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Abstract. This paper is devoted to research aspects of the convergence rate
of conservative difference schemes (d.s.) with time-adaptive gridsin cases, where
a space grid is irregular and the third boundary-value problem is considered for
one-dimensional linear parabolic equations. The unconditional convergence of
created d.s. is proved in a C-metric at the rate o(h3++1/?)
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Introduction. Unconditional converged conservative and
non-conservative difference schemes (d.s.) with time-adaptive grids
were constructed (Matus, 1990; 1991; 1993) for the large-scale set
of mathematical physics problems. Numerical simulation of the
problems with singularities in a solution demonstrates a high-level
efficacy of numerical methods of this type.

The analysis of theoretical aspects (stability, convergence) of
d.s. with time-adaptive grids is a non-trivial problem even in the
linear case (Matus, 1991; 1993), because in this case it is impossible
to use well-known a priori estimates of Samarskii (1977). The lat-
ter circumstance is explained by the fact that methods, discussed
above, may be transformed to d.s. with variable (and, in addition,
discontinuous) weights defined for the whole grid of nodes.

The aim of this paper is to generalize the results obtained by
Matus (1993) both to the case of an arbitrary grid of nodes &n
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(with weaker requirements to smoothness of a differential problem
solution) and to the case of parabolic equations with boundary
conditions of the third type.

1. Statement of the problem. Let us preliminarily intro-
duce necessary designations. There is a finite number of lines
z==z,, v=201,...,1, in the 5,0 ={0<z< L, 0<t< to} re
gion, which are parallel to the axis Ot, and z,, < z,, for Vu; < vj. .
Designate

A, =, x(0,t) = (:c,, <z<zyy1, 0<t sto),

v=0,1,...,1—-1, zo=0, =z,=1L;
Vo—l

Q=2 4, A, =(z<z<n4, 0<t<t).

v=0

Now we can formulate the first boundary-value problem for a
linear heat conduction equation

%‘t‘ - a%(k(z, t)%) +5@1), (2.) € Qu, (1.1)
0 < k1 < k(z,t) < k2, ki, ky = const, (1.2)
u(z,0) = uo(z), u(0,t)=p(t), u(L,t)= pat). (1.3)

We suppose the next sentences about the exact solution of 1 he
problem (1.1) — (1.3) u(z,t) and functions f(z,t), k(z,t) are true:

1°. The functions k(z,t), f(z,t) can have the first type breaks
for lines z'=z,, v=1,2,...,y — 1. Conjugation conditions, fulfilled
for each break line, are:

[u]lzv = u(zy +0,t) —u(z, - 0,t) =0,

5

. =0, V=1,2,...,1/0-—1.
2°. Outside of break lines z = z, the functions u(,t), k(z,1),
f(z,t) have all necessary bounded derivations that will be necessary
for future discussions.
Let us remark that some aspects of an existence and unique-
ness of the solution of the problem (1.1) - (1.3) under given as-
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sumptions for a smoothness have been investigated by Samarskii
and Fryazinov (Samarskii, 1960; Samarskii and Fryazinov, 1961) .

2. Creation and realization of d.s. Let us introduce an
irregular (non-uniform) space grid ’

on={zi=zi1+h; i=12,...,N, 20=0, zy = L},

that all break lines z = z, pass over nodes of &p. Besides, we con-
sider the following two types of a time grid — with time steps equal
to r and r = 7/p, respectively (p > 1 is an integer):

Wy = {tJ' =jr, j=0,1,..., o, ‘rjozto},
Wry = {tj+a/P:(j+a/p)T! a:O,l,...,p, j=0)1y~--;j0—1}~

We suppose a priori that we can find a good enough approxi-
mate solution in the domain

5’2: {(zi,t5) : m{ Sismé, a=01,...,p m{ >1, m{,<N—1}

by applying the small time step 7o only. But it is possible to use
the big time step 7 in the area & = ©p,,\&} without an essential
precision reduction (see Fig.1).

£ 1
t.

j+2

}'ro—'r/p

t : ‘ '

jaa . .

) , .

t. ! i 5 . i .

J ] ] 3 . X,

Fig. 1. Time-adaptive grid.

We want to construct conservative d s. of uncondltlonal sta-
bility which would permlt to calculate a numerical solutlon of the
initial problem for a = 1,2,...,p — 1 in the domains wz only, j =
0,1,...,40 — 1, and outside the adaptation zone - for integer time
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layers t; only. That makes it possible to substantla.lly reduce the
total amount of computation in cases m) — m} < N. Remark that
practical approaches of interpolation or extrapolation in solving
this problem lead to correlations between h and t (conditional sta-
bility).

Using the integral interpolation method the initial problem is
approximated by the diﬂ’erence‘qnev

Yia = ((ayt)(au))t + ¢(Va)’ i= 1’ Tt N - 1’ (21)

% = uo,, Ya)o = b1ltirasp)s  Ya)N = M1(titasp); (2:2)

where:

Yt,a = (y(or) - y(a-l))/TO; y(a) yJ+ olr = y(tn J+a/p)

[0 3-—12 ,m1+1m2,m2+1 N—l, :

= ) 14 2.

Oa {,, i=mi+2,...,mi-1, ( 3
p(@a) = Oad(a) + 1a- aa)v(;,_‘l), o = const >0,

and template functlona,ls a,p are defined in the usual way (Samars-
kii, 1977)

- h,'f(z,-:— O,tj) +‘hi+1f(1?i + 0>tj)

a = k(zi-0s,t;), 24;
(]

K= 05(hi + his).

Other designations are taken from Samarskii (1977), too.

The realization of d.s. with a time-adaptive grid in the case of
a regular space grid w; is detailed-in-(Matus, 1993). Now we will
briefly describe our computation process organization. meg to
Lemma 1 (the lemma on the algebraic equivalence of d.s., Matus,
1990), difference equations (2.1) may be written in the form

() = ¥/ (@m) = ((aze)s Py @DED,
!Iia = ((Gya)("")) +¢("’) (z,8). €@ -

o

‘This dss. " amourits to a system of three pomt a.lgebralc equa-
tions for ‘each fractional time layer o = 1,2,...,p; the coefficients
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of these equations are independent of y(_;) values for (z,t) € G{;
sufficient conditions of the pivot method stability and d.s. conser-
vatism conditions are satisfied. Therefore, by using the opposed
pivot algorithm, we may calculate an unknown function y(q) in the
adaptation zone & only for a = 1,2,...,p— 1. When a = p the nu-
merical solution must be found for all z; € &n by the usual mode.

REMARK 1. If we apply ordinary implicit conservative d.s. to
the genera,l case, 8Np arithmetical opera,tlons are necessary to com-
pute an approximate solution for ¢; < ¢ < t,+1, t € wr, (Hockney
and Estwood, 1987). Since we don’t calculate a solution of a dif-
ference problem for a = 1,2,...,p—1in the region G{, that makes it
possible to save 2N (p — 1) operations, if m’2 —m} € N. For instance,
ifp>5, the total economy of arithmetical operations is 20%. For the
non-linear case this economy may be even more significant, because
of the iteration process used (Matus, 1990).

3. Stability. It is possible to show that a conservative d.s.
with homogeneous boundary conditions belongs to the so-called
"initial family of d.s.” (Samarskii, 1977) for any coefficient k(z,t)
that is Lipshitz-continuous with respect to time with some constant
co. In that case the sufficient stability condition

B(t) 2> 0.5m0A(t), ¥YtE€wy,
is true for
tg < c;l’ Ou }b’o, ' 170 __05+-,—oco/2

And by virtue of Theorem 12 (Sa.ma.rskn, 1977 page 377), the a
prlon estlma.te h :

uy(a)nA,-', <M (nyouA.,., +u¢euA-; + H‘P(a—x)",r‘

Cjmtpt = -
+ 3 S nlatex; s u+zro||(A «a);,,ku) @)

j'=0k= 1‘ ) k=1

S A
Lo i

holds.
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Here

Nyalli._, = (Aae1¥(ay Ya))s = — (6 ya)z) > Uw)),

N-1
o) = ) hagivi, Iyl = (v, 9).,
i=1

Ajje = Altjsrsp), My = et

4. Approximationkerror and convergence. Substituting
y = z + u into (2.1) — (2.2), we obtain the problem for the method
error

2o = ((azf)(da)),:- + 'p(a—l)) (41)
=0, 2a)0=zan =0, (4.2)

where (Samarskii, 1977) we represent the approximation error
Y(a-1) in the form

Ya—1) =M(a-1) + M2(a-1)¢ T Yi(a-1), (4.3)
N(a=1) =70 ((¢a — 0.5)(auz)s,a) = O(70), (4.4)
Ta(an1) =(ate)gy) ~ (k)G |

S +0.125h3(5 - fYFCIP = om? +43),  (45)
P1(a-1) =O(h? + 70). (4.6)

Unfortunately, we cannot use the a priori estimate in negative
norm on the right-hand side of (3.1) to find the accuracy of our d.s.,
owing to the dependence of o, on a grid node (z;,tj1a/p), Mia =
O(1). On the other hand, since the initial solution is not smooth, we
cannot apply all the variety of a priori estimates of Matus (1993).
Matus (1993) investigated the convergence of conservative d.s. with
time-adaptive grids in the case when the space grid wj is regular
and there exist high order limited derivations. In addition, it ought
to be noted that, because of a discontinuity of the weight function
0a in the nodes where the reglons w{ and w’2 Jom, both the local
approximation

d’(a—l) = O(’i + 70 + Toh” ),
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and the error in the norm L,
”1/’(0‘1)“112 = O(ﬂ + 19+ TOH—I/?)

are only of conditional type,
We apply both the scalar product (y,v). (see above) and next
definitions for the proof of convergence:

N B o
(9,01 = Ehiyivi: it = (v, 9l ‘\Hz(a)llf = (a(a), Zga)fl,
i=1

Q(a)(v) = Haéé?v(a)f + a{a!)/znZ(a)”z’ ' Q(O) = jS Q(p) = Qj+1,
lvlle = Jax, lvel, h= 1I<r§_a‘n:Nh.-.

Theorem 4.1. Let u(z,t), k(z,t), f(z,t) satisfy conditions 1° —
2%, then, for 0 2 0.5+¢, 0 < € < 1, conservative d.s. (2:1) —(2.2) un-
conditionally converges in the c-metric such that for small enough
n<7tsandalle=1,...,p, =0,1,...,j0—1 the following estimate

lzelle < e(h? + '),
holds, ¢ = const > 0 is independent of h;, 7o, Y(a)-.

Proof. Multiply (as scalar) both parts of equation (4.1) by
27027, and consider the scalar products separately. It is evident
that

27'0(zf,m zf,a)‘ = 27'0”2?,01"2-

Applying Greens’ formula, modify the expression

270(21,a, ((a22)°)) ), = =270 (222,00 (a22)°~))]
= —|lz(a)lf} + ll2(a-1)lI — 273 (00 = 0.5)a(ay, 77s,q)
+ 70 (q:’,m z(za_l)z] + zrg(zt'l,m (1 - Uﬂ)at—,az(a—l)i] .
Using Cauchy-Bunyakovskii’s inequality, and the e-inequality, we
have
2"'0”‘7?@”2 + 21'02 (("a -05- 5/4)“(a)r zig,t,oe] + “z(a)”%
< (1+ ne))llza-n)ll} + 270(27,00 Y(a-1))es
c1 = co(l + 4eorge~ (p — 1)?).
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Taking into account (4.3) — (4.6) and using the summation by parts
formula, Cauchv-Bunyakovskn lnequahty, and the e- mequality, we
arrive at

219(2,00 Y(a-1)x = =270(2i0r M(a-)]+
+ 270270y $1(a—-1)+ — 270(2i5,00 M2(a-1));
—279(212,a, 771(a-1)] + 270(25, 4, ¢1(a—1))- < (5/4)7(?(“(0)’ ztg:f,a]
+ 2702, o+ "'6(4(7’5‘71);1'”'71(01-‘1)]!2 + 0'5“'/)1(a—1)”2){
—270(282,0 M2(a-1)] € _2(z(a)£;'72(a)] + 2(2(a-1)2: T2(a-1)]
+ 270/l 2(a-lf? + (6/4)73 (a(ay, Es.0] + Tocs|In25] 7,
c3 = (1 + 875)/(2k,1).

By the use of ‘ |
"¢2(a-e1)”2 = 4(T0€k1) 1||'71(o:~~1)]|2 + 0. 5||¢1(a-1)||2 + Cs“’lz: ol
we obtain the followmg 1nequahty k
273 ((0a = 0.5 - 6/2)%), 2, a] + Q(a)(Z)

Q(a—l)(Z) + meal| e} + I|a(a) 772(a)]| _
Ilﬂ(a_l)'lz(a-,;)]l /+ TO”;\'A2(¢1:—.‘1)“ , ez=c+2.

Applying the condition of the theorem o > 0.5+¢ and (4.5), we find
Qay(z) S (1 + TO¢4)Q(¢-—1)(z) + oll¥a@-nll’s . (47)

where
llif’a(a—l)ﬂ2 = 4(roeks)” 1||711(a—1)]|2 +0.5|[$1 )l
| + cs)lmz,all + csllmaqa]l® + crllnea-n)li?, (4.8)
cag=4cy, c5= (1 +2+ 8To )/(2’61), T eg = (2k1 4 cOkz)/(4k )
C7 = (4’0164\ + 2k1 + 3Cgk2)/(4k¥)

Summing (4.7) over @ = 1,...,p, we obtain

Q' (z) S e (Q(2) +7 max W3-l
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because j =0,1,...,50— 1 is arbitrary:.

J < 1. cqty »
Q@ (2) S tje o2 ”“‘PII%(a—l)N

Thus, for a,rbi‘trary i=01...j4-1 a = 1,..;p we derive
from (4.7) :

LelT0C (4. Cqly
Qa)(2) e (tjeets oI, JTox Ih/)a(a—l)"

+ arolénip‘c I!¢3(al-1)|l %),

We obtain from the last expression a.nd (4. 3) (4 6), (4. 8) that

a3 zcare + agf *natell < es(h? + 1/2),

cs = const > 0 is independent of h;-,ro,y(o,). Using the triangle in-
equality, we find

a2 5(aye + a *nagall = lalls = llags nagall
llztall? < cs(®? +7%) + |lagy *naga
- <ea(b 15+ kgl
With the help of dlﬁ'erence analogs of 1mbedd1ng theorems (Sa.-
,marskn, 1977) 1t is easy to show tha,t

ll2ayllc < 0. 5k'1/2L1/2”z(a)||1 <l +737%),

¢ = const > 0 is mdependent of h;, ro, y(a)

5. The thlrd boundary-value problem Let us show that
the idea of a time-adaptive grid can be used in the case of the third
type boundary conditions too. Let functions u(z,t), k(z,t), f(z,t)
be smooth enough in o

_{(a:t) 0<itg to,mEQ} Q={z: 0<z <L}

We consider the third boundary value problem for the linear
-heat conduction equation
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0 ) duy .
O 2 (tw02) 4 0, @DEQ (5.1)
C0<k € ’C(l!,t) < kg, ky, kg = const, (52)
u(z,0) = uo(z), (5.3)
k(O t)au(o t) ﬁlu(O,t) - ,l,ll(t), B1 = const > 0,
Sult) (5.4)
—k(L,t)———= u( ) = Bou(L,t) — ps(t), B2 = const > 0.

For simp11c1ty, we assume that a space step A is constant and
coefficient k(z,t) depends only on the variable z (k) < k(z) < k2).
A time-adaptive grid w,, is defined like in Part 2. Using an inte-
gral interpolation method we proceed from the differential problem
(5.1) - (5.4) to the conservative d.s. with the grid wsr,

Vo = ((aye)"®) _+ (o), i=1,... . N-1, (5.5)

Y = uo,, (5.6)

(a19z,1 — B1y0)\"*) = 0.5 (z,a)0 — By — 0.5k fo, 5.7)

(—anyzn — BzyN)(”°) = 0.5h(y7 a)v — Hz — 0. 5th,
t=v(z,1), f=tj4a-05)/

This scheme is realized likewise as (2.1) - (2.2). Referring to tbe
existence and uniqueness of a solution of the initial differential
problem (5.1) - (5.4), this proof may be found, for instance, in
(Ladyzhenskaya et al., 1967). Let us denote

oy’ =W /(05h) + fo, @) = Mo/ (0.5K) + fv
and redefine (5.5) for i = 0, N respectively:

(Wi.a)o = (@191 — Bryo) =)/ (0.5h) + {7,
(Y.0)N = (—anys,n — Bayn )/ (0.5h) + o).

Now write (5.5), (5.7) in a more convenient form (Samarskii and
Gulin, 1973)

yi,a=z(a)y+sb(°°), i=0,1,...,N. (5.

(1]
oo
- e
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From (5.8), (5.6) we have the problem for the method error z

2o = Z(o{)z + Y(a-1),

=0,N, a=1lp, j=0,j-1,

2(2,0) =0, =z €wp; (5.10)
with

Ya=1) = Na-1 + PV1(a-1), T=1,...,N-1,
MNa-1) = T00a(aus)i,o = O(70),

Y1(a-1) = O(h® + 70); »

Y(a-1) = O(h? + 70)/(0.5h), i=0,N.

We introduce the following scalar products and notation (Sa-
marskii and Gulin, 1973, page 40): -

M(a-1) = 0-50%(a—1)0,  Ma(a-1) =0 5h¢(a—1) Ny

Ni(a-1) = O(h2 +1), i=1,2,
N-1 '

E yivih + 0. 5h(yovo + vaN)
i=1

(y,v)=Zyiv.~h (y,0] = Zy,v

We perform a scalar multiplication of (5.9) by Uozig
2“"O[Zt a 2 a] = QTO[A(Q)Z zt a] + 2'7-0[zt as TV(af 1)]

Applylng the form of A(a) and Greans formula ‘we arrive at to

Cit

21'0[/1(0,)2 Z{'a]‘
_2T0 ((UO( -0. 5 a zts: a] + (a z(a 1)::] (a z(a)::]
— 2700 = 0:5)0f1(z1,6)3 — 278(00 — 05)wBa(z2,0)

- ﬂl(z(za),o - 2(201—1),0) ﬁ2(2(a),N Z(a—l),N)'

(5.11)
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Using the summing by parts formula, the e-inequality, and Cauchy-
Bunyakovskii’s inequality we have

27’0[zf,m w(a—l)] = 27'()(2{0,, 'w(a—l))
+ 27001 (a—1)(21.0)0 F 270M2(a-1)(Z5,6) N,

270(25,0) Y(a-1)) = =270(272,a) Na-1)] + 270(%5,0 Y1(a-1))

< 273e(a, 2§0] + 270 2z,all” + ol eyl

(5.12)

where the next designation is used
“1/)2(01—1)”'Z = (27-05}‘71)—1”77(0—1)”2 + 0-5l|¢(1(a—1)”2 = O(h2 + T{Jllz)é-
In its turn,
270M1(a-1)(27,0)0 =201(a)%(a),0 = 2M(a—1)%(a-1),0

— 273 (21,0)0M17,0 = 270M17,0%(a-1),0,

273(25,a)0Mia S 206B1(21,0)5 + To(T0/(2681))0f; (5.13)
< .

70(381/4)2a1),0 + T0(1/(381)) i o

The following expression is discussed similarly

2T07]1t_,az(a—1),0

270N2(a- )(#7,a)N -
Taking into account
i) = M(ae1) = ToMit,a(Mi(a) + Mia-1)), 1=1,2,
and using
Qay =(a, 2laye] + (381/4) a0 + (0881 2(ay,0 = 287 1))’
+ (382/49) 2y n + (056, 20y, w = 287 *13())’,
ata-nll* =laa-nll® + (4/B1)mi,a(m(e) + M(a-1)
+ (4/82)n2t,a(Maa) + Maan) + (1/(351)
© 4 70/ (26BN e + (1/(382) + 75 /(2€B2) )03 o

=0(h? +‘T3/g),2, Ty =comst, 7 <7,
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we derive from (5.11) - (5.13) the recurrent inequality.
Q(a) < (1 + TO)Q(OI—I) + TOH’(/)3(C!'—1)”21 .7 =0,... ajO - 1) a= 11 Ry 2

hence

(a’ z?a)f] + 0‘5('612(2&),0 + ﬁzz(za),N) = 0(17.2 -+ T&/Z)z.

According to (Samarskii, 1977)

llllz < 2(Ziwl1* + v3),

we draw a conclusion that for ¢ 2 05+¢, 0 < e £ 1, fnax zlle <
Weg

c(h? + 72!?), ¢ = const > 0, i.e., d.s. (5.5) - (5.7) converges in the

C-metric with the rate O(h? + réﬂ).

8. Construction of d.s. of a more general type. During
the discussion on d.s. (2.1) - (2.2) we approximate of the second
order derivative with respect to a spatial variable on the upper frac-
tional time layer in the region &, i.e., for t = t(a) = tj+afp, Whereas
the time derivative is approximated with the help of values y; and
Ya) (in the region G{,). It would be natural to approximaté the
space operator from (1.1) as a linear combination of flow derivative
approximations for ¢t = t; and t = t(4) = tj;4q/p time layers.

Let the first boundary-value problem be formulated

du _ 9 [, .0 ,

5 = 7 K@OF) @0, (n0) €, (6.)
0<k < k(l‘,t) < kz, kl,kz = const, (62)
u(z,0) = uo(z), u(0,t) = p1(t), u(L,t) = pa(t); (6.3)

where
Qi ={(z,t): 0<t<ty, z€Q}, Q={z: 0<z< L}

We assume that u(z,t), k(z,t), f(z,t) have a sufficient number of
bounded derivative with respect to z and ¢ for all (z,t) € Q4. The
existence and uniqueness of the solution of problem (6.1) - (6.3)
are proved, for example, in (Ladyzhenskaya et al., 1967).
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A time-space grid is defined analogously as in Part 2 (see
Fig.1).
_ Applying an integral interpolation method it is possible to ap-
proximate (6.1) — (6.3) by the difference scheme

Yia =Ws+o, (6.4)

_ { o1(eys)® + (1 - o1 )(agey, i=1,...,mi+ 1,m, ..., N,
a(ayﬁf)(ﬂ) + (1 - U)(ayf)(a—l)a i= mjl +2,... ’mé -1,

= {alf(a)+(l“01)fj, i= 1,:,.,m{‘+ l,fn';,_._g’N,
cfoy+ (1 = 0)flam1), i=mi+2,...,mj—1.

%W =, Yayo = Biltizese)s  YaoN = B1(tirasp): (6.5)

It is not difficult to see, if #; = 1, that (6.4) is an analog of (2.1)
with a regular space grid. But, choosing ¢; = 0.5, we can create a
scheme with the second order approximation with respect to both
z and t variables in the regions w{ ¥i=0,...,j0— 1. As a result of
attempts of numerical simulation , there is a wide class of problems
such that calculatiohs for oy =0. 5 provnde a more exact numerlcal
solution a for oy =1.

Unfortunatly, now we can prove the convergence of d.s. (6.4) —
(6.5) in the C-metric for ¢y > 0.5+¢, 0 <e< 1, € = const only

REMARK 2. The achieved results may be generahzed to non-
hnear equations, too. Let us consider, for instance, the first boun-
dary value problem for a quas111near parabaolic equation

‘g;‘ = (k(x : u) =) + £z, t,u),

cu(z,0) ='up(z), “u(0,t) = p1(t), u(L,t) = us(t).

A conservative d.s. with time- adaptrve grxd (see Flg 1) has the‘
followmg folm

D i

. "‘Wyti.',a ‘ ((ayt)(aa)) Wgam) (,x,t,) e ah'l’ﬁ yo



A. Korzjuk and P. Matus ' 349
where , ' X C .

ay=a(y), i£mi+2..m,—1landa#p,
a1 = a(y(a)) — for all the remaining of ihdexices i, o

template functionals a(y), ¢(v) may be deﬁh‘ed according to Séﬁn'ars—
kii (1977)

a(y) = 0.5(k(zi-1,t,¥_y) + k(zi, 5, 40)),
y go(y)= f(z’t, y)’ (.‘L‘,t) € GM’M

and the weight o, is given by (2.3).

This d.s. is non-linear, therefore it is necessary to use an iter-
ation process (Matus,1991) for its realization.

If some conditions on the smoothness of functions u(z,t),
k(z,t), f(z,t) are true then it is possible to prove an unconditional
convergence of the last d.s. solution in the uniform metric (C-
metrix) at the rate O(h3/2+r/?). This proof will be described more
in detail in a separate paper.
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