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Abstract. Stochastic programming problems with simple re-
course belong to problems depending on a random element only
through the corresponding probability measure. Consequently, this
probability measure can be treated as a parameter of the problem.

In this paper the stability with respect to the above mentioned
parameter will be studied for generalized simple recourse problems.
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1. Introduction. Let (£, S, P) be a probability space,

€ = €(w) = [€1(w), . .., &i(w)] be an I-dimensional random vec-
tor defined on (Q, S, P),

F(z) denote the distribution function of the random vec-

tor £(w),

fi(z), i =1,...,1 be real-valued, continuous functions defined
on E,,

f(IL') = [fl(x)a .. ’.fl(x)]a z € En,

gi(z,2;), 1 = 1,...,1 be real-valued, continuous functions de-

fined on E, x E;,
X C E,, be a nonempty set,
(E. denotes an n-dimensional Euclidean space).
A specific, simple optimization problem with random ele-
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ment can be introduced as the problem. Find

{
max{ 3 ai(a, )|
z € X: f(z) < é(w) componentwise } (1)

If the solution « has to be found without knowing the re-
alization of the random vector {(w), then evidently, it is nec-
essary first to determine the decision rule. It means to assign
to the original stochastic optimization problem (1) some de-
terministic equivalent. Problems with penalty function, two-
stage stochastic programming problems and chance constrai-
ned programming problems are well-known types of the deter-
ministic equivalents.

In this paper we shall consider a special case of two-stage
stochastic programming problem. In particular, we shall deal
with a generalized simple recourse problem. This problem,
corresponding to (1), can be introduced as the following prob-
lem. Find

!
l;nea;(tEF{ Z gi(z, &i(w))

v.E’C (-‘= E (w))

Z [ () + B (7 )]} = o(F), (2)

where h¥ (y}), A7 (y7), i =1,2,...,1 are real-valued, contin-
uous functions defined on Ey, yi = (v7,y;) € Ez, Ki(z,2),
¢+ = 1,2,...,] are mappings of X X E; into the space of
nonempty subsets of E; determined by

Ki(z,2) = { yi € Ey: y; = (y,*,y,-'v), filz) +yf —vi =z,
yz,yz EE ai=1727"'7l}7 (3)
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E} = {w € Ep: 2 =(21,...,%n), 2i 20, 1 = 1,2,...,n},
EF denotes the operator of the mathematical expectation con-
sidered with respect to the probability measure Pr(-) given by
the distribution function F(-).

Evidently, the distribution function F'(-) can be considered
as a parameter of the problem (2). The aim of this paper will
be to study the stability of the problem (2) with respect to
this parameter. The importance of this problem is well-known
from the theory and practice of stochastic programming.

REMARKS. 1. The problem (1) includes also linear and
some quadratic models with random elements in the objective
function and on the right-hand side of the constraints.

2. If there exists a function g(z) defined on E, such that
g91(z,z1) = §(z), gi(z,2zi) =0, ¢ =2,...,l, z; € Ey, t =
1,2,...,l, z € E,, then the problem (1) is an optimization
problem with a random element only on the right-hand side
of the constraints.

3. Evidently, the deterministic equivalent (2) is only ra-
ther generalized, well-known stochastic programming problem
with simple recourse (see for example [4]).

4. In general, it may happen that some symbols in (2) are
not reasonable. However, this situation cannot appear under
the assumptions considered in this paper.

The inner problem in (2) means the following problem.
Find

1

Sk + 77
yielg]n:.‘,(a;’}:{“’,)r ot [hi (yi )+ hi (yi )]’ (4)
i=1,2,...,1 i=

z€E, z€E, 1=12,...,l1

that corresponds to the possibility to correct the total ef-
fect after the realization of the random element ¢{(w) (z =
(z1,-..,21)) by a new decision problem. Namely, the solution
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y = (y1,.-.,y1) of the inner problem in (2) can depend on the
random element realization while the solution z € X of the
outer problem in (2) cannot depend on this one.

It is easy to see that the inner problem (4) is equivalent
to | separated optimization problems, in particular to these
problems. Find

N LR A UDIER U CED O
i=1,2,...,L

Each of these problems depends only on one-dimensional ran-
dom element. More pricesely, it depends only on one compo-
nent of the vector z € E;, that corresponds also to just one
component of the random vector {(w).

The outer problem then can be rewritten as the following

problem. Find
I
max EF;%(L&(W)), (6)

where ¢i(z,2;) = gi(z, z:) + ¥i(z,2), 1 =1,...,L

2. Some auxiliary assertions and definitions. In this
section we shall try to present some auxiliary assertions. First,
we shall deal with the behaviour of the optimal value and the
optimal solution of the inner problem. It means, first, we shall
deal with the problem of the type (5). To this end we shall
study the parametric problem. Find

ht(yt B (y~

Jmax (R (F) + (7)), (7)

K(z,2)={y=@u"y7): f@)+y" -y =2 y*, v~ 20},
z € E,, ze€E;.

Evidently, in this case, | = 1, {(w) = &i(w), f(z) = fi(z),
z € Ey, h*(y*), h~(y~) are real-valued functions defined on
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E;. Moreover, f(z) and z can be considered as parameters of
the problem (7).

Lemma 1. Let h*(-), h=(-) be differentiable functions
on E;. If one of the following assumptions is fulfilled

1) o < ~ (=]’
h < inf |[A
yf:gf[ ) \y-"éy;rl[ (y7)] ’
[R*@h)] 20, [A~(7)]) <0

for y~, y*t EE;",

2) —_ —_ ! . + + 1
,,.SEE;[” (v7)] <y+lggl+|[h Nt
[R=(y7)]) =0, [pt(@h)] <0
for y~, y* € Ef,
3)

[Rt)) <0, [A(7)] <0 for y~, y* € Ef,

and if h*(0) = h~(0) = 0,

then the optimal solution (y;';,t,y;pt) of the problem (7) is
determined by the relations

i =2 f(z), Yo =0 if  f(z) < 2 ®
Yapt = 0, Yor = f(2) — 2 i f(z) 22
([]' denotes the derivative).
Proof. Let z € E,, z € E; be arbitrary given. Let us,

first, consider the case 1). It follows from this assumption
that there exist ¢7, ¢~ € E;, ¢~ < 0 such that

R < gt <l 1<), [p(7)]) <0
for every yt, y~ € Ef. (9)
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It is easy to see that one of the two cases has to be valid

a) f(z) < z,
b) f(z) > =.

We shall consider, first, the case a). It is easy to see that the
solution given by (8) is optimal for the problem (7) (in this
case) if and only if

At (z — f(z) + K) + R~(K) < b (2 — f(z))
for an arbitrary K € Ei" .

Since it follows from the relation (9) that

R7(K) + b (z - f(e) + K) = h* (2 - f(2))
<K +¢*[(z - f(2) + K) ~ (- £(2))]
< K(¢gt+4¢7)<0 forevery K €Ef,
we have verified the assertion of Lemma 1 in the case a).
It remains to consider the case b). In this case the solution

given by the relation (8) will be optimal if and only if the
inequality

K (K)+h™(f(z) -z + K) < h™(f(z) - 2)

holds for every K € Ef, z € X, z € E;. However since it
follows from the relation (9) that

B (K)+ b~ (f(2) - 2 + K) = b~ (f(2) - 2)
<qt K +47[(f(e) — 2+ K) = (f(z) - 2)]
=K(gt+4¢7)<0
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for every K € Ej, we have finished the proof of Lemma 1
under the Assumption 1. Since the situation under the As-
sumption 2) is quite similar, we omit it.

At last we shall consider the Assumption 3). Evidently,
utilizing the technique of the proof in the previous cases we
can see that the assertion of Lemma 1 is valid in this case too.

REMARK. If h*(y*) = ¢tyt, A= (y~) = g"y~ for some
¢gt, ¢~ € E;, then we obtain that the relation (8) is valid if
gt + ¢~ < 0. This is a well-known assertion from the theory
of stochastic linear programming (see for example [4]).

Lemma 2. Let the assumptions of Lemma 1 be fulfilled.
Ifht(yt), h~(y~) are Lipschitz functions with Lipschitz con-
stants LY, L™, then for every z € E,

,g(lgf)[h’L(y“L) +h™(y7)]

is a Lipschitz function of z € Ey with a Lipschitz constant not
greater than max(L*,L™).

If, moreover, f(z) is a Lipschitz function on E, with the
Lipschitz constant L', then

,g(lgf)[h_*(y*) +h™(u7)]

is a Lipschitz function of ¢ € E, with a Lipschitz constant
independent of z € E,, and not greater than L' max(L*,L™).
Proof. First, since according to Lemma 1, we have

v A (z=f(x)) i 22 f(z),
gespten o= (6§ T2

we can see that the first assertion holds. Further, as evidently,
we get under the additional assumptions that

|ht (2 = f(zY)) = bF (2 — f(=?))| < L¥|f(") - f(=?)|
| < LYL'|e* — 22|,
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and simultaneously

b= (= - £(a") — b~ (= - f(a?))| < L™|f(z") = £(=?)|
<L L'z - 2%

for an arbitrary 2!, 22 € E,, z € E;, we can see that the
second assertion is valid too (|| - || denotes the Euklidean norm
in E,).
The next assertion follows immediately from Lemma 2.
Lemma 3. Let the assumptions of Lemma 1 be fulfilled.

If h*(yt), h~(y~) are Lipschitz functions and if a finite
Eré(w) exists, then there exists also the finite

ht(yt h=(y~
F x(??(’fa))[ (") + 4 (7)

for every r € E,.

Proof. The assertion of Lemma 3 follows immediately from
the assertion of Lemma 2.

The class of strongly concave (convex) functions is rather
important for concave (convex) programming problems. We
shall remember here the corresponding definition.

DEFINITION. Let h(z) be a real-valued function defined
on a convex, nonempty set K C E,,. h(z) is a strongly concave
function with a parameter p > 0 if

h(Az' + (1= N)z?) > Ah(z!) + (1 — A)h(z?)
+ M1 = Nplle? ~ 2*|®

for every z!, 22 € K, A € (0,1).

The next assertion has been proved in [7].
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Lemma 4. Let K C E,, be a nonempty, convex, compact
set. Let, moreover, h(z) be a strongly concave with a param-
eter p > 0, continuous function on K. If z° € K is defined by
the relation

0 — h
¢ = arg max h(z),

then 0
lz —2°|I* < ;[h(xo) — h(z)]

for every z € K.

The next assertion will deal with a sum of concave and
strongly concave function.

Lemma 5. Let K C E, be a nonempty, convex, com-
pact set. Let, moreover, hy(z), ha(z) be concave, continuous
functions on K. If, moreover, h,(z) is a strongly concave with
a parameter ¢ > 0, continuous function on K, then

hi(z) + ha(z)

is a strongly concave with a parameter p > 0, continuous
function on K.

Proof. The proof of Lemma 5 follows immediately from
the definition of concave and strongly concave functions.

REMARK. The assumptions under which a quadratic func-
tion is a strongly concave (convex) one with a parameter g > 0
are introduced in [10], for example.

Evidently, it follows from Lemma 1 and Lemma 2 that

P(z,2) = Dax [A*(y*) +h7(y7)] (10)

z,z

is a continuous and Lipschitz function under relatively gen-
eral assumptions. Moreover, it is easy to see that for every
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x € E'n, the optimal value ¢(z,{(w)) depends only on one-di-
mensional random element. Since, consequently, ¥;(z, i(w))
and ¢i(z,&i(w)), ¢ =1,2,...,1 given by (5) and (6) are also
functions of this type (under relatively general assumptions),
it is surely reasonable to study the stability of the mathemati-
cal expectation of the function depending on one-dimensional
random element.

3. Stability studies. In this section, first, we shall deal
again with the parametric optimization problem (7). Conse-
quently ¢(w) is one-dimensional random element defined on
(22, S, P) and F(z) one-dimensional distribution function. We
can define for § > 0 two distribution functions F(-), Fs(-) by

—F—E(z) = F(Z - 6)7

= (11)

Fs(z) = F(z +6).

If k(z) is a real-valued, continuous function defined on E;,
then we shall prove the following auxiliary assertion.

Lemma 6. Let § > 0 be arbitrary, F5(z), F5(z) fulfil
the relation (11). Let, further, k(z) be a Lipschitz function
defined on E; with Lipschitz constant L. If there exists a
finite Erk(é(w)) and if G(z) is an arbitrary one-dimensional
distribution function such that

G(z) € (Es(2), Fs(2)) for z€ E, (12)

then
|Er(w)) — Ear(€(w))| < oL.

REMARK. It is evident that there exists an inaccuracy in
the form of the assertion of Lemma 6. The exact form should
be |Epk(é(w))— Egr(£C9(w))| < 6L, where £€(w) is a random
value defined on (2, S, P) with the corresponding distribution
function G(z).
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Proof. If dy > 0, dy € E;, N = 1,2,...is a sequence
for which dy | 0, (N — o0), then we can define the points
z(N)YeE;, i=...,-1,0,1,2,... by

Zo(N)=0, Z,‘+1(N)=Z,‘(N)+dN, N=1,2, (13)
Evidently, it follows from the assumption of Lemma 6 that

there exists a finite value of the sum
+o0

IRICOD) [F(z,-_H(N)) —F(z,-(N))]. (14)

t=—00
If G(z) is a continuous function, then there have to exist points
zi(N), i=...,-1,0,1,... such that
G(zj(N)) = F(z(N)), i=...,-1,0,1,..., N=1,2,....

According to the assumptions it is easy to see that the asser-
tion of Lemma 6 is valid in this case.

It reminds to consider the case of an arbitrary G(z). Ev-
idently then the points z{(N), i = ...,-1,0,1,2,..., N =
1,2,... have to be chosen more carefully. We define these
points by the relation

z}(N) = sup {z € E;: G(2) F(z,-(N))}, (17)

i=...—1,01,2,..., N=12,....
If the points Efj(N), j=L2,...,r;, 0 =...-1,0,1,2,...,
N =1,2,... fulfil the relations

Z,(N) = Z(N), 2, = zia(N), |2, (N) - 2,(N)| < dy,

41
then, evidently, it holds that
|7{(N) = 2:(N)| < 6,
Z,(N) € (s(N) =6 —dn,z(N) + 6 +dn), (1)
(24, (W) = 6(z:()| < L5 + ),
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for j =1,2,...,r;, 1 =...,-1,0,1,2,..., N =1,2,.... If,
further, p;(V), p;-j (N), qu (N) are defined by the system

pi(N) = F(zi41(N)) — F(z:(N)),
pi;(N) = ( z, (V) — G+(3;(N)),
gi;(N) = G4+ (2, (N)) - G(z;,(N)),
i=...,—-1,0,1,2,...,
j=1,2...,ri, N=1,2,...,
G+(2) = im G(2),

then according to the assumptions we obtain that

k ri—1
Z zph (V) + Z Z qt, Zk+1(N))
k
< Z pi(N) < F(zk41(N)),
k+1 T k41 r;
S SR +Y S gl 2 Faaa(N) — 6 —dn).
i=-—o0 j=1 i=1 j=1

Evidently there have to exist ﬁfj 20, (jf‘j 2 0 such that

1. Zgj(N) 4 (zk(N) 6 — dN, zk+1(N) +6+dN)

j=17" ,rt, z k— —1 01
2 p(N)= % > 7l (V) + ¥ 2 (V)
k=—o00 j=1 k-—oo]—
+oo
k_E_ P (N) = pl, (N), k=z_:°°‘.7i,-(N)=‘1§,-(N),

i=...,-1,0,1,..., j=1,2,...,r
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However it follows from this, that

+o0
3 rl(a)) [P (2i1(N)) = F(2:()]
+o00 Tk
= Z (2:(N)) E Z Pk,(N)+Qk (V)]
t=—00 k=-—o00 j=1
and also
+o0

S #(HI)) [G (et (V) - G(aHN))

= S W) S SN + ).

i=—o00 k=—o0 j=1

Utilizing the Lipschitz property of the function x(z) we obtain
also that

400 4o 1
[ Y 3 wla) [pl (V) + g, (V)]
1=—00 k=—oco0 j=1
400 +oo T

- Y S S RE@) R @) + 2w

t=—00 k=—00 j=1

< (6+dn)L for enough large N.

However now already we can see that the assertion of Lemma 6
is valid also for an arbitrary type of G(z).

REMARK. Lemma 6 presents a stability interval. If we set
x(z) =z, G(z) = F(z — ) fora § > 0, then it is L = 1 and
Egt(w) = Epf(w) + 6. Consequently, the interval given by
(11) cannot be generally smaller.
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The next auxiliary assertion follows immediately from
well-known properties of probability measures.

Lemma 7. Let § > 0 be arbitrary. Let, moreover,

1. the probability measure Pr(-) be absolutely continu-
ous with respect to the Lebesgue measure in Ey,

2. the support Z. of Pr(-) be an interval (a,b) for some
a,be Ey, a<b,

3. 91 > 0 be a real-valued constant such that 9; < f(2)
for every z € Z, (f(z) denotes the probability density
corresponding to the distribution function F(z)).

If G(2) is an arbitrary one-dimensional distribution function
with support Z such that

sup IIF(z) — G(2)| < 691, (18a)
then | .
G(=) € (Es(2), Fs(2)), = € B,
Proof. Let 6 > 0 be arbitrary. Since it follows from the
Assumption 3 of Lemma 7 that
|F(z + 6) — F(2)| > 89,
for an arbitrary z € Z, we can see that the implication

sup |F(z) — G(2)| € 916 = G(2) € (F4(2), Fs(2))

holds for every z € Z.

It follows from the relations (4) and (5) that the results
of Sections 2 and 3 can be employed for the stability of the
problem (2). At the end of this section we shall present a
result dealing with the problem (6).

To this end let Fi(-), 1 =1,2,...,1 denote the one-dimen-
sional marginal distribution functions corresponding to F(-).
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If6; >0, :=1,2,...,1 are arbitrary, then we can define the
functions Fy,(2i), Fs;(2i), zi € E; by the relations
Fs,(2i) = Fi(zi — &),
Fs,(2i) = Fi(zi + &).

Now we can present the corresponding stability assertion.

(19)

Lemma 8. Let §; >0, : =1,2,...,] be arbitrary, X be
a compact set. If

1. a. for every z € X, yi(z,z2;) are Lipschitz functions
of z; € E, with the Lipschitz constants L¥i, 1 =
1,...,l independent of ¢ € E,,,
b. pi(z,2;), 1 = 1,...,1 are uniformly continuous
functions on E,, x E;,
2. there exists a finite Epf(w),
3. the functions Fj, (z;), Fs5.(zi), zi € Er, 1=1,2,...,1
are defined by (19),
and if G(z) is an arbitrary l-dimensional distribution func-
tion with one-dimensional marginal ones Gi(zi), ¢t = 1,...,1
fulfilling the relations

Gi(zi) € <E6,~(zi)7-F_6.-(zi)), 1=1,2,.. 'al,
then

i maxEp ; i(z, &i(w))

l 1
- m)?,x E¢g Z 50,'(2:, §,(w))‘ < ; §;L¥.

i=1

Proof. Since it follows from the triangular inequality and
from Lemma 6 that

! ! !
‘EF Z vi(z,&i(w)) — Ec Z vi(z, Ei(w))’ < Z §; L¥

i=1



70 On the stability in stochastic programming

for every ¢ € X, we can see that the assertion of Lemma 8 is
valid.

4. Stability results. In this part of this paper we shall
try to utilize the results of the previous parts to obtain some
new stability results for the problem given by the relations

(2), (3).
Theorem 1. Let §; >0, : =1,2,...,] be arbitrary , X
be a compact set. If

1. for every 1 = 1,2,...,1 one of the following assump-
tions is valid

Rty < inf |[R7(wD)]'|,
y;flelgf [ i (y! )] y"n;Ei*"[ i (y: )] l
[h7 )] <0, [rHEH) >0

for y;,yt € Ef,

- — ! . + + )
e, G < o, (B @),
[hFH) <0, [A7 ()] =0

for yi_7y;+ € Ei'-’

c. [RFH)] <0, [r7(¥)] <0,
for v,y € EY,

2. hF(0)=h7(0)=0,i=1,2,...,1,

3. foreveryi=1,...,l, gi(z,2;) are
a. Lipschitz functions of z; € E; with Lipschitz constants

L; independent of z € X,

b. uniformly continuous functions on E, x E,

4. hF (), A7("), i = 1,2,...,1 are Lipschitz functions on
E, with Lipschitz constants L;*', L,

5. fi(z), i =1,...,1 are continuous functions on X,
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6. there exists a finite Ef,¢i(w), 1 =1,2,...,1,
7. B5.(zi), Fs;(zi), zi € Ep, i = 1,2,.. l are defined
by (19),
and if G(z) is an arbitrary l-dimensional distribution func-
tion with one-dimensional marginal ones Gi(z;), ¢t = 1,...,1
fulfilling the relations :

Gi(zi) € <E5..(z,'),75..(z,')>, 1=1,2,...,1, z; € Ey,
then

[o(F) — #(G)] < Zamax(Lz,L.,m

. Proof. Since it follows from the assumptions of Theo-
rem 1 and from Lemma 2 and Lemma 3 that the functions
pi(z,zi) = gi(z,zi) + Yi(z,zi), i = 1,...,1 (defined by (6))
fulfil the assumptions of Lemma 8 (L¥' := max(L;, LT, L])),
we can see that the assertion of Theorem 1 is valid.

If we define the point z(F') by the relation

1
z(F) = arg max Ep Z pi(z, &i(w)), (20)

=1
then the next assertion follows from Theorem 1.

COROLLARY 1. Let the assumptions of Theorem 1 be
fulfilled and let X be a convex set. If for every z; € E;, 1 =
1,2,...,1

WHE) + R
o () + by ()]

are concave functions on E, and if for z; € Ey, : =1,2,...,],
> gi(x, zi) is a strongly concave with a parameter p > 0 func-

i=1
tion on E,, then

l
lo(F) = o(@) < 5 3 demax (L, F, L7).
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Proof. . First, it follows from Lemma 5 that

!
Er ) ¢i(z,&i(w))

i=1

is a strongly concave with a parameter p function on E,. Con-
sequently, employing Lemma 4, Theorem 1 and the triangular
enequality we get successively

2P - (@12
l l
<2|Br Y- ei(el(F) () - Br Y i(x(6). @)

{ {
<2|Br S ei(alF),60) - Bo 3 0i(a(6). 60|

! I
+ ‘EG Z ¢i(2(G),&(w)) — ErF Z pi(z(G), 5:’(“’))' }

Now already the assertion of Corollary 1 follows from the
relation (20), Theorem 1, Lemma 6 and the last system of
inequalities.

REMARK. It follows from Lemma 5 that for z = (z4,...,

{
z1), Y. gi(z,2;) is a strongly concave function with a param-
=
eter p on E,, if, for example, gi(z,2;), ¢ = 1,...,l are concave
functions and for at least one i € {1,...,1}, gi(z,z) is a
strongly concave with a parameter p function.

Theorem 1 and Corollary 1 present the stability results
for the deterministic equivalent given by the relations (2) and
(3). In detail, employing these assertions, for an arbitrary
€ > 0 we can determine the stability region such that the
error arose by the substitution theoretical distribution func-
tion by some another one (from stability region) is less than
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this . Further, we shall deal with the case of a continuous
F(z). Consequently, Kolmogorov metric can be employed in
this case.

Theorem 2. Let X C E, be a compact set. Let, more-
over, the Assumptions 1, 2, 3, 4, 5 of Theorem 1 be fulfilled.
If

1’) the probability measures corresponding to all one-di-

mensional marginal distribution functions Fi(z;), 1 =
1,2,...,1 are absolutely continuous with respect to
the one-dimensional Lebesgue measure.

We denote by f;(z), i =1,2,...,1, z; € E; probabil-
ity densities corresponding to distribution functions
Fi(z), 1=1,2,...,1,

2’) the supports Z; of the probability measures Pp,(-) are

compact intervals,1 =1,2,...,1,

3’) constants ¥; >0, ¢ =1,2,...,[ fulfil the inequalities

Vi gf,-(z,-), 1=1,2,...,1, z; € Z;,

and if G(z) is an arbitrary I-dimensional distribution function
with one-dimensional marginal ones G;(-) for which

PG.-{W3 f,-(w)éZ,-}:l, 1=1,2,...,1,

then

lmax i T LT
[o(F) — (6)] < 3 metbu ki L)

i=1

sup IF,-(z,-) — G,'(z,-)|.

Proof. The proof of Theorem 2 follows from Theorem 1
and Lemma 7.
We have finished the stability results corresponding to the

deterministic equivalent given by the relations (21 and (3).
The presented results are fully determined by the behaviour of
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the corresponding one-dimensional marginal distribution func-
tions. Surely this fact is very pleasant for practice. Moreover,
the stability properties of these problems don’t depend on the
components dependence of the random vector {(w).

5. Applications to empirical estimates. It follows
from the previous parts of the paper that the statistical be-
haviour of the generalized simple recourse problem given by
the relations (2), (3) depends on the probability measure only
through the corresponding one-dimensional marginal distribu-
tion functions. Consequently, the empirical estimates of the
optimal value and the optimal solution can be based also on
one-dimensional marginal empirical distribution functions.

Let for i =1,2,...,1, £¥w), k=1,2,... be a sequence
of random values defined on (2, S, P) such, that for every k =
1,2,7.. the random value £¥(w) has the same distribution func-
tion as the i-component £;(w) of the random vector é(w). We
denote by the symbol FiN" (zi) = FiN"(z;,w), N; =1,2,... the
empirical one-dimensional distribution function determined by
Hw), E(w),..., &V (w), i=1,2,...,1L

Evidently, under very general conditions

l
max Zl EF‘_N,- ei(z, &i(w))
t=
estimates the theoretical value
I

max Ep 21 pi(z, &i(w)).
The next theorem follows immediately from Theorem 2.
Theorem 3. Let X be a compact set. Let, moreover, the

Assumptions 1, 2, 3, 4, 5, of Theorem 1 and the Assumptions
1’,2’, 3’ of Theorem 2 be fulfilled. If FNi(-), N; =1,2,... are
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one-dimensional empirical distribution functions determined
by £}(w), .-, &M (w), i=1,2,...,1, then

P{w: ‘ max Er i ei(z, &i(w))

t=1

_ m}?le: Epx, go,-(w,ﬁi(w))l > t}
i=1 ‘

1

< ZP{w: sup |F',-N‘(Zi) - Fi(Z:')|

=1

> 2 E}
max (L;, L}, L)1)’
for an arbitraryt >0, N;=1,2,..., .

Proof. The assertion of Theorem 3 follows immediately
from the assertion of Theorem 2 and elementary properties of
probability measures.

If, moreover, for every : = 1,2,...,1 the random sequence
¢¥(w), k=1,2,... is a sequence of independent random val-
ues, then we can employ Kolmogorov’s limit theorem.

Theorem 4. Let the assumptions of Theorem 3 be ful-
filled. If for every i = 1,2,...,1, random sequence {¢F(w)}$,
is a sequence of independent random values, then

Ni=oo
i=1,..., i

lim P{w: \/rm:I max Er Z_Ij cp,-(z,{,-(w))
—m)?.xgEFfv,-cpi(x,fi(w))l > t}

< Z [1 - i (-=1)* exp { — 2k2(max(LfiIt,;'“,L,-‘)l)2}

i=1 k=—oc0
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for an arbitrary t > 0.
Proof. First, it follows from Theorem 3 that

!
P{w: v/min Nj| max Er ; vi(z, i(w))

!
- m)?xz EF'_N;%(%&(W)” > t}

l

<Y P{w: VNisup|FNi(z) - Fi(=:)|

i=1

> L zt-}
max(L;,LT,L7)1

for an arbitrary t > 0.
However, since it follows from Kolmogorov’s limit theorem
that

Nljm Pw: /N sup |F,-N"(z,-) — Fi(z)] > t'}

<1- io (—=1)*exp { — 2k%(¢')?}

k=—c0

for an arbitrary t' >0 and every ¢=1,2,...,], we can
see that the assertion of Theorem 4 is valid.

REMARK. Evidently, the similar assertions to Corollary 1
for the optimal solution can be presented also in the case of
Theorem 2, 3, 4.

6. Conclusion. The stability of a specific type of stochas-
tic programming problem has been discussed in the paper. In
detail, it was the generalized simple recourse problem. The
stability has been considered there with respect to the distri-
bution function space. It was shown that this problem can
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be transformed to several one-dimensional cases. Namely, the
stability of the original problem is practically determined by
the behaviour of one-dimensional marginal distribution func-
tions, from mathematical point of view. Evidently, this fact
is very “pleasant” for practice. Surely to work with one-
dimensional probability measures is much more simple, then
to work with general case. Obviously, it appears also in the
applications to the empirical estimates. There Kolmogorov’s
limit distribution can be utilized.

The similar access has been already taken by Gréwe and
Romisch in [9] for the linear and quadratic recourse case. How-
ever there another type of metric in the space of distribution
function has been employed. Surely, it would be valuable to
compare both these results with the ones achieved by a simula-
tion method. However this problem will not be more discussed
in this paper.
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