 1-2 can be applied to derive condi-
tions for the determinant Eq. 56 to have all its zeros in D X U leading
to frequency-dependent Lyapunov equations. Note that Lemma 1 (ii) ap-
plies “mutatis-mutandis” and so Theorem 1 (i) (as much as Eq. 12.b is
concerned) and Theorem 1 (ii), and Theorem 2.

4.2. Commensurate delays. Note that if A} = 0 and h = hy =
2 =21 = z; = e~ "% then the characteristic Eq. 55

|
y =[E1: Eo]x

(57)

with x = [a:lT : zg]T and appropriate matrices of parameters E ;.

Eq. 57 describes a delay differential system with commensurate delay
which is given by the functional differential equation

a " d
;i‘t;y(t) +> Z Cij Et_"y(t —Jh) =0, (58)

=0 j=0

whose autonomous 2-D state-space model is, in general, an extension of
57 to
wl(t—}-h) — Ao A] .
T2(t) Ay Az’
some 4; € R"*" (1=1,2,3,4).

(39)

5. Stability and the CBR and DPR lemmas. In this section, the
stability interpreted in terms of real positiveness of a square matrix. First,
the next definitions are borrowed and extended from Agathoklis and Foda

(1989).
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DEFINITIONS. (1) Let Z(s) be a square matrix over R(s). It is
called continuous strictly bounded real (CSBR) if the following holds:
(i) Z(s) is analytic in D;
() I —Z*(s) Z(s) >0, all s € R. (60)
If (i)-(ii) stand only on Dy and Ry, respectively, then Z(s) will be
called continuous bounded real (CBR).
(2) Let S(z) be a square matrix over R(z). It is called discrete strictly
positive real (DSPR) if the following holds:
(i) S(z) is analytic in U.
() S*(z) +S(z) >0,all s € T. (61)
If (i)—(ii) stand only on U; and T, respectively, then Z(s) will be
called discrete positive real (CPR).

REMARK 5. As pointed out in the above reference, the CBR matrix
definition compared to Theorem 1 (i) leads to the implication from (60)
to (12.b) provided that this one is extended to all s in R and admits the
constant solution P = f*f over R. However, the converse is not true.

REMARK 6. Note that condition 2 in Lemma 2 (ii) can be rewritten
as S(z) = (A1 — A — zAp) with z = e~"*. Thus, the fact that S(z)
has no eigenvalues in Dy for all z € T can be described in terms of
a discrete frequency-dependent Lyapunov equation as follows; g(z) isa
stability matrix with respect to Dy if for any p.d.h. @(z), there exists a
unique p (z) being p.d.h. such that

5'(2)P(2) + P(2)S(2) = =Q(2), all z€Ti,  (62)
which is equivalently to (12.a).

REMARK 7. As a direct consequence of Theorem 1 (i) and Remarks
4-6, it follows that Condition 2 of Lemma 2 (i) for S, can be tested
through Eq. 12.b (Theorem 1 (i)) an similarly, guaranteed if (60) holds.
Alternatively, it can be checked under (62) or (12.a) and guaranteed if
(61) holds. Similar arguments can be used for the various open and
closed-loop delay systems which have been dealt with in this paper.

Lemma 7. The following propositions hold:
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(i) (CBR lemma). Suppose that the quadruple {F, G HT J}
is a minimal realization of Z (s) Eq. 60, i.e. 5

Z(s)=HT(sI - F)"'G + J. (63)
The, Z(s) is CSBR iff there exists P p.d.s. such that

JTJ -1 (PG+HJ)T .
- @i=\peirHI FTP+PF+HHT| 0, (64)
(i.e., @1 is n.d.s.). Eq. 64 holds with @ < 0 iff Z(s) is CSBR.
(ii) (DPR lemma). Suppose that the quadruple {F,G,HT, J} is
a minimal realization of Z(s), Eq. 61, i.e.,

S(z)=HT(z7'I - F)"'G + J. (65)
Thus, S(z) is DSPR iff there exists P p.d.s. such that

FTprp—p FTPG-H
Q= prpg_my7T ¢TpG-J—g7|<0 (66
Eq. 66 with “<” (i.e., @2 is semidefinite) iff S(z) is DPR.
The next result stands as an alternative to Theorem 2 (iv)—(v).

Lemma 8. Condition (i2) of Theorem 1 (i) is ensured if S(s)
is CBR (Definition 1) or alternatively and equivalently by S(z =
e "*) being DBR (Definition 2) (see Remarks 5-7). Thus, Sy,
Eq. 1 is asymptotically stable if Condition (i1) of Theorem 1 (i)
holds.

REMARK 8. Note that, according to Lemmas 3-5, and Remarks
4-5, Lemma 8 applies “mutatis-mutandis” for systems Sg4, S}, S5, SY',
Sy St S,y Se and S, as well as for their closed-loop versions through
the appropriate changes in the various matrices of parameters.
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6. Iterative computational procedure. Note that Z, & 0 — Zoo
strongly and that Zoc > 0 <= Z, > 0 for all n. Formally define
Z oo 12((H) — I?(H) by

= ~ Cz1+ Z*z, 1=1
Z(C)T); =< 5~ 2 . ’ 6
A b - U S N C)
where H is discrete Hilbert space obtained from initial conditions in
‘H (i.e., the initial state vector — see Eq. 12.b) and the application of
(67). Let Z, = [Z;0;...;0] ablock 1 x n partioned matrix and let
Z s =1[Z;0;...;0]. Thus,

A _| ¢ Zz,
Zn(C) N [Zn—l Zn—l:l ’
C Z: (68)
If Zoo > 0 then let M., (namely, the operator of Theorem 2)
be such that Z . = ZZZMOO and GS(Zo(C)) = C — M2 M.
Similarly, for Z,,(C), define My,—y, Zp—1,2Z_, and GS (Z,(C)) =
C—-M;_ M,_;.

Define a sequence of positive operators

c z
Xo=C, X1=GS<[Z XOD,

c Zzx
Xn+1:GS<l:Z Xn}>7

X, — X strongly in the strong operator topology and the shorts of the
upper-left hand n X n blocks of an operator converge, in the strong opera-
tor topology, to the short of that operator (Anderson et al., 1988), namely,
X, - GS(Z,C)) as n — oo strongly so that GS(Z,(C)) — X
strongly in that topology.

(69)

Conclusions. This paper has presented a method to derive sufficient
conditions for asymptotic stability of linear and time-invariant systems
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involving delays. Several cases have been considered by including point,
distributed, mixed point-distributed and commensurate delays. The stabil-
ity criteria are based upon the use of mixed Laplace and delay operators in
2-D and 3-D state representations which lead to (sufficient) conditions for
asymptotic stability stated over biplanes or hyperplanes through the use
of Schur’s complements of operators. An interpretation of those stability
conditions is given in terms of frequency-dependent Lyapunov equations.
Such conditions can be tested by using an iterative procedure involving
the use of (generalized) Schur’s complement for operators.
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