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Abstract. Control laws' design strategies in order to stabilize a class of 
linear delay-differential systems are developed by using the matrix measure. A 
new measure, the delay measure, is introduced in order to clarify and formalize 
the results. 
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1. Introd uction and problem statement. During the last 
decades increasing interest has been focused on delay systems, also 
called hereditary systems. Mathematical models with time-delay 
constitute a natural way to represent a wide class of physical sys
tems such as transportation problems, population growth laws and 
economic systems with multiple non-instantaneous dynamical ef
fects (Churakova, 1969). The presence of time':delay in dynamical 
discrete linear equations can be overcome, when necessary, by using 
extended systems (Franklin and Powell, 1981). In the continuous 
system it is not possible, in general, the use of a linear space of 
sate vectors because -of the post-effect due to the time-delay; and a 
function space must be alternatively used. The stabilizability con
ditions for systems with general delays in state were extended by 
Pandolfi (1975) and also by Bhat and Koivo (1976). In a work due 
Olbrot (1978) open-loop stabilizability problems for systems with 
control and state delays were defined. In that work, by introducing 
a dual observed system characterised by matrices which are trans
poses of given system matrices, a duality theorem between stci.biliz-
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ability and detect ability was demonstrated. Also, for systems with 
input delays only, the fact that spectrum assignability is equivalent 
to a defined controllability of the system was shown. A charac
terisation of trajectory-stabilizable systems, and of the relations 
between state- and trajectory-stabilizability were given by Tadmor 
(1988); trajectory stabilizability is an appropriate notion in the 
presence of delays. Conditions for the delay-independent stabiliza
tion of linear systems were given by Amemiya et al. (1986), being 
the upper bound or the lower bound of the decay rates assignable, 
and (Akazawa et al., 1987), by using in the proof matrices with 
some of their elements being arbitrary. In addition, Fiagbedzi and 
Pearson (1986, 1990) introduced techniques for the feedback and 
output feedback stabilization of delay systems by using a general
ization of the transformation method. Chen et al. (1988) intro
duced state feedback and sampled-state feedback stabilizing laws 
for time-delay systems containing saturating actuators. Kamen et 
al. (1986) introduced an explicit procedure for computing proper 
stable Bezout factorizations in terms of a special ring of pure and 
distributed delays. This procedure can be used to construct finite
dimensional stabilizing compensators and to construct feedback 
systems which assign the characteristic polynomial of the closed
loop system. Furthermore, Mori et al. (1983) developed a way to 
stabilize linear systems with delayed state. 

The stability ora linear delay-differential system with a point 
delay in its state has been studied in different work,s (Mori et al., 
1982; Hmamed, 1985; 1986 a-b; Mori, 1986; Bourles, 1987jMori 
and Kokame, 1989). Mainly, stability criteria for delay-differential 
systems can be classified into two categories depending on if they 
include information on delays or not (Amemiya, 1989). In this 
note, several criteria in order to design stabilizing control laws for 
linear delay-differential systems with a point delay in their state 
are introduced by using the matrix measure and a new measure 
called delay measure. 

The paper is organized as follows. Section 2 introduces the 
concepts of measure and delay measure and points out some prop-
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erties of the delay measure. Section 3 introduces some stability 
results by using the delay measure notation. Section 4 presents the 
main results concerning the stabilizability of a class of hereditary 
systems. Finally, conclusions end the paper. 

2. Matrix measure and delay measure. Matrix measure 
has been widely used in the literature when dealing with stability 
of delay-differential systems (see, for instance, Mori). The matrix 
measure p for matrix X is defined as follows: 

(X) = 1· III +~XII-l IJ _1m . 
' ..... 0 € 

(1) 

The following lemma provides some properties for the matrix 
measure p(. ) : 

Lemma 2.1 (Desoer and Vidyasagar. 1975). For any matrices 
X. Y E cnxn the following inequalities.Jl.Old: 

(i) Re,xi(X) ~ p(X). 

(ii) - p(jX) ~ 1m ,xi (X) ~ IJ( -jX). 

(iii) IJ(X + Y) ~ p(X) = p(Y). 

(iv) p(X) ~ IIXII. 

In addition, the following equality holds: 

(v) p(€X) = €IJ(X), for any € ~ O. 

(2) 

(3) 

(4) 

(5) 

(6) 

The matrix measure defined in equation (1) can be subdefined 
in three different ways according to the norm \ltilized in its defi
nition. Therefore, there are three different ways to compute the 
matrix measure. 

(i) If one considers I-norms, then the matrix measure can be 
computed as follows: 

Pl(X) = maxk ( Re (zu) + t IZikl). (7) _. 
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(ii) Alternatively, considering 2-norms, one gets: 

1'2(X) = ! maxi Ai(X· + X), 
2 . 

where * denotes transpose conjuate. 

(iii) Finally, with oo-norms, one gets: 

l'oo(X) = maJCi (Re, (Zii) + t IZkil). 
.=1 
'lti 

(8) 

(9) 

Consider the following class of linear delay-differential systems 
with two point delays in the state and in the control variables: 

z(t) = Az(t) + Aoz(t - h) + Bu(t) + Bou(t - q), h,q E R+ (10) 

where A,Ao,B,Bo EWe Rnxn, being W the set of n-matrices Q 
such that IIQII < 00. 

DEFINITION 2.1. The Delay Measure for system (10) is defined 
as follows: 

e(h ) = IIAollh + IIBollq 
, q - I'(A) + I'(B) . (11) 

REMARK 2.1. If there is no delay (Le., h, q = 0, or Ao and bo 
are null matrices), then the delay measure is zero. On the other 
hand,. if the point delays hand q verify 0 < h < 00, 0 < q < 00, 

and there is not a delay-free term (i.e., A, B are matrices of zeros) 
then the delay measure is infinite. Therefore, the delay measure 
can be considered, intuitively, as a way to evaluate the effect of 
delay terms in a system compared with its delay free terms. 

Some properties of the delay measure are outlined. 

PROPERTY 2.1. Lower bounds for the first derivatives of the 
delay measure: 

= 8e(h, q) _ IIAolI ~ IIAolI 
Ph - 8h - I'(A) + I'(B) r IIAII + IIBII' (12) 

_ 8e(h, q) _ II Bo II IIBolI 
P9 = 8q - IJ(A) + IJ(B) ~ IIAII + IIBII' (13) 
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PROPERTY 2.2. Ratio of the first derivatives of the delay mea-
sure: 

Ph IIAoll 
P'I = IIBoli' (14) 

PROPERTY 2.3. Absolute lower bound for the delay measure 
(supposing h, q variables): 

e(h, q) IIAollh + IIBollq ~ IIAolih + IIBollq 
JI(A) + JI(B) f? IIAII + IIBII 

with h = min hand q= min q. (15) 

REMARK 2.2. Observed that Property 2.1 helps to estimate 
boundedness conditions for the variations in value of the delay mea
sure; at the same time, Property 2,2 permits to deduce the value 
of a partial derivative of the delay measure when the other one is 
known. In addition, Property 2.3 gives absolute boundedness con
ditions for the delay measure, provided that n-matrices appearing 
in (10) belong to the class W. 

3. Stability conditions expressed by using delay-mea
sure notation. In this section, some stability results for a class of 
free delay-differential systems are introduced under delay-measure 
notation. This representation will be useful in order to deduce the 
main stabilizability results that are to be presented in Section 4. 

Consider the free linear delay-differential system: 

z(t) = Ax(t) + Aox(t - h), with A,Ao E W. (16) 

Lemma 3.1. Provided h ~ 1, a sufficient condition for system 
(16) to be stable is 

e(h) < -1. (17) 

Proof. Observe that for system (16) the delay measure is re
duced to 

e(h, q) = e(h) = I~~:. (18) 
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Suppose e(h) < -1," then 

I~~~ < -1 => -Jl(A) > IIAolih => Jl~A) < -IiAolih. (19) 

As h ~ 1 then 

Jl(A) < -IIAoli => Jl(A) + "AD" < 0, (20) 

that is one of the simplest conditions for stability in system (18) 
(Mori et al. 1982). 

Lemma 3.2 (Mori and Kokame 1989). Consider system (16). 
assume that LI := Jl(A) + IIAoli ~ 0 (otherwise system (16) is stable 
because of (20» and L2 := Jl(-jA) + "AD" (j2 = -1). If no solutions 
of the characteristic equation of (16) 

det (s1 - A - AD exp( -hs») = 0 (21) 

lie in the rectangular region :E shown in Fig. 3.1, then system (16) 
is asymptotically stable. 

1m 

S-planc 

Re 

LI 

Fig. 3.1. Existence region of unstable characteristic roots in"the 
S-plane for Lemma 3.2. 

An equivalence of Lemma 3.2 under Delay-Measure notation 
can be established as follows: 
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Lentma 3.3. Consider system' (i6) 'and suppose -h<' e(h). 
Consider" thee auxiliary c;o~ple?, systeLD:' '~ ;' 

.;x(t}= ~jAz(t) +Aoz(t"- h).' ' ',' (22) , 
Assume' 

, -"',~" : " 

, Then, if no solutions of the ch<tracteristic,equaticm of (16) lie 
in the rectangular region A shown in Fig. 3.2, system (16) is asymp-
toticallystable. ,," , 

lin 

" ".: 

A 

,0 Rc 

,Ml 

Fig. 3.2. Existence region of unstable characteristic roots i~ the 
S-plane for Lemma 3.3. 

" , 

Proof. Firstly, observe that condition -h ~e(h) implies that: 

-h ~ hllAoll => -1 ~ IIAoll => 1 ~'7"IIAoll (24) 
, ~ p(A) ~ p(A), 7p(A) . " 

, Then dne gets~ p(A);> "':'IlAoli =>p(A) +'IfAoH~ 0, that is the 
same'pre~coIiditi6n than iIi Lemma 3.2.' ' ", 

Furthermore, quantities Ml and M2 verify: 

M1 =H;Aoll [e~) + 1] =,1IAollf"~Ji: + 1] 
== p(A) + IIAoll ~ 0, (25) 

M2 = IIAolI [ecomp~ex(h) + 1] = IIAoll [p~~~~ h, +.~l' 
=j.&( -jA) + IIAolI.. " (26) 
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B~t Ml = Ll ~ 0 and M2 = L2. 

4. Stabilizability of linear delay-different systems. In 
this section conditions for a control law to stabilize a linear system 
with delayed state will be discussed and several results are to be 
introduced. Consider the linear delayed system: 

z(t) = Az(t) + Aoz(t - h) + Bu(t) + Bou(t - h), 
., (27) 

z(t) =cp(t), t E [-h, 0], 

where z E R",u E R"',Ao,A E Rnxn,B,Bo E R"xm,h ~ 0 and cp(t) is 
a continuous vector-valued initial function. 

The following result refers to stabilizability for system (27) by 
using a control law u(t) defined through a delay-differential equa
tion. 

Result 4.1. Consider a control law u(t) defined by tbe delay
differential equation 

u(t) = Dz(t) + Eu(t) + Doz(t - h) + Eou(t - h). (28) 

A sufficient condition for control law (28) to stabilize system (27) is 
given by 

e(h) < -h, (29) 

wbere tbe delay measure is refered to tbe extended system 

Proof. Firstly observe that the two delay-differential equations 
(27) and (28) can be rewritten as one single delay-differential equa
tion as follows: 

Define 

- [Ao Bo] Ao = Do Eo . (32) 
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Then equation (31 )ean· be rewritten as 

z = Az(t) + Aoz(t -h). (33) 

If, by hypothesis, condition (29) holds for system (33) then 

Therefore, system (33) is stable, which implies that control law 
(28) stabilizes system (27). 

The two following corollaries are immedia~ly deduced from Re
sult 4.1. 

COROLLARY 4.1. System (27) is stabilizable by control law (28) 
if 

e(h) < -1. (35) 

COROLLARY 4.2. System (27) is stabilizable by control law (28) 
if 

11..4011 < -hI lim I - III + eAII , 
c_o e (36) 

provided h ~ 1. 
Proof of Corollary 4.2. By hypothesis, condition (36) holds. 

Then 

. II AD II < -.!.,p(A) :? e(h) = IIAo]h < -1. (37) 
h peA) 

But, by Lemma 3.1, provided h ;iiIII, (37) is a sufficient condi
tion for stability in a system like (33). 

Consider now a system defined by 

:i:(t) = Az(t) + Aoz(t..;. h) + Bu(t), 

z(t) = <pet), t E [-h, 0]. 
(38) 

The following result refers to stabilizability for system (38) 
by using a controllawu(t) which is proportional to the state vec
tor z(t). 
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Result 4.2. Consi<ier q,controllaw u(t} defined as 
• : i' ' -

u(t) = ~z(t), Ie real. (39) 
'. t'" . 

Then system (40) is stabilizable by control law (41) if 
. ,.'. , • I _ .• ,,' ., , 

IIAollh 
e~h) > (k,- 1)· Jl(B) -IIApll' (40) 

Proof. The following implications hold: 

HAoll h '/lAo" h 
Jl(A) + Jl(B) > (k - I), Jl(B):....IIAoll 

=> Jl(A)+Jl(B) «k- 1). Jl(B) ~ IIAoll ' (41) 

=> Jl(A) + k· Jl(b) + IIAoll < 0 • 

By using property (v) or'temma 2.1' one gets 

Jl(A) + Jl(kB) -tHAoll < 0, (42) 

but property (iii), Lemma 2.1, leads to 

Jl(A + kB)+IIAoll ~ Jl(A) + Jl(kB) + IIAoll < O. (43) 

Finally, provided u(t)defined in Eq. (39), let's see that system 

(38) can be rew.ritten as " ", 

z(t) = (A + kB)z(t) + Aoz(t - h) = Az(t) + Aoz(t - h), 

z(t) = <p(!), t:e [:h,O], , 
«". 

(44) 

where A,=: A + kB. BU,t Eq. (4,3) "becomes IleA) + IIAoll < 0, which is 
a'sufficient condition for stability in system (44) (Moti et al. 1982). 

5. Conclusions. This note'h~in:troduce'd two important' re
sults for stabilizability of adass of linear delay-differential systems, 
by using the delay-measuff!' notation: Th~ ~oncept of delay-measure 
allows to express stabilizability results ina very simple way. The 
delay-measure functipll: can beimple~ente<l.for c()~putationalpur-, 
po~es an,d permIts to" es'tabiish a study abQut in what m~asur~ ,the 
stability depends on the del'ay terms. ' 
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